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Abstract: In this paper we obtain some inequalities as sufficient conditions for the harmonic multivalent

function G(z) to be in classes m(a). Inequalities for convolution multiplier of two harmonic multivalent
functions f and G are also obtained. Also it shown that these inequalities are necessary and sufficient for the

function GI(Z). Further, the necessary and sufficient conditions for the functions GQ(Z) to be in classes

S Hm (oc) are obtained.

I.  Introduction
Let SH(m), I 2 1, denotes the class of all m-valent, harmonic and orientation-preserving functions

in the open unit disk A=iz:|z|< 1}. A function f in SH(m), 1M 21 can be expressed as f=h+ g,
where h and g are analytic functions of the form
h(Z) = Zm + zAnerlerH—m_l’ g(Z) = ZBn+mflzn+m_1’ | Bm |< 1
(1_1) n=2 n=1
Definition 1.1[1,2]
: > < - I
Let SHy(@),m=land0<a<l denotes the class of functions f=h+geSHm) which satisfy

the condition.

6_86 (arg(f(re”))) > ma

1.2)
_ ni0 *
for each 2= 1€ > 0<6<2randO=<r< 1. A function in S Hy (o) is called m-valent harmonic
starlike function of order .
S'H (o) . . - .
The class m was studied by Ahuja and Jahangiri [5],[6]. In particular, they stated the

following Lemma.
Lemma 1.1 [5],[6]

Let £ =D +E be given by (1.1) if
2 n-1+m(l-a n-1+m(l+o
Z{ ( ) | A |+ ( ) | Baims |j|S2

13 o m(l—a) m(l—-a)

where Ap=1 and m=1,0=sa< 1. then the harmonic function f is sense-preserving, m-valent and
feSH,_(a)

Denote by TH, (o) is the subclasses of consisting of functions f=h+g ,f €SHy(a)

so that h and g are of the form

h(Z) = Zm - Z An+m—lzn+m_1’
(1.6) n=2

g(z) =Y Bmiz™™, A >0, B >0,B, <1

n+m-1 = n+m-1 —

n=1 . Lemma 1.2 [5],[9]
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et f=h+g be given by (1.6) then feTH,(

i n-1+m(l-a)}A ., + i n-1+m(l+a)}B,,, , <m(l-a)

n=2 n=1

if and only if

Definition:
The Gauss hypergeometric function 2 F(a,b;c;2)
numbers is defined as

for .....,-2,-1,0 # c,ab € C, a set of complex

F(a,b;c;z) = Z(an D)y

Fi(a,bc;z) - )n(l)n
[0+ 1)
), = =AMA+1)....A+n-1)forn=1,2,3...
where |(_M and (A)o =1
F(a, b;c; z) is analytic in A=iz:|z|<L} and for Re(c-a-b)>0,

F(a,b;c;1) = |_)|_ ) ,c#0,-1,-2,.

[c-a)lc-b)’

In this paper a harmonic m-valent function Glz) = (|>1(Z) + ¢2(Z) is considered, where ¢,(2) and

A={z:

9,(2) are m-valent analytic functions in |z <1} defined in terms of above mentioned

hypergeometric function as :
o, (z) = ¢1(a17b1;01;z) = ZmF(avbl;Cl;z)

(L.7)
(a n— l(b )n lznﬂn 1
Z (C )n l(l)n 1 ’
(18) 0,(2) = §y(a,,by50,52) = 2™ I[F(az,bQQCQ;Z) -1]

0

a2) (b n, n+m-1
Z:‘ (SYNON

Also, consider a harmonic m-valent function Gl(z) which is defined as :

G,(z)=2z™ (2—%}@

Further, a convolution Lm (f’ G) of two harmonic m-valent functions f and G is considered as follows:
L. (f,G)(z) = (f * G)(2)

h(z) * ) (2) + g(2) * . (2)
- P(Z) +Q(z)
Z (a )n 1(b )n 101101 A Zn+m71

, a,b, <c,

for a;b;>0,c;>a;+b;+1,j= 1’2.

where P(Z) (C )n l(l)n 1 memd
S a b n+m-
Z 2) 1 ) n+m—lz 1’ a2b2 |Bm| < C2
o (€,), 1),

Ahuja and Silverman [4] have given a nice connection between Harmonic univalent functions and
hypergeometric functions and obtained some inequalities harmonic univalent functions which are sense-

preserving, harmonic starlike univalent (harmonic convex univalent) in A. They also defined a convolution
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multipliers between two harmonic univalent functions. Motivated by the work of Ahuja and Silverman [4] in

this chapter some inequalities as sufficient conditions for m-valent harmonic function G(2) to be sense-

a0<a<l)

preserving starlike and convex of positive order are obtained. It is also shown that these

inequalities are necessary and sufficient for the function G, (2) . Further necessary and sufficient conditions for

the function G, (=) to be in class feSH,(a)

m-valent functions f and G are also obtained.
2: Main Results
Theorem 2.1's

a,b.>0,c.,>a,+b, +1 - o.
If 37 > J J for j=1,2 then a sufficient condition for G=6+¢, where ¢, and ¢,

GeSH,_(a)

are obatained. Inequalities for convolution of two harmonic

are given in (1.7) and (1.8) respectively to be sense-preserving harmonic m-valent in A and is

that

(3.2.1) F(a,,b;;c;3) a,b, +m(l-a) [+
178~ 1_1
a2b2
F(a,,b,;c,;1) +m(l+a)-1|{<m@B-a)-1.
28, ~b,—1 Proof

To prove that G is sense-preserving in A it only needs to show that

10,'(2) > §,'(2)],z€ A

By the hypothesis, it noted that

' m-1 (a ) l(bl)n 1,,n+m-2
- 1) 201 Ou)a
00 S m )

_ m-1 (al)n 1(b )n 1, n+m-2 ~ (al)nfl (bl)nfl n+m-2
Amz ) T A e

_ N _ @)y (b)) _ > (84)n 0 (by)n m-1
>P1§m”wmﬂh mécmmm}”

albl (@, +1),,(b, +1),, (a,).(b;),
[ Z (c; +1)1()ny Z } e

= (CYNINN
— {Qm _ albl F(C1 + l)r(C1 —a, - b1 — 1) -m F(CI)F(CI —a, - bl):|| Z |m—1
¢ F(Cl - al)r(cl - b1) F(Cl - al)r(cl - b1)

= {Qm _( alblb ! + mJF(al,bl;cl;l)} z ™!
T TE T using (2.1)

> HaQbQ+m(1+a)—1}F(a2,b2;cl;1)—ma(F(al,bI;clgl)—1)—m+1}| z ™!
c,—-a,—-b,-1

> 2,0, +(m-1)¢F(a,,bycl)-m+1]|z[*',0<a<1
c,—a,—b,—-1

_ a2b2 F(CQ + 1)F(02 —a2 —b2 - 1) 4 (m_ 1) F(CQ )F(Cg - a2 _bg) —m+1 | z |m71
) Gy I, -a, )F(Cz -b,) [(c, —a,)l(c, —by)
a,b, & (@, +1),,(b, +1), (@s)n(bs),
S e S b
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(85)n (05), P
(€2)a (),
(a2 )n(b2 )n | 7z |n+m—2

mM+m-1)

NgE

o]
Il
—_

2 2 mrm ]S
2>+ m- 1)%%““ =1 6)(2) |

50, G is sense-preserving in A .

To, show that G is m-valent and GeSH,(a), on applying Lemma 1.1 it only needs to show that
< a b
Z[n_1+m(1_a)]( l)n—l( 1)n—1+

(22) 02 (G Y €

+i[n—1+m(1+oc)]((2))((5)“ <m(l-a)

The left hand side of (2.2) is equivalent to

Z(n _ 1) (al)n—l(bl)n 1 OL)Z (a )n 1 -1 4 z n(aQ)n(bQ)n
n=2 (€)1 a2 (C1), l(l)n o ().,
+{m(l+a)- l}z(aQ) n(D2)
= (C2)a(1),
alb . . .
=——11  F(a,b;;c;;1)+m(l—a)[F(a,,b;;c,;1)—1]+
c,—a, —b -1
a2b2 F(a,, b2;02; 1)
+Co—a,—by-1 +{m(l+a)-1}[F(a,, by;c,51) —1]
= F(al,bl;cl;l)[al—b1 +m(l— a)} +
c,—a, —b -1
a2b2
F(a,,b,;c,31) +m(l+a)-
. c,—a,—b,-1 —m(l-a)-m(l+a)+1
The last expression is bounded by m(l - a) provided that (2.1) is satisfied. Therefore, GeS Hm(a).

Consequently G is sense-preserving and m-valent of order & in A
For m=1 and & =0 the following corollary [4] is obtained.
Corollary 2.2 [4]

faj,bj >0, C; >aj+bj+1forj: 1,2

I , then a sufficient condition for G= ¢1 + ¢2 with m=1 to be

harmonic univalent in A and GeSH is that

1+ a,b, F(a,,b,;c ;1) + a,b, F(a,,b,;c ;1)< 2.
Cl—al—b -1 02—32—b2_1
Theorem 2.5
Lt a;,b;>0,c;>a;+b;+1 for j=1.2 and a,b, < 2 if
(2.5) then,
Gy € THu(®) if ang only if (2.1) holds.
Proof
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It is observed that

— m_w(a)nl(b)nl n+m-1 (ag) b)n n+m-1
G =22 ;} ) (D),

and TH, (o) =S Hy (o) . In view of Theorem 2.1, it only needs to show the necessary condition for
be i TH_(a). it G, eTH,_ (o)
Theorem 2.6

a,b. >0 c.>a.+b, . . . .
If 327 and ! ] J for j=1,2 then a sufficient condition for a function

Gl to

G,(2) = m[t™'Fla,,b;;c;;t)dt + [ " [Fa,, by cy;t) — 1jdt
0 0

S'H°(m)

to be in is that

(3.2.6) mF(a,,b,;c;;1) + Fa,, byicysl) < 2m+1

Proof

In view of Lemma 3.1.1, the function

G,(z) = z™ + o M (@)aaBi)ay nemo i N o N —
n=2 11 +m-1 (Cl )n 1(1) n— 11 n+m-1 (C2 )nfl(]‘)nfl

*1r 10

isin S H (M)

i n+m-1 m (@y)y1(by)y n i n+m-1 1 (@5)n1(by)ny <1

n=2 m n+m-1 (c,),,(1),, = n+m-1 (¢;),,(1),4

That is, if

i(al)n—l(bl)n TR S 2)n 1(b5),4 <1

o (C)aaM)ey mMZ (Ch)as()ay

which holds if (2.6) is true.
Theorem 2.6

- c.>a.+b. +1, .
Ifal,b1> 1,cl>0,a1b1<O,aQ>O,b2>Oanol j>a;+b; §=1.2 then

G,(z) = mJ. t™'F(a,,b,;c,; t)dt + J.tm‘l[F(ag,bQ;cz; t)—1]dt
0 0

*1r 10
isin S H (M) i a0 only if
2.7) mF(a,,b;;c;;1)-F(a,,b,;c,51) =2 -1
Proof

By the hypothesis using Lemma (1. 3) to

G (Z):Z |ab |Z a1+1)n Q(b +1)n2 Zn+m—1
’ “n+m-1(n-1)c, +1), 51

+i 1 (a2 )n—l (b2 )nfl Zn+rn71
ne N+1m-— 1 (CZ )nfl (l)nfl
It suffices to show that
| a,b, | i n+m-1 m 1 (a,+1),,(b;+1), ,

C, =2 m n+m-1n-1) (¢, +1),,(1),,

0

+Z n+m-1 (a,),,(0,),, <1

—mmn+m-1) (c,), (1),

or,
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i (al + 1)n71(b1 + ]')nfl + Cl i N (aQ )n(b2 )n < C1

= (¢ +1),,(1),,n la,b, [m= (c,),(1), o a,b, |
But, this is equivalent to
z(al) 2(b1), z(az) A(05), G

b, 2= (€h)a()s Iab | m

That is if (2.7) holds.
Theorem 2.7

a,b.>0,c.>a.+b.+1 i . -
Let 477J > 7 J 37 for j=1,2 and a,b, < €2 A necessary and sufficient condition for

Lrn(f’ G)(Z) =f= (¢1 + (T)Q) € T*Hm(OL) and G= ¢1 +(|_)2 given by (1.7) and (1.8) for fe T*Hm(a)
is that

(C2)n()n | a,b, |

28) F(a),bj;cp51) + Flay, bysey51) <3

Proof

Let f=h+geTH,a) , where h and g are given by (1.6).Also,

S n 1 1’1+m 1 (a2) (b ) n+m-1
L.(,G)(z) E )() A z«aa)“mﬂ

L.(f,G)(z) € T'H,, ()

In view of Lemma 1.3 it only needs to prove that
As an application of Lemma 1.3,

m(l—a)
n-l+m(l-a)

m(l—a)
n—1+m(1+on)_

<

n+m-1 —

n+m-1 —
Consider
Z{n—1+m(1—oc)} (a )n l(b )n IA
n=2

( l)n ll)n 1 memd

+i {n-1+m(l+a)} %Bm—m—l

<”1”§%5ﬁh1 Z m

_m(l-a)F(a,,b;;c;51) + m(l - a)F(a,, b2, 02,1) -2m(l-a)

The last expression is bounded above by m(l - o) if and only if (2.8) is satisfied. This proves the result.

Theorem 2.9

a,b,>0,c.>a,+b,+1_ . . . . .
Let 77 > J 1 for j=1,2 then (2.) is a necessary and sufficient condition for a function

C +Cm ItC‘lP(t)dt L C +Cm
0

L,.(f,G)(z) = [ttt

T Hm(u) for feT Hm(a) of the form (1.6) and G= d)l + ¢2 given by (1.7) and (1.8).

to be in
Proof
By the hypothesis
Iqm (f G) Z c+m (al) (b )n 1 n+m . + c+m (aQ )n (b2 )n S
= n+m+c-1 (c), 1), = n+m+c-1 (c,),(1), and
as feTH, (o) ,
An+m—1 - m(l — O(‘) n+m-1 < m(l — OL)

n-1+m(l-oa) n-1+m(l+a)

and
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Consider,

3 e T A
+§ (n-1+m(l+a))— +‘;n++“; — (?CQ);(E’;‘)“ _—

i3, Qg som a3, (G

—m(l - oc)F(al,bl;cl 1)+ m(l - o)F(a,, by e, 1) - 2m(l - o)

The last expression is bounded above by m-a) if and only if (2.8) is satisfied. This proves the result.

i (m+m-1)in—-1+m-a) (&), (b

n=2 m (€1)an (@), e
N i m+m-1){n-1+ml+a)}(a,),(b,),
m (C)a, "
(@1)n1(P1)n (@s)n
=md nzg CosWs ; (1)

=m(l - a)F(a,,b;;c;;1)+ m(l —a)F(a,, b2;02; )—2m(l - a)

The last expression is bounded above by m(l - o) if and only if (2.11) is satisfied. This proves the result.
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