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Abstract: In the present paper the closed form analytical expressions for the displacement and stresses at any 

point of an infinite irregular orthotropic elastic medium as a result of normal line-load have been obtained by 

using eigen-value approach. The irregularity of rectangular and parabolic shape has been considered. To 

examine the effect of different type of irregularities the variation of displacement and stresses with horizontal 

distance have been shown graphically by taking different sizes of irregularities. Also to study the effect of 

irregularities present in the medium the comparison between the displacement due to with and without 

irregularities have been made. Contour maps showing the displacement field for each type of irregularities are 

presented.    
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I. Introduction 

Although isotropy is a good approximation in the Earth, it is sometimes important to consider departure 

from isotropy, i.e., anisotropy. From the study on earthquakes and earth structures, it has been observed that the 

Earth is anisotropic in nature. Most anisotropic medium of interest in seismology have at least approximately a 

horizontal plane of symmetry. Medium having three orthogonal planes of symmetry is called orthotropic 

medium. Since the orientation of stern in the Earth’s crust is usually orthotropic, ‘most symmetry systems in the 

crust of Earth have orthotropic orientation’. The most important anisotropic materials are Olivine and 

Orthoyroxenes, which comprise much of the deep crust and upper mental, exhibit orthotropic symmetry. 

Moreover the interfaces separating the different media of the Earth are not perfectly plane. To better understand 

the seismic behavior at continental margins, mountain rocks etc., the static deformation problem of an 

anisotropic elastic medium with irregularities present is very important. 

The problems of propagation of seismic waves with irregularities present in the elastic medium have 

been studied by many researchers like De Noyer [1], A.K. Mal [2] ,Kar et al. [3], Chattopadhyay [4], Acharya 

and Roy[5], and others. Madan et al. [6] and Kumar et al. [7] analyzed the effect of rigidity and irregularity on 

the propagation of Love waves in fluid saturated porous anisotropic single layered and multilayered elastic 

media. Garg et al. [8] studied the plane strain problem of infinite orthotropic elastic medium due to two-

dimensional sources by considering distinct Eigen values. By using Eigen value method Singh et al. [9] obtained 

the deformation field for the monoclinic medium in the transformed domain with plane interface. Salim [10] 

studied the effect of rectangular irregularity on the static deformation of initially stressed and unstressed 

isotropic elastic medium respectively. In isotropic medium the Eigen values cannot be distinct.  

In the present paper we have considered the homogenous, orthotropic elastic medium to study the 

effect of rectangular and parabolic irregularities on the static deformation due to normal line load. Anisotropy 

resulted from a material being non-uniform or homogenous. The crystal structure of the mineral Olivine is 

homogeneous as it is composed of the same repeating groups of atoms, but acts anisotropic because its elastic 

properties vary in different directions relative to the crystal lattice. Numerically by considering the material 

Olivine, the effect of irregularities has been examined by drawing the variations of displacements and normal 

stresses with horizontal distance for different size of irregularities. Also the comparison of displacements for 

regular medium with rectangular and parabolic irregularities present in the medium has been made graphically. 

The variations of displacements with different sizes of two different irregularities i.e. rectangular and parabolic 

are depicted by drawing the contour. 

The present problem is an improvement of the earlier papers studied by Garg et al. [8] for regular 

orthotropic elastic medium and Salim [10] for irregular (rectangular) isotropic medium. The corresponding 

results for normal loading obtained by Garg et al [8] can be recovered from our results as a particular case. 

 

II. Formulation of the Problem 
We consider an infinite orthotropic elastic medium with rectangular x- axis vertically downwards and 

let the origin of the co-ordinate(x,y,z)  be situated at x=0. Suppose that a normal line load   , per unit, length, 

is acting vertically downward on a line parallel to the z- axis and passing through the points (H, 0). Let the 
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rectangular or parabolic irregularity be present in the medium. The geometry of the problem is shown in figures 

1(a) and 1(b).The equation of rectangular and parabolic irregularities may respectively be presented as [5]: 

(i) Rectangular irregularity: 

                                                                                                                                              

(1)                                     

 
                                                                       Figure 1(a) 

 

and  

(ii) Parabolic irregularity 

                                                                                              (2)     

 

 
Figure 1(b) 

where   is the perturbation parameter. 

 

III. Theory 

The equilibrium equations is the Cartesian co-ordinate system for zero body forces are     

                                         

                                                                                           (3)  

                                                                                           (4) 

                                                                                                          (5) 

where   referred as normal stresses and  are called shearing 

stresses. 

The stress-strain relations for an orthotropic elastic medium, with co-ordinate planes as planes of 

elastic symmetry are [11] 
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                                                                        (6) 

where  are normal strain components and  are called the shearing strain 

components. The two suffix quantities (i,j=1,2,……..,6) are the elastic constants which describe the 

properties of an orthotropic elastic material.   The strain-displacement relations are given as: 

=          and  etc.                                (7) 

The equilibrium equation in terms of displacements components can be obtained from equations (3)-(7). We 

find 

0                                            (8) 

0                                   (9) 

 0                                         (10) 

We consider plane strain deformation, parallel to xy- plane, in which the displacement components are 

independent of z and are of the type  

                              (11) 

The non-zero stresses for the plane strain problem are  

                                    (12) 

                                (13) 

                               (14) 

                               (15)  

 

The equilibrium equations for an orthotropic elastic medium due to plane strain deformation are to be 

found from equations (8)-(11), we find 

                           (16) 

                                                                                                (17) 

 and equilibrium equation (10) becomes an identity. 

We define Fourier transform (k) of f(y) by the relation [12] 

(k)=F[f(y)]=                                                  (18) 

So that  

f(y)=                               (19) 

where k is the transform Fourier parameter. 

Applying the Fourier transformation on equilibrium equations (16) and (17) for an orthotropic elastic 

medium , we obtain 

=0             (20) 

( =0             (21) 

In vector-matrix differential equation form, equations (20) and (21) can be written as: 

  

A  - =0                                                                    (22) 
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where                                                             

                                     (23) 

                                                 _ 

We note that matrices A, B, C are all symmetric. Now we by a solution of the matrix equation (22) of 

the form   

                                                                    

(24) 

Where m is a parameter and E( ) is a matrix of the type 2 x 1 . 

From equations (24)-(26),the characteristics  equation is obtained as:  

=0                            

(25) 

when the medium is transversely isotropic [13]: 

                           (26) 

and when the medium is isotropic: 

  ,                           (27)                     

Where 𝛌 and are the Lame elastic moduli. The characteristics equation (25) for both transversely and isotropic 

elastic medium becomes 

                                   (28) 

 We observe that the characteristics equation (28)   is independent of its elastic moduli as compared to 

orthotropic elastic medium. 

The roots of the characteristic equation (25) gives the eigen values m=  and 

corresponding eigen-vectors are obtained by solving the  equation:   

[ =0                                  (29) 

On solving the equation (25) and correspondingly equation , we have 

,  ,  ,                                (30) 

where 

 ,                               (31) 

 ,   .                  (32) 

We note that  and  for an orthotropic elastic medium depends upon elastic moduli only (and not 

on k) and they may be real or complex .We assume that   for an orthotropic medium. 

 And the eigen-vectors for an  orthotropic elastic  medium are found to be  

= [-                                  (33) 

Where  

     =                     for N =1,2                                               (34) 

Therefore, a solution of square matrix (22) for the case of an orthotropic elastic medium is  

+                 (35) 

Where B, C, D, G are constants to be determined from boundary conditions and they may depend upon the 

parameter k .From equations (23), (33) and (35) , we write 

                           (36) 
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             (37) 

Inversion of equations (36) and (37) yield the displacements in the following integral forms 

u(x,y)=           (38) 

v(x,y)= )                         (39) 

The stress components in integral forms for an orthotropic elastic medium due to plane strain deformation are 

obtained from equations (16), (38) and (39). 

=              (40)             

=            (41) 

    ,  |k|-i             (42) 

 

IV. Solution of the Problem 
To find the elastic field at any point of an irregular orthotropic elastic infinite medium due to a normal 

line-load, we consider the infinite medium consisting of Medium I (  and Medium II  of 

identical elastic properties. 

For Medium I, the displacement and stress components are: 

=                                               (43)           

(x,y)=                                          (44)          

=                                                                       (45)  

=                               (46) 

And the displacement and stresses components for the medium II are        

=                                (47)   

(x,y)=                                                                                     (48) 

=                                                                     (49) 

=                                (50) 

The boundary conditions are: 

 

                                           (51) 

Where  and is the Dirac delta function satisfying the following property 

                     (52) 

Following the method of Eringen and Suhuni [14] the arbitrary function B, C, D, and G can be evaluated by 

expanding these in terms of  and retaining only the linear terms, we may write 

B= , C=  , D=  , G=                            (53)    

At x=  and using equation (52), equations (43)-(50) can be written as:                                                            

                                                                                             

=                              (54)                   

( ,y)=                                          (55)                     

=                                  (56)                       

=                        (57) 

And for medium ıı  

=                                       (58) 

( ,y)=                                      (59) 
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=                                       (60) 

=                               (61) 

  

Since |  therefore let  

                        (62) 

            

Applying the Boundary Conditions (51) and using equations (53)-(61), we obtain the following equations: 

Case 1: Zero order terms: 

 

                           (63) 

Therefore, the zero order solution is 

                                                                (64) 

Where 

                                                                                   (65) 

 

Case 2: First order terms: 

 The first order terms are evaluated as: 

                                       (66) 

 

Using equations (63)  (66) in (53) we obtain the values as follows: 

                          (67) 

 

4.1 Rectangular Irregularity 

By applying Fourier transformation techniques on equation  we obtained  

                                               (68)                                                                                                                                      

Therefore by using inverse transformation we have: 

=   =sign (a-y) +sign (a+y)                                                                (69) 

where and sign is the signum function.  

By substituting the values of constants B, C, D, G from equation (67) in the equations  

and value of f(y) for Rectangular irregularity from equation (68) we obtain the displacements and stresses in the 

integral form. After using the appendix we obtain the following closed form analytical expressions for the 

deformation field when the rectangular irregularity present in the orthotropic elastic medium:  
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                                                                                                                                                              (70) 

    

         
                                                                                            (71) 

  

                  (72) 

 

                                                                                                                                         (73) 

 

4.2 Parabolic Irregularity 

Here by using equation (2) and (18) , we obtain 

                     (74) 

therefore by using inverse transformation we have 

= =          (75) 

&  ,  

Similarly as above, we obtain the following closed form analytical expressions for the deformation field when 

the parabolic irregularity present in the orthotropic elastic medium:                     

                                                                                                            (76) 

 

                                                                 (77) 

 

                                   (78)                                                                                  

 

                                                                                                                                                        (79) 

where E=  is the parameter of irregularity  and 
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, , ,          (80) 

On taking E=0 (in the absence of irregularity ) the corresponding results for regular orthotropic elastic 

medium can be obtained from the above results as a particular case  which coincide with the results obtained by 

Garg et al. [8]. 

 

V. Numerical Results and Discussion 
We intend to examine the effect of irregularities due to normal line loading in an orthotropic elastic 

medium. The irregularity is either Rectangular or Parabolic at the interface of an elastic medium. For numerical 

computation we use the values of elastic constants given by Verma [15] for Olivin material which are  

             

 

 ; 

in terms of unit stress of . 

The effect of irregularities on the displacement due to normal line-load acting vertically downwards on 

the irregular interface of orthotropic elastic medium are plotted in Figures (2) & (3). The irregularities consider 

is either rectangular or parabolic. Figures (2) & (3) corresponds to the variation of normal displacement with the 

horizontal distance for different sizes of rectangular and parabolic irregularity respectively,(E=0.2, 0.4 and 0.6)  

and of regular shape (in the absence of irregularity)  of the medium i.e. E=0. 

 

 
Fig. 2. Variation of normal displacement  with the horizontal distance  on the plane at x=1.0 at size of 

E=0.2, 0.4 and 0.6 of rectangular irregularity. 

 

 
Fig. 3. Variation of normal displacement  with the horizontal distance  on the plane at x=1.0 at size of 

E=0.2, 0.4 and 0.6 of parabolic irregularity. 
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For the irregular size E=0.2, 0.4, 0.6, the comparison between the displacements due to presence of 

rectangular and parabolic irregularities in orthotropic elastic medium have been shown in figure (4) (6). From 

these figures it has been observed that the displacements due to rectangular and parabolic irregularities are equal 

at y=0 and the difference increases till the end of the irregularity .Also in magnitude the displacement due to 

rectangular irregularity is greater than that of the due to parabolic irregularity present in orthotropic elastic 

medium. 

 

 
Fig. 4. Variation of normal displacement  with the horizontal distance  for rectangular and parabolic 

irregularities present in orthotropic elasic medium at E=0.2 

 

Fig. 5. Variation of normal displacement  with the horizontal distance  for rectangular and parabolic 

irregularities present in orthotropic elastic medium at E=0.4 

 

  
Fig. 6. Variation of normal displacement  with the horizontal distance  for rectangular and parabolic 

irregularities present in orthotropic elastic medium at E=0.6 
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Contour maps for the normal displacement due to rectangular and parabolic irregularities  with E=0.2, 

0.4, 0.6 (sizes of irregularities) on the distance depth grid are depicted in Figures (7) & (8). Figures (9) & (10), 

correspond to the variation of normal stresses with the horizontal distance y for rectangular and parabolic 

irregularities at E=0.2, 0.4, 0.6. From these figures frequent intercrossing of various curves for different values 

of E are shown. 

 

 
Fig. 7(a) 

 

 
Fig. 7(b) 

 

 
Fig. 7 (c) 

Fig. 7. Contour Map for the displacement with rectangular irregularity for (a) E=0.2, (b) E= 0.4), (c) E =0.6 
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Fig. 8(a) 

 

 
Fig. 8(b) 

 

 
Fig. 8(c) 

Fig. 8. Contour Map for the displacement with parabolic irregularity for (a) E=0.2, (b) E = 0.4), (c) E=0.6 
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Fig. 9. Variation of normal stress with the horizontal distance  on the plane at x=1.0 at size of E=0.2, 0.4 and 

0.6 of rectangular irregularity. 

 

 
Fig. 10. Variation of normal stress with the horizontal distance  on the plane at x=1.0 at size of E=0.2, 0.4 

and 0.6 of parabolic irregularity. 

 

                                                                        Appendix A. (x>0) 
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