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. Introduction

Zadeh [13] introduced the notion of fuzzy sets In 1965. presently many authors have widely developed
the theory of fuzzy sets and their application. The suggestion of fuzzy metric space introduced by Kramosil and
Michalek [4] was adapted by George and Veeramani [3]. In [8] Popa proved theorem for weakly compatible
continuous mappings using implicit relation. Singh et. al. [10] introduced the notion of compatible maps in
fuzzy metric space, and compared this notion of compatible map, compatible map of type (B), compatible map
of type (a), and get some fixed point theorems in absolute fuzzy metric space in the sense of Grabiec [2]. In [12]
Vasuki introduce the concept of R-weakly commuting map, and prove a fixed point theorem in fuzzy metric
space. Ranadive et. al. [9] introduced the concept of metric space and proves the common fixed point theorem
in this space. Moreover Ranadive et. al. [9] observed that the new notion of map is neither a subclass of
compatible maps nor a subclass of non-compatible maps. In [6] Mishra et. al. introduced maps in fuzzy metric
space. In this paper, we obtain fixed point theorems in fuzzy metric space using maps, an implicit relation with
reciprocal continuity and compatible maps.

Il. Preliminaries
We introduce some definitions and known results in fuzzy metric space.
Definition 2.1 ([13]). Let fuzzy set A in X is a function with domain X and value in [0, 1].
Definition 2.2 ( [11]). A triangular norm * (shortly t-norm) is a binary operation on the unit interval [0, 1] such
that for all a; b; ¢; d € [0, 1] the following conditions are fulfilled :
(1) a*1=1,
(2) a*b=b*a,
(3) a*b-c*dwhenevera<candb<d,
4) a*(b*c)=(*h)*c.

Definition 2.3 ( [4]). The 3-tuple (X;M; *) is called a fuzzy metric space if X is an arbitrary non-empty set, * is
a continuous t - norm and M is a fuzzy set in X2 x [0, o) satisfying the following conditions, for all x, y, z € X
and s, t> 0.

(1) M(x,y,0)=0;

(2) M(x,y,ty=1forallt>0,iffx=vy,

(3) M(x,y, t) =M(y, X, 1),

4) My, t)*M(y, z,5), M(x, z,t +5),

(5) M(x,y,.):[0, ) — [0, 1] is left continuous ;

6) lim_,M(x,y,t)=1

In the definition of George and Veeramani [3] M is a fuzzy set on X? x [0, «) an(1), (2), (5) are
replaced respectively, with (1), ( 1), (111) below :
0] M(x, y, 0) >0, for all t > 0,
) M(x, x,t) =1, forallt>0and x=y) M(x,y,t) <1 forall t>0,
(nn M(X, y, .) : (0, ) — [0, 1] is continuous for all x, y € X.

Example 2.4 ( [3]). Let (X, d) be a metric space. Define a * b = ab (or a * b = min[a, b]) and for all X,y € X
andt>0, M(x,y, t) =t/t+d(x,y) .

Then (X, M, *) is a fuzzy metric space. We identify this is fuzzy metric M induced by the metric d the standard
fuzzy metric.

Definition 2.5 ([3]). A sequence { x, } in a fuzzy metric space (X,M,*) is called
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1. Cauchy if for each € > 0 and t > 0, there exists N, € N such that M(X,, X t) > 1-¢ for all n, m > n.
2. Complete if every Cauchy sequence in X converges to a point in X.
3. Convergentto x € X if lim,_.,M(x, X, t) > 1-¢ for each t > 0, there exists N, € N .

Definition 2.6 ( [1]). A pair (A, B) of self maps of a fuzzy metric space (X, M, *) is said to

1.reciprocal continuous if lim,_,,ABx, = Ax and lim,_,.BAX, = Bx, whenever there exists a sequence {x,} € X
such that lim,_,.,Ax, = lim,_,..Bx, = x for some x € X. If A and B are both continuous

2.semi-compatible if lim,_.,ABXx, = Bx whenever there exists a sequence {x,} € X such that lim,_,Ax, =
lim,_.Bx, = x for some x € X.

Note: then they are obviously reciprocally continuous but the converse need not be true.

Lemma 2.7 ([5]). Let (X, M, *) be a fuzzy metric space. If there exists k € (0,1) such that forall x,y € X,t>0
, M(X, y, kt) > M(x, y, t), thenx = y.

Lemma 2.8 ([2]). M(X, Y, .) is non-decreasing for all X,y € X.

Proposition 2.9 ([7]). Let A and B be two self maps on a fuzzy metric space (X, M, *). Assume that (A, B) is
reciprocal continuous then (A, B) is semi-compatible if and only if (A, B) is compatible.

I11. A class of implicit relation
Let @ be the set of all real continuous functions F : (R+)* — R non-decreasing in first argument
satisfying the following conditions :
() Foru,v>0, F(u,v,v,u,1)>0implies that u > v.
(i) F(u,1,1,u,1)>00rF(u,1,u,1,u)>0,o0rF(u,ul,1,u)>0implies that u > 1.

Proof. Foru,v>0;

(i) Fu,v,v,u,1)>0=(a+du+(b+c)v>0,
=>(a+du>(at+d)v,ie u>v,

(i) F(u,1,1,u,1)>0=(a+djut(b+c)=>0,
=>(a+dju>(at+d),ie.u>1

Example 3.1. Define F(ty, ty, t3, ty, ts) = 10t; - 8t, - 7t3 + 5ty + t5- 1. Then F € @
M F(u,v,v,u,1)=15Uu-v)>0=>u>v.

@i) F(u,1,1,u,1)=15u-1)>0=>u>1or

F(u,L,u,1L,u)=4u-1)>0=>u>1

or

F(uu 1,1, u) =u>1

A characterization of @ in linear form : Define

F(tl, o, 13, 1y, t5) =at + btz +Cty + dt4 +1t5—1,

wherea, b,c,d € R,witha+b+c+d=0,a>0,b+d>0,c+d>0,anda+d>0.
Then F e ®.

IV.  Main result
Theorem4.1. Let A, B, S and T be self mappings of a complete fuzzy metric space (X, M, *) with t - norm
defined by a * b = min {a b}, satisfying :
411 AX)cT(X), B(X)c S(X)

(4.1.2) forsome F € @, there exists k € (0, 1) such that for all x, y € X and t >0,
[P (R [P Ty [Py Py ), Facr, (@) 0)
Focry (U)Fry gy () Py (U)Fs, 5, (20), Py ()P o (u). 120
FSX,By (ZU)FTy,Ax (u )’ FSX,AX (U)FTy,Ax (u ), FSx,By (ZU)FTy,By (u)

If the pair {A,S}is reciprocal continuous Then A, B, S and T have a unique common fixed point in X.
Proof. Since A(X) —T(X) for any arbitrary X, € X , there exists a point x; € X such that Ax, = Tx; and

B(X) < S(X) implies that for this point x; we can find a point x, € X such that Bx; = Sx, and so on. Inductively,
we can define a sequence {y,} in X such that
(4.1) Yon = AXan = TXans1
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Yon+1 = BX2n+1 = SX2n+2, n= O, 1, 2, ..........

Now we prove that the sequence defined by (2.7) is a Cauchy sequence. By Lemma (2.8) it is sufficient
to show that Fynyons1(KU) > Fyon.gy2n(u) for all u > 0 where ke (0, 1). Suppose that Fynyonsa(Ku) < Fyon-1y2n(U)
and using (4.1.2), we have

Py (UF =[P, o, (OF [P OF P, s, ),

P, s WFse g, W) o W s, W) Fo i, (W)Fs, ., (20),
P min WP, (W) Py, (QU)Fn a, () P, (WP, (1),
P00 (20)Fr, 6., (U)

[FyZn—l,yZn(u)]z Fyan ly2n( ) y2n, y2n+1(u) Fy2n—1y2n( )FyZn—l,yZn(u)’
Fyzn—l,yzn(u)Fyzn,y2n+1( ) y2n- 1y2n( )FyZn 1y2n+1( )Fy2n—1,y2n(U)Fy2n,y2n(u)’ 20
Fyan-tyon (2U)F 200 (U By 20 (W)F 000 (U) Fyan 100 (2U)F, 2 0.0 (U)

[FyZn,y2n+1(ku)] ! y2n y2n+1( ) y2n, y2n+l(u)[ y2n y2n+l(ku)] ! y2n y2n+1(ku)
Fy2n,y2n+l(u) I:y2n y2n+1(ku)t{ y2n—ly2n( )FyZn y2n+l( )} y2n y2n+l(ku)’ 20

t{FyZn—l,yZn(u)' Fy2n,y2n+1(u)}' I:yZn,y2n+1(ku)’ { y2n-1,y2n (u)FyZn,y2n+1(u)}FyZn,y2n+1(u)
Since ke (0, 1) then u > ku for any u > 0 and Fyznyan+1(U) > Fyznyan+1(Ku) and also
1:{Fy2n—1,y2n (U )' I:y2n,y2n+1 (U )}> t{ y2n,y2n+l (kU) y2n,y2n+l (U )}Z

t{FyZn,y2n+l(ku)’ y2n,y2n+l(ku)}— y2n,y2n+l(ku)
Hence,

{FyZn,y2n+l }(U )’ {[FyZn,y2n+1(ku)]2 ' I:y2n,y2n+l (ku)}2 0

Since, (X, F, t) is complete, then the sequence {y,} converges to point z in X and the subsequence
{AXZn}y {BX2n+1}, {SXZn}, {TX2n+1} of {y2n} also Converge to z.
Since A(X) c B(X), there exists p € X, such that z = Tp by using (3.3.3) we have

I:sz,,,Tp (U )2 ’ FSxZn,AxZn (U)FTp,Bp (U )’ FSx2n Tp (u)Fszn Ao (U )’
[FAx2n ,Bp (ku)]z FSx2n Tp (U )FTp ,Bp (U )’ FSX2n Tp (U )FSX2" ,Bp (2U )’ FSXZn Tp (U )FTp ,AX (U )’ 2 0
FSXZ,],BD (zu)FTp,Ax2n (U )’ FS><2rI Ao (U)FTp,Ax2n (U )’ FSXZH,Bp (ZU), I:Tp,Bp (U)

Taking limit as n — oo gives,

[Fop ()] [P @) P (0F, g, W) P (0F, (0. F (@)F, g, (W),
F,.(WF, g (2u) F, , (WF, (). F, e (2u)F,  (u) F, , (WF, (). >0
F, ep(20)F, 5, (U)

{F.eoF Py W [F W) 20

Which means that Bp = z then we have B =Tp = z.
By a similar way, since B(X)C S(X ) there exists (| € X such that z = Sq.
Again by using (4.1.2).

[FAq,Bx2n+1 (kU)]2 ! [FSq.Tx 2n+1 (U )]2 ! FSq,Aq (U)FTX 2n+1,Bx2n+1 (U )1 l:Sq Tx2n+1 (U)FSq,Aq (U)
I:Sq,Tx2n-¢-1 (U)FTx2n+1,Bx2n+l(u )’ I:Sq,Tx2n+1 (U)FSq,Bx2n+1 (ZU )’ 2 O
FSq,Tx 2n+1 (U)FTX 2n+1,Aq (U )’ FSq,Bx2n+l (2U)FT>< 2n+1,Bx2n+1 (U)

Taking limit as n — oo gives,
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[ (k) [P () P g (WF, (0 P (0)F, g (0 P (WP (),
W)F,, ()., (U)F, 44 (W) F, (20)F, 44 (U) F, g (U)F, g () 20
(ZU)F ()

{[FZ aq ! Z Aq } [FZ Aq ] >0

This ylelds Aq = z then we have, Aq=Sq = z.

Since {B, T} are weakly compatible then they commute at their coincidence point p. i.e., BTp = TBp or
Bz=Tz.

Now we show that z is a fixed point of B.

By using (4.1.2),

[FAq Bz kU ] [FSq Tz ]2 FSq Aq Tz Bz ) FSq Tz ( )FSq Aq (U )’ I:Sq,Tz (U)FTZ,BZ (U)
Sq Tz ( ) Sq,Bz (ZU) Sq,Tz ( ) Tz,Aq (U) Sq, Bz( l"I)I:Tz,Aq (U), I:Sq,Aq (U)FTZ,Aq (U) 2 0
Sq Bz (ZU) Tz,Bz (U)

[F oo (KU)F[F o (W)F P (U)Fr 0 (U)o (W, () P (U)Fi 0 (1)
e )FZ,BZ(ZU),FZ,BZ(U) o0 (U P, (20)Fs, , () F, (U)F, , (U), 20
F. e (ZU)FBZ e ()

Fos WF.F o @)= 0
[F, (u )] >0

Which impliesthat Bz =Tz =z

Similarly, since {A, S} are weakly compatible then they commute at their coincidence point g. i.e, ASq
=SAgor Az =Sz.

Now we show that z is a fixed point of A. By using (4.1.2),

[Fro.kOF[Fo, F Fu o WF,, () Fy, 0F, W) Fy, WF,, )
Fo.. (WFu, (20) Foy, (U)F, o, (u) oy, (2u)F, , (U), Fy o (U)F, 0, (U) >0
Fa,(2u0)F,,(u)

[FAz,z (U)]2 > 0 which means that Az =Sz = z.

Thus z is a common fixed point of A, B, S and T. Finally in order to prove the uniqueness of z,
suppose that z, w are common fixed points of A, B, S and T. We prove the converse by putting x =z, y =w in

(4.1.2).
[FAZ,BW(ku)]2’[FSZ,TW(U)]Z’FSZ,/—\Z (U)FTW BW( ) Sz TW( )FSZ AZ( )
Fop (WP 0 (W) Fip i (U)Fg 7, (20), Fo 1, (W, (W), #20

e W) e )P0 1)
)

[ (k) [P @)F P @)F () Fro (0)F, (0), .y (W)F ),
w(UF,(2u)F,, (W)F, (). F,, (20)F, , (u).F,, (WF,, () >0
(20)F (W) [F. W
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