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Abstract:In this paper we propose to obtain a factorization via a modular difference of squares , where the 

squares arise due to binary quadratic forms. To obtain the quadratic forms we adapt Zhang‘s method of 

parametrization used in his special quadratic sieve method. A certain linear parametrization in two variables 

leads to quadratic form in ambiguous forms ),0,( ca  and ),,( caa  with a  or c  square. It is shown that there 

are the solutions of the equation 
222 = zcvau   and 

222 = zcvauvau   leading to non trivial 

factorization of n , via difference of squares.  

Keywords: Quadratic Forms, Factorization, Ambiguous Forms. 

 

I. Introduction 
There are many attempts to find faster ways to factor composite numbers.The methods like Trial 

Division, Fermat method, Pollard’s p-1 and   methods, Continued Fraction method, Elliptic Curve method by 

Lenstra, Quadratic Sieve and Number Field Sieve method are the known methods to factor a composite 

number[7]. Quadratic Sieve, was invented by Carl Pomerance in 1981. The quadratic sieve was the fastest 

known algorithm until the Number Field Sieve was discovered in 1993 and the quadratic sieve is faster than the 

number field sieve for numbers upto 110 digits long. The quadratic sieve algorithm for factoring large numbers 

has several variations. The main idea is to come up with two different integers x  and y , such that 

)mod(22 nyx   and )mod( nyx  . Once such x  and y  are found, there is a chance that ),(gcd nyx   

and ),(gcd nyx   gives a non trivial factor of n [8] . 

 

II. Implementing Zhang’s Idea Of Parametrization To Obtain A Binary Quadratic Form 
In 1998 M.Zhang [1] created a method of making the residues smaller than the quadratic sieve does 

normally, but only for certain integers n , thus his sieve is called the special quadratic sieve.  Now to obtain a 

binary quadratic form, by implementing Zhang’s idea of parametrization, for factoring n, suppose

01

2

2

3= amamamn   with 𝑚, 𝑎𝑖 ∈ 𝑍, 𝑖 = 0,1 &2and  3

1

= nm .For𝑏𝑖 ∈  𝑍,let 01

2

2= bmbmbx 

then 
2

010

22

120

3

21

42

2

2 2)(22= bmbbmbbbmbbmbx   with the same conditions on m  as in the 

above equation.we have  

 )mod(01

2

2

3 namamam   

 )mod()()( 21021

2

1

2

2

4 naamaaamaam   Then by substitution for 𝑚3&𝑚4 , 

we have )mod(01

2

2

2 ncmcmcx  with  

 10211

2

20211 22)(= bbbbabaaac   

 20

2

1212

2

21

2

22 22)(= bbbbbabaac 
 

2

0210

2

2200 2= bbbabaac   

 Taking 01

2

2= cmcmcy  , Zhang has considered single variable parametrization and double 

parametrization for sbi  such that 0=2c  and proposed sieving methods to obtain ),( vuy  as a square.In this 

paper we propose to transform this congruence with certain choices of 012 ,, bbb  so that y  is a binary quadratic 

form. A two variable linear parametrization for sbi  is required for this and is given as follows: 

For  3

1

0

3 =;= nmamn  and vkukb 212 =   

vkukb 431 =   
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vkukb 650 = 
`
 

for ,6}{1,2,3,4,5= ; iki Z . Now substituting for 012 ,, bbb  , we have 

 ),(01

2

2

2 vuycmcmcx  , a  binary quadratic form given as 

 
2

021010

2

20

2

20

2

1 2)2()2(=),( bbbambbbambbbvuy   

2

2165

2

43 )])(2()[(= mvkukvkukvkuk  mvkukvkukvkuka )])(2()([   4365

2

210   

2

6521430 )())((2   vkukvkukvkuka   

22

531035

2

10

2

15

22

3 )222(= ukkkamkkmkamkkmk    

mkkmkkamkkmkkmkk 36210

2

25

2

16

2

43(    uvkkkkakkamkk )2      6514023045   

22

624046

2

20

2

26

22

4 )222(   vkkkamkkmkamkkmk   

 Note ),( vuy is a binary quadratic form in u , v  and we have for ),(= vuxx  

)mod)(,()),(( 2 nvuyvux   

Therefore for a factorization via difference of squares in the next section , we look for the cases when ),( vuy  

is a square. 

 

III. Factorization Via Difference Of Squares Using Ambiguous Forms 

A Binary Quadratic form in x,y given by 
22 CyBxyAx   is represented as ),,( CBA [9][10] and 

the forms ),0,( CA  and ),,( CAA  are called Ambiguous Forms. In this factorization via differnce of squares 

our main aim is to express ),( vuy  as a square, for this, the Binary Quadratic form ),( vuy  obtained above is 

first transformed as an ambiguous form in vu,  as ),0,( ca  and ),,( caa  with a  or c  is a square and then we 

consider the equations  
222 ==),( zcvauvuy   and 

222),( zcvauvauvuy    

 Note the two equations are of the form 
222 = zcybxyax  with a  or c  is a square and by the study of 

solution to this equation in [12],History of the Theory of Numbers, a complete solution for the equation is given 

by E.So’s as follows: 

Consider the equation 
222 = zcvbuvau   such that a  or c  is a square.Suppose a  is a square, let

2= ta , 

for some zt ,then we have 
2222 = zcvbuvut   

222=)( utzcvbuv   

By setting )(== say
tuz

cvbu

v

tuz





 

we have  

vtuz =  

cvctucz =  

 ])([= butuzctucz   

)(=)( 22  bttcucz   

c

tcbt

u

z






2

2

=



 

 

luz = for  

s

r

c

tcbt
l ==

2

2








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where 
s

r
 is a fraction in its lowest terms. Hence, we have  







 




tsr
vrzsu =,=,=  

and varying    and  we have solutions for  =  = 222222 zcvauvauandzcvau   with a  or c  is a 

square and of all the solutions we consider solutions which give non-trivial factorization i.e., we look at 

solutions ),,( zvu  of the equations 

222 ==),( zcvauvuy  and  

222 ==),( zcvauvauvuy   

that lead to the difference of squares )mod()),(( 22 nzvux   and the ),(gcd),,( nzxnzxgcd   gives a 

non trivial factor for n. 

Now in the next two sections we describe the cases of transforming the binary quadratic form ),( vuy  

as an ambiguous form by appropriate choices for 210 ,, bbb  and we show that there exists solutions ),,( zvu  

leading to non trivial factorization. 

 

1.1 Transformation of ),( vuy  as ambiguous form ),0,( ca  where a  or c  is a square  

We obtained the binary quadratic form ),( vuy  by substituting the linear double parametrization for 

210 ,, bbb  as vkuk ji   for 1,3,5=i  and 2,4,6=j . In this section we propose the following choices of ski  

and sk j
to obtain such ),0,( ca  form where a  or c  is a square. We consider the pairs 

),();,();,( 654321 kkkkkk  corresponding to 012 ,, bbb  respectively and propose the choices for ski  and sk j
 

according to the following cases:  

 

Case i: 

makmkkwithkkk 0542542 =;=1;=  ,0)();(0,);(0,   

In this case we have muabmvbvb 0012 =  ;=  ;=  , substituting in x  and y  we have 

 
2

0

4222

0 )()(=),( vmamumavuy 
 

muavux 0=),(  

Note ),( vuy  is an ambiguous form ),0,( ca  with 
22

0= maa , a square. 

Case ii: 

0632632 =;=;=  )(0,,0);();(0, akmkmkwithkkk  

In this case we have vabmubmvb 0012 =  ;=  ;=  

 
22

0

3

0

24 )()(=),( vamaumvuy   

vaumvmvux 0

23=),(   

Note ),( vuy  is an ambiguous form ),0,( ca  with 
4= ma , a square. 

Case iii: 

05

2

302532 =;=;=  ,0)(,0);();(0, akmkmakwithkkk  

In this case we have uabumbmvab 00

2

102 =  ;=  ;=  

 
233

0

22

0

3 )()(=),( vmauamvuy   

uaumvmavux 0

33

0=),(   

Note ),( vuy  is an ambiguous form ),0,( ca  with 
2

0

3= ama  , a square. 

Case iv: 

05041541 =;=;=  ,0)();(0,,0);( akmakmkwithkkk  

In this case we have uabmvabmub 00012 =  ;=  ;=  
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22

0

422

0

3

0 )()(=),( vamuamavuy   

uavmaumvux 0

2

0

3=),(   

Note ),( vuy  is an ambiguous form ),0,( ca  with 
2

0

4= amc , is a square. 

Case v: 

mkmakakwithkkk o =;=;=  )(0,,0);(,0);( 6031631   

In this case we have mvbmuabuab =  ;=  ;= 00102   

223

0

42

0 )()(=),( vmumamavuy   

mvvux =),(  

Note ),( vuy  is an ambiguous form ),0,( ca  with 
2= mc , a square. 

Case vi: 

06

2

401641 =;=;=  )(0,);(0,,0);( akmkmakwithkkk  

In this case we have vabvmbmuab 00

2

102 =  ;=  ;=  

22

0

3233

0 )()(=),( vamumavuy   

vavmumavux 0

33

0=),(   

Note ),( vuy  is an ambiguous form ),0,( ca  with 
2

0

3 )(= amc  , a square. 

Note: The binary quadratic form ),( vuy  in each of the above cases is transformed into ),0,( ca , an 

ambiguous form with a  or c  is a square.So considering the equation 
222 = zcvau   for corresponding ca,  

in each of the above cases from solution ),,( zvu , we have a difference of squares nzvux mod)),(( 22 

leading to a factor of n  where ),(=),,( 012 vuxbbbx  for each choice of 012 ,, bbb .  

 

1.2 Transformation of ),( vuy  as ambiguous form ),,( caa  where a  or c  is a square 

 We propose the following choices of ski  and sk j  to obtain such (a,a,c) form where a or c is a square. 

Case (i): 

,0)();(0,);(0, 542 kkk  with 
2

050402 2=;2=;= makmakak   

In this case we have umabmvabvab 2

000102 2=,2=,=   

 
23

0

42

0

42

0

242

0 )3(44)(4=),( vmamauvmaumavuy   

umavmavux 2

0

2

0 2=),(   

Note ),( vuy  is an ambiguous form ),,( caa  with 
42

04= maa , a square. 

Case (ii): 

)(0,,0);();(0, 632 kkk  with makakmk 0603

2

2 =;4=;=   

In this case we have mvabuabvmb 0001

2

2 =  ;4=  ;=   

 
222

0

5

0

22

0

222

0 )3(16)(16=),( vmamauvmaumavuy   

mvamuavmvux 00

4 4=),(   

Note ),( vuy  is an ambiguous form ),,( caa  with 
22

016= maa , a square. 

Case(iii): 

,0)(,0);();(0, 532 kkk  with 
2

05302 2=0;=;= makkak  

In this case we have umabbvab 2

00102 2=0,=,=  

23

0

42

0

242

0 44=),( mvauvmaumavuy   

umavmavux 2

0

2

0 2=),(   

Note ),( vuy  is an ambiguous form (a,a,c) with 
42

04= maa , a square. 



Factorization via Difference of Squares using Ambiguous Forms  

DOI: 10.9790/5728-1205031929                                           www.iosrjournals.org                                   23 | Page 

Case (iv): 

,0)();(0,,0);( 541 kkk  with 0=;=2;= 541 kmkk  

In this case we have 0=,=,2= 012 bmvbub  

24

0

2

0 44=),( vmmuvamuavuy   

)(2=),( 2 vumvux   

Note ),( vuy  is an ambiguous form (a,a,c) with 
4= mc ,a square. 

 Case (v): 

)(0,,0);(,0);( 631 kkk  with 0631 =0;=;2= akkmk   

In this case we have vabbmub 0012 =0,=,2=   

22

0

3

0

23

0 44=),( vauvmaumavuy   

vaumvux 0

32=),(   

Note ),( vuy  is an ambiguous form (a,a,c) with 
2

0= ac , a square. 

Case (vi): 

)(0,);(0,,0);( 641 kkk  with 06

2

41 =;2=;2= akmkmk  

In this case we have vabvmbumb 00

2

12 =,2=,2=
 

 
23

0

2

0

63

0

23

0 )4(4)4()4(=),( vmaamuvmaumavuy    

vavmumvux 0

33 22=),(   

Note ),( vuy  is an ambiguous form (a,a,c) with 
2

0

3 )(2= amc   is a square. 

Note: The binary quadratic form ),( vuy  in each of the above cases is transformed into ),,( caa , an 

ambiguous form with a  or c  is a square.So considering the equation 
222 = zcvauvau   for 

corresponding ca,  in each of the above cases from solution ),,( zvu , we have a difference of squares

nzvux mod)),(( 22  leading to a factor of n  where ),(=),,( 012 vuxbbbx  for each choice of 012 ,, bbb . 

 

IV. Table 

A list of choices of ski  and sk j  which transformed ),( vuy into ambiguous forms is shown in the following 

table : 
S.No  Cases  ),0,( ca  ),,( caa  

(i)  ,0)();(0,);(0, 542 kkk  makmkk 0542 =;=1;= 
 

2

0

4

0

222

0 )(=),( vmamaumavuy   

22

0= maa  is a square 

2

050402 2=;2=;= makmakak 

Avmama

uvmaumavuy

23

0

42

0

42

0

242

0

)3(4

4)(4=),(




 

42

04= maa  is a square 

(ii)  )(0,,0);();(0, 632 kkk  0632 =;=;= akmkmk
 

2

0

3

0

24 )(=),( vamaumvuy   

4= ma  is a square 

makakmk 0603

2

2 =;4=;=   

222

0

5

0

22

0

222

0

)3(

1616=),(

vmama

uvmaumavuy




 

22

016= maa  is a square 

(iii)  ),0,(,0);();(0, 532 kkk  05

2

302 =;=;= akmkmak
 

233

0

22

0

3 )()(=),( vmauamvuy 
2

0

3 )(= ama   is a square 

 

 

2

05302 2=0;=;= makkak
23

0

42

0

242

0 44=),( mvauvmaumavuy   

42

04= maa  is a square 
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(iv)  ,0)();(0,,0);( 541 kkk  05041 =;=;= akmakmk
 

22

0

422

0

3

0 )(=),( vamuamavuy 
 

2

0

4= amc  is a square 

0=;=2;= 541 kmkk
 

24

0

2

0 44=),( vmmuvamuavuy 
4= mc  

 is a square 

(v) ),(0,,0);(,0);( 631 kkk  mkmakak =;=;= 60301 
 

2223

0

42

0 )(=),( vmumamavuy   

2= mc  is a square 

0631 =0;=;2= akkmk 
22

0

3

0

23

0 44=),( vauvmaumavuy  2

0= ac   

is a square 

(vi)  )(0,);,(0,,0);( 641 kkk  06

2

401 =;=;= akmkmak
 

22

0

3233

0 )()(=),( vamumavuy 
 

2

0

3 )(= amc   is a square 

06

2

41 =;2=;2= akmkmk
 

23

0

2

0

6

3

0

23

0

)4(4

)4()4(=),(

vmaam

uvmaumavuy




 

2

0

3 )(2= amc   is a square 

 

 In the following theorem we show that there exists solution ),,( zvu  in each of the above cases leading to non 

trivial factorization.  

Theorem: Let n  be a composite number and for n  = 0

3 am   where   3

1

= nm ,  if 01

2

2= bmbmbx   

then in the congruence 01

2

2

2 cmcmcx   , the linear parametrizationsfor sbi as vkukb 212 = 
 , 

vkukb 431 = 
, 

vkukb 650 =  transform 01

2

2 cmcmc    as ),( vuy  ,  a binary quadratic form in vu,  

and further ),( vuy  can be transformed into ambiguous forms as ),0,( ca or ),,( caa  where a or  c  is a 

square for suitable linear parametrizations of sbi  such that in each of these linear parameterizations the 

equation 
222 = zcvbuvau   with a  or c  is a square and 0=b  or ab = has  a  solution ),,( zvu

leading to a non-trivial factorization of n via the  difference of  squares )mod()),(( 22 nzvux   . 

 

Proof In section  II it is seen that  a two variable linear parametrizations for sbi  i.e., vkukb 212 = 
 , 

vkukb 431 = 
, 

vkukb 650 =  for 61,2,3,4,5,= ; iki Z has tranformed 01

2

2 cmcmc   into 

),( vuy , a  binary quadratic form in vu, . In section III it is described how the proposedchoices for ski  and 

sk j  further transform into ),( vuy into ambiguous forms as ),0,( ca  or ),,( caa  where a or  c  is a square 

in the sections 3.1 and 3.2 respectively.Now it remains to prove the existence of solution ),,( zvu  to the 

equation 
222 = zcvbuvau   with a  or c  is a square and 0=b  or ab = leading to a non trivial 

factorization of n  . 

Consider  the equation
2222 ===),( twithazcvbuvauvuy  By setting  

 ,)(== say
tuz

cvbu

v

tuz





 

we have a complete set of solutions from the ratio 

 
c

ctbt

u

z




2

2

=



 

now for 0=b  we have 
c

ctt

u

z




2

2

=



 

or ,)(==
2

2

say
s

r

c

c

tu

z








 

where 
s

r
 is a fraction in its lowest terms.Now we get a complete set of solutions given as  
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 .=   ,=  ,= 






 




sr
vrzstu  

Now for each of the cases above by varying   and   and substituting these values in the difference of squares 

)mod(=)),(( 22 nzvux , we seein the following that there are solutions ),,( zvu  with ),),((gcd nzvux   

or ),),((gcd nzvux   greater than 1 and not equal to n ,thus leading  to non trivial factorization of n . 

In case(i) we have  
2

0

4222

0 )()(=),( vmamumavuy   

muavux 0=),( with 
22

0

2 == mata  and mnc = . 

Nowvarying  over prmes,in particular for p= , a square free prime factor of n, note                     

rsrsrsztuzx  =)(===  ; 1= with

pnpnnzxandnpmnnpcnzx  ),gcd(=),(gcd=),(gcd),/(gcd),/2(gcd=),(gcd 22
, 

the solution ),,( zvu  leads to a non trivial factorization of .n Therefore note that varying   over prmes np 

for  =1each choice of p= , either leads to a non-trivial factorization or a quadratic residue mod n  which 

helps in sieving the prime choices for p= . 

In case(ii), the same argument as above may be repeated since we have 
22

0

3

0

24 )()(=),( vamaumvuy   

nvumvux 2=),(  with 
42 == mta and nac 0=  

Now  varying   over prmes as above we have ,
 

nvrsnvrsnvrsznvtuzx  =)(===  ; 1= with
 

andnnvpnannvpcnzx ),/(gcd),/2(gcd=),(gcd 0 

,),gcd(=),(gcd=),(gcd 22 pnnvpnnvnzx   the solution ),,( zvu  leads to a non trivial 

factorization of  nandas nvpcnvrszx  /2=)(=   for c  as above, and for 1,=,=  p  the 

solution ),,( zvu  leads to a non-trivial factorization for n. 

In case(iii), we have 
233

0

22

0

3 )()(=),( vmauamvuy   

uaumvmavux 0

33

0=),(  with 
22 == nta   and 

33

0= mac   

In this particular  case where 
2= na  , ),( vuy  may be written as  

233

0

22

0

3 )()(=),( vmauamvuy   

                                                      = )( 24

0

2

0 vanua  + 23num 23

0nva  

 =  ),(1 vuy + 23num 23

0nva  

The solution ),,( zvu  for  ),(1 vuy =
2z may be obtained  asin case (ii) by interchanging u and v and note this 

solution leads to non trivial factorization in this case as well for p for suitable value t .For  

case(iv),case(v) and case(vi) , the same argument as in case(ii), case(i) and case(iii) respectively may be 

repeated by interchanging u  and v . 

Now note for the ),,( caa  form in each of the cases above can be considered as ),0,( ca  forms again 

as follows. 

In case(i) we have  

 
23

0

42

0

42

0

242

0 )3(4)(4)(4=),( vmamauvmaumavuy   

 vuworvmnawmavwy  2=   f    )(3)(=),( 22

0

242

0  

 wmavwx 2

0=),(   

 This is same as in case(i) of ),0,( ca  form and by the same argument as in case(i) there is a solution ),,( zvw  
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leading to non-trivial factorization of n . 

In case(ii)  

 
222

0

5

0

2

0

22

0 )3()(4)(4=),( vmamauvmaumavuy   

 vuorwvnmawmavwy  2=f     )(3)(2=),( 22

0

22

0  

 mnvmwavwx 02=),(  

 This is same as in case(ii) form of ),0,( ca  and by the same argument as in case(ii) there is a solution 

),,( zvw  leading to non-trivial factorization of n . 

In case(iii)  

 
23

0

42

0

242

0 )()(4)(4=),( vmauvmaumavuy   

 vuorwvnmawmavwy  2=f    )()(=),( 22

0

222

0
 

 wmavwx )(=),( 2

0
 

 This is same as in case(i) form of ),0,( ca  and by the same argument as in case(i) there is a solution ),,( zvw  

leading to non-trivial factorization of n . 

In case(iv)  

 
24

0

2

0 44=),( vmmuvamuavuy   

 vuorwmnwmnvwmvwy  2=f     =),( 2224
 

 wmvwx 2=),(  

 Now taking 
224

1 =),( mnvwmvwy   , we have 

 

 )mod(),()),(( 2

1

2 nmnwvwyvwx 

≡≡≡

 

 

The solution ),,( zvw  for 
2

1 =),( zvwy  may be obtained as in case(ii) and note this solution leads 

to non-trivial factorization for a suitable value of  .
 

In case(v) we have  

 
22

0

3

0

23

0 44=),( vauvmaumavuy   

 
2

0

2

0

22

0=),( nwanvawavwy   for vuw  2  

 nvwmvwx  3),(  

 Now taking 
2

0

22

01 =),( nvawavwy   , we have  

 

 )mod(),()),(( 2

01

2 nnwavwyvwx   

 

The solution ),,( zvw  for 
2

1 =),( zvwy  may be obtained as in case(i) and note this solution leads to 

non-trivial factorization for a suitable value of  . 

In case(vi) we have  

 
22

0

33

0

23

0 )(2)4()4(=),( vamuvmaumavuy   

 
232223

0 3=),( nvmvnwmavwy  for vuw  2  

 nvwmvwx  3),(  

 Now taking 
2223

01 =),( vnwmavwy   , we have  

 

 )mod(3),()),(( 23

1

2 nnvmvwyvwx   

 

The solution ),,( zvw  for 
2

1 =),( zvwy  may be obtained as in case(iii) and note this solution leads 

to non-trivial factorization for a suitable value of  .  
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Example 1: In this example we give the factorization for 3961=n  by transforming into an ambiguous form 

),0,( ca  :We have for 586=15,=3961,= 0amn then considering case(ii) for ),0,( ca  form we take 

326541 =15=586;=0;=== kkkkkk then 

2

0

24),( nvaumvuy   

              =
2222 232114650625 cvauvu   

note  

 225==.,.isasquare 50625= 2 forttaeia  

 

Now we have a solution ),,( zvu  for the equation 
222 =232114650625=),( zvuvuy   by 

using the formulas described above  for 1=17,=  , we have  

 

 
c

c

tu

z




2

2

=



 

 

 
s

r
=

136521

136555
=


 

Hence 

 136521,==  tustu   

 

 136555,== rz   

 

2=
)(

=


 sr
v


 

Then, 128599==),(136555=),( 22 nvumvuandxvuy  

Therefore )mod(2 nyx   

)mod(22 nzx   

3961)mod(136555128599)( 22   

And 233=1)265154,396(=),(  gcdnzxgcd  

Therefore 17233=3961  . 

 

Example 2:  In this example we give the factorization for 3961=n  by transforming into an ambiguous form 

),,( caa  : 

We have for 586=15,=3961,= 0amn  

 

then considering case(i) for ),,( caa  form we take 

 
2

050402631 2=;2=;=0;=== makmakakkkk   

 

 
23

0

42

0

42

0

242

0 )3(444=),( vmamauvmaumavuy   

 

This can be transformed into ),0,( ca  form in vw,  as 

 

 
2222

0

242

0 =3=),( cvawmnvawmavwy   

 

note  

 01738442250=a  
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is a square i.e., 131850== 2 fortta  

Now we have a solution ),,( zvw  for the equation 

222 =0612086200201738442250=),( zvwvwy   by using the formulas described above. 

for 1=17,=  , we have  

 

 
c

c

tw

z




2

2

=



 

 

 
s

r
=

3600507043

3600507077
=


 

Hence 

 ,3600507043==  twstw   

 

 ,3600507077== rz   

 

2=
)(

=


 sr
v


 

Then,  

 3600507043===),(3600507077=),( 2

0

2 twwmavwandxvwy   

Therefore )mod(2 nyx   

)mod(22 nzx   

3961)mod(36005070773600507043 22   

And 233=0,3961)(720101412=),( gcdnzxgcd   

Therefore 23317=3961   

 

Example 3: In this example we give the factorization for 3961=n  by transforming into an ambiguous form 

),0,( ca  for a=𝑛2: 

 

We have for  

 586=15,=3961,= 0amn  

 

Then considering case(iii) for ),0,( ca  form we take 

 

05

2

302532 =;=;=  ,0)(,0);();(0, akmkmakwithkkk  

233

0

22

0

3 )()(=),( vmauamvuy   

 = )( 24

0

2

0 vanua  + 23num 23

0nva  

 =  ),(1 vuy + 23num 23

0nva  

Then considering case(iv) for ),0,( ca  form we have a solution  ( u , v  ,z) for the equation  

 ),(1 vuy =
2224

0

2

0 00117920812812306 vuvanua  =𝑧2 by using the formulas described above  

for a =12306 , c=117920812800 , t= 343396
2

0 a   and 

for 343396=17,= t , we have  

 

 
c

c

tv

z




2

2

=



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s

r
=

12017

12595
=


 

Hence 

 ,4126589732==  tvstv   

 

 ,4325072620== rz   

 

 11675464=
)(

=


 sr
v


 

Then,  

 02247989115==),(4325072620=),( 3

0

2 vmanuvuandxvuy   

Therefore )mod(2 nyx 
 

)(mod  23

0

23

1

2 nnvanumyx   

)mod(22 nzx   

3961)mod(432507262050)(224798911 22 
 

Thersefore 
 

233=70,3961)(268049637=),(

,17=30,3961)(181548185=),(

gcdnzxgcd

andgcdnzxgcd




 

Therefore 17233=3961   

 

V. Conclusion 
The factorization via difference of squares proposed in this paper using binary quadratic forms is  

obtained by certain linear parametrization of two variables . We proposed 6 cases of linear parametrization for 

),0,( ca  form and 6 cases of linear parametrization for ),,( caa  form. We proved a theorem that in each of 

these cases there are solutions of the equations 
222 = zcvau   and 

222 = zcvauvau   leading to non-

trivial factorization for n . It is seen that the solutions obtained either leads to a non trivial factorization or a 

quadratic residue mod n which helps  in sieving the prime choices for  = p .The solutions depend on varying 

  over primes and a solution leading to nontrivial factorization may be obtained in at least p steps for p  

being square free prime factor of n . In particular for n = pq with qp  , the nontrivial factorization of n   

can be obtained in steps less than n  . 
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