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The local and global stability of the disease free equilibrium in a
co infection model of HIV/AIDS, Tuberculosis and malaria.
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Abstract: This study presents a co infection deterministic model defined by a system of ordinary
differential equations for HIV/AIDS, malaria and tuberculosis. The model is analyzed to determine
the conditions for the stability of the equilibria points and investigate the possibility of backward
bifurcation. The study shows that the local disease free equilibrium is stable when the reproduction
number is less than unity but the global stability of the disease free equilibrium is not guaranteed. The
model exhibits the phenomenon of backward bifurcation which posses a challenge to the design of
effective control measures.
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I.  Introduction
The basic reproduction number F\’0 is defined as the average number of secondary infections an

infectious individual would cause over his infectious period in an entirely susceptible population. When R0 <
1, then an infectious individual is causing, on average, less than one new infection and thus the disease
does not invade the population. On the other hand, when R, > 1 then an infectious individual is causing, on

average, more than one new infection and thus the disease invades and persist in the population. HIV/AIDS
remains one of the leading causes of death in the world with its effects most devastating in sub Saharan Africa.
One of the key factors that fuels the high incidence of HIV/AIDS in Sub Saharan Africa is its dual infection
with malaria and tuberculosis [16]. Audu et al. [4] investigated the possible impact of co infections of
tuberculosis and malaria on the CD4+ cell counts of HIV/AIDS patients and established the following: The
healthy control group recorded a median CD4+ cell counts of 789 cells/ul (789 cells per mm?® of blood); subjects
infected with HIV/AIDS only recorded a median CD4+ cell counts of 386 cell/ul; subjects co infected
with HIV/AIDS and TB recorded a median CD4+ cell counts of 268 cell/ul; subjects co infected with 1\V/AIDS
and malaria recorded a median CD4+ cell counts of 211 cell/ul and those co infected with HIV/AIDS, malaria
and TB recorded the lowest median CD4+ cell counts of 182 cell/ul. Motivated by these findings, a
deterministic model exploring the joint dynamics of the simultaneous co infections of HIV/AIDS, TB and
malaria incorporating treatment and counseling is presented and analysed for stability.

Il.  Model Formulation And Description

To study the dynamics of HIV/AIDS, malaria and TB co infection, a deterministic model is formulated
described by a system of ordinary differential equations. The model sub-divide the human population into the
following epidemiological classes: Sy(t) - Susceptible population at time t, Iy (t) - Malaria infectives at time t,
I4(t) - HIV cases at time t, 15(t) - AIDS cases at time t, I+(t) - TB cases at time t. Iyu(t) - Those co infected with
malaria and HIV at time t, Iaw(t) - Those co infected with malaria and AIDS at time t, lyr(t) - Those co infected
with malaria and TB at time t, I4(t) - Those co infected with HIV and TB at time t, 1a1(t) - Those co infected
with AIDS and TB at time t, Iyur(t) - Those co infected with HIV, Malaria and TB at time t, 1aut(t) - Those co
infected with AIDS, Malaria and TB at time t. The total human population (Ny(t)) is therefore denoted by:
Nu(®) = Su(t) + Iu() + 1(t) + 1a(1) + 11(1) + lum(®) + 1am(®) + Iur(®) + Tar(®) + 1ar(®) + lawr(t) + Tawr().

The vector (mosquito) population at time t denoted by Ny/(t) is sub-divided into the following classes:
Sv(t) - Vector susceptibles at time t, l\,(t) — Vector infectives at time t. The total vector population Ny(t) is
given by Ny(t) = Sy(t) + y(t).

2.1 Definition Of Parameters

It is assumed that susceptible humans are recruited into the population at a constant rate either by birth
or recovery from malaria and TB. They acquire infection with either HIV/AIDS, malaria or TB and move to the
infectious classes. Susceptible mosquitoes are recruited into the mosquito population at a constant rate. They
acquire malaria infection following a blood meal feeding on infected malaria humans, becomes infectious and
move to the infectious class .
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The recruitment rate of humans into the susceptible population is denoted by Ay while that of vectors
(mosquitoes) is denoted by A, and are both assumed to be constant. The natural death rate of humans is given
by d, while that of vectors is given by d,. The death rates due to AIDS, malaria and TB in humans are da, d,,, and
d; respectively. The parameters dym, iy, da @and dame account for the combined death rates in the 1am, Ivr, IaT and
IavT Classes respectively. The parameters r,, and r; are the recovery rates from malaria and TB respectively due
to effective treatment. It is assumed that the recovered individuals do not acquire temporary immunity to either
or both diseases thus become susceptible again. The model assumes that susceptible humans cannot
simultaneously get infected with malaria, HIV/AIDS and TB since the transmission mechanics are completely
different for the three diseases. The model further assumes that humans acquire HIV/AIDS through sexual
contacts between an infective and a susceptible. The average force of infection for HIV/AIDS denoted Ay, is
given by

Ba(l =0)er({y + Tyyas + Inr) .
’\uh T - (211)
.\ H

where Ba is the average transmission probability of HIV/AIDS between an infective and a susceptible per sexual
contact and c; is the per capita humber of sexual contacts of susceptible humans with HIV/AIDS infected
individuals per unit time. The parameter 6 measures the effectiveness of counseling through condom use and a
reduction in the number of sexual partners, where 0 < & < 1. Effective counseling reduces the value of the
parameter ¢ ;. The model assumes that the classes lyyr, Ia, lam, Iat @and layr do not transmit the virus due to
acute ill health and noticeable AIDS symptoms.
Define oy as the number of bites per human per mosquito (biting rate of mosquitoes), B, as the transmission
probability of malaria in humans per bite thus the force of infection with malaria for humans, denoted Ay is
given by

Bmdy :
/\mh = = = \ (212)
Ny

whereas the average force of infection with malaria for vectors, denoted A, is given by
o Bo(Iar + Tuse + Iner + Tane + Tuner + Laner)

S M- _ (2.1.3)
.\ }I

where f, is the transmission probability of malaria in vectors from any infected human. Finally the average force
of infection for TB denoted Ay, is given by

Xi = Bica(Ir + Inr + 1.\1'1'\*?- Tumr + Tavr + Iar) (2.1.4)
Ny

where B, is the transmission probability of TB in humans and c, is the average per capita contact rate of
susceptible humans with TB infected individuals. The rate of progression from HIV to AIDS for the untreated
HIV cases is p. The parameters 0ip, 0,p and 8sp account for increased rates of progression to AIDS for
individuals co infected with HIV - TB, HIV - malaria and HIV malaria - TB respectively where 6; <6, <05.
Define a as the proportion of the HIV/AIDS infectives receiving effective treatment. This involves the
administration of ARV*S that keeps the HIV patients from progressing to AIDS while transferring the AIDS
patients back to the HIV classes. The modification parameters e",, e and e",; account for the reduced
susceptibility to infection with HIV for individuals in the Iy, I+ and the Iyt classes respectively due to reduced

sexual activity as a result of ill health where € <1, €' <1,¢e", <1, €, <<1. The parameters €[, e,

m m

eht ' eat !

AIDS, HIV, HIV - TB and AIDS - TB respectively due to suppressed immune system where e™, > 1, e™, > 1,
e >1, ey > 1. Itisalso clear that e™, < e"y and e™, < ey The parameters e, €%, €% and el
account for the increased susceptibility to infection with TB for individuals already infected with HIV, AIDS,
HIV - malaria and AIDS - malaria respectively due to suppressed immune system where e}, > 1, e, > 1,
ehn > 1, % > 1. Again €', < ey, and €', < e\, Malaria and TB does not lead to the depletion of the CD4*
cell counts, however their association with HIV/AIDS leads to a significant reduction in the CD4" cell counts
within an individual leading to faster progression to AIDS. Combining all the aforementioned assumptions and

account for the increased susceptibility to infection with malaria for individuals already infected with
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definitions, the model for the transmission dynamics of HIV/AIDS, TB and malaria is given by the following
system of differential equations.

2.2 The Model Equations

ddef(t) = Ay + raly(t) + redr(t) = AanSu(t) (2.2.1)
=AmhSu(t) = MnSu(t) — d.Su(t)
(”;‘;t(t) = AunSu(t) + relagr(t) = rody(t) = el AanIne(2)
=Mnar(t) = dpDps(t) = dpIpg ().
dI:;t(t) = AanSu(t) + rodun(t) + relyr(t) = (1= a)ply(t)
= Al n(t) = ey Mndu(t) = dulu(t) + ala(t).
‘Hgt(') = (1=a)pIu(t) + rmlase(t) + relar(t) = €™ Amala(t)
—et Anda(t) = dola(t) = dula(t) = ala(t)
.dl;’i't(t) = AuSu(t) + rmdur(t) = €danTr(t) = Amalr(t)
—d, I (t) = doIr(t) — oI (t)
dIA:i}il(t) = epNunln(t) + g Aandae(t) + relpgarr(t) = rduae(t) = €Al (t) +
g5 () = dipIpag () = (1 = @)05pT 0 () = dp Ty ps(2)
-dl'i;;(t) = (1 =a)blaplys(t) + e Amnla(t) = rmlare(t) = dmLane(t) = alan(t)
+reLaner(t) = ebpAedant (t) = duLang(t) = dalars(t) = damTane(t).
% = Madn(t) + AanIr(t) = rodaer(t) — enpdanIarr(t) — redarr(t)
—dmInr(t) = dulur(t) = dedagr(t) = dmedaer
& ';’f'(t) = e andr(t) + ridunr(t) + e Aalu(t) = epAmnlur(t) = (1 = a)8yplur(t)
—dpIyr(t) = dlyr(t) = redpr(t) + alar(t)
dl':;(f) = eaMIa(t) + rimlaner(t) + (1 = )biplyr(t) — alyr(t)
—€atAmhlar(t) = dula(t) = dalar(t) = delar(t) = relar(t) — daelar
w = el Amlur(t) + e T (t) + €2 AanIar(t) + alanr(t)
—Tmdunr(t) = dpTunr(t) = dolyar(t)
—(1 = a)fsplyrr(t) = dilyrr(t) = reduarr(t) = dmeluser
dl%’tl(t) = enAmnlar(t) + ‘?;,,,/\thf.»l.\!(t) + (1 = a)bfsplyyvr(t)
—Tmlaser(t) = dnlaser(t) — dadaner(t) — alapr(t)
—dp Laner(t) = delansr () = redaner () = domeLaner
BV = Ay = AeS0(0) = duSu ()
dI;t(t) = AmSy(t) = doIv(2).

2.3 POSITIVITY AND BOUNDEDNESS OF SOLUTIONS
The model system 2.2.1 describes living populations therefore the associated state variables are non-
negative for all time t > 0. The solutions of this model with positive initial data therefore remain positive for all
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time t > 0.
Lemma 2.1. Let the initial data set be {(Sy(0), Sy (0) > 0). (I54(0)., I5(0), I4(0),

Ir(0), Trar (0), Lare(0), Iagr(0). Tz (0). Laz(0), Taarr(0). Larer(0), Iv(0))} € .
Then the solution set {( Su.Sv. Iy Ty Ta. Iy Tyne Tane. Ingr Tur. Tar. Ty aer.
Laaer, Iy }(t) is positive for all time t > ().

Proof. Consider the first equation of 2.2.1 at time t
dSy
dt

then

= Ay +rmdy + el = AanSy = At St = AnSu — d,Su

d:;tu 2 (/\ah -+ /\mh + /\Un + d,.)SH
f dTS;L 2 - f(’\ah + Amh -+ Alh + dn)d(t)

Su(t) > Su(0)e™ T Qan+Amn+Aen+dn)d(t) >0

From the second equation of 2.2.1 at time t
dl s
dt

then

At S + relrag = rmdag = €5 Aandag = Mndag — dpdyg — ddpg.

d—:&u' Z —(rm + e?n/\uh + /\lh + du -+ d1n)l.\!~

dly e [(rm + eg /\ah + ’\lh = » d" + dm)dt'

m

IA‘I (f) 2 I.‘! (())‘a_ f("m‘*'e?nxah +'\th+dn +d'n)dt 2 ()‘

We can proceed in a similar manner and show that all the state variables are positive for all time t.
Lemma 2.2. The solutions of the model 2.2.1 are uniformly bounded in a
proper subset W = Wy, x WUy,

Proof. Let {(Su. Tar. In. Ia. Iy Tune. Lase, Ingr, Inr, Lar, Iusar. Laner }(t) € R,

be any solution with non-negative initial conditions. The rate of change of the total human population
with time is given by:

% = Ay = d, Ny = (Ing + Igag(t) + Lang + Dngr + Tyser + Laner)do -
(Ir + Iner + Tt + Lar + Inaer + Taner )de = (1o + Taas + LTar + Taner)da

_damIA.-\l - dml(]MT + IH.'\IT) ~7 datIA'I' - damt].«LMT
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Define F; as the rate of appearance of new infections in the class or compartment i and V; =V;"
Vi

The model system 2.2.1 has a varying human population size d‘i # 0 and

therefore a tri\'ial equilibrium is not feasible. Whenever Ny > 7\#' then
‘””" < (). Since ¢ T is bounded by Ay —d,, Ny, a standard comparison theorem
l)} (Birkoff and Rota, 1989) shows that 0 < Ny (t) < Ny (0)e™® +%""—(l—c‘dﬂ).
where Ny (0) represents the value of Ny(t) evaluated at the initial values of the
respective variables. Thus as t = oo, we have, () < Ny(t) < %ﬂ- In particular,
Ny(t) < %f'-. if Np < —;f- This shows that Ny is bounded and all the feasible
solutions of the human only component of model 2.2.1 starting in the region
W,; approach. enter or stay in the region, where:

Wy = {(Su. In. Iy Ta, Ir, Ingn, Inga, Ingrs I, Ira, Ingr Inpar) = N(t) < %“L}
Similarly let {(Sy,Iy}(t) € R3. be any solution with non-negative initial

conditions. The rate of change of the total vector population with time is
given by:

‘N - = Ay = (Sv(t) = Iv(t))d.. ﬂL # 0 and therefore a trivial equilibrium
is not feasible. Whenever Ny > —‘- then d—;“— < (). Since d—;l‘- is bounded by

Ay —d,Ny. a standard Comparlson theorem by Birkoff and Rota (1989), shows
that 0 < Ny (t) < Ny(0)e% + \" (1=e~%), where Ny (0) represents the value
of Ny(t) evaluated at the mma.] values of the respectwe \anables Thus as
t = 0o, 0 < Ny(t) < —‘: In particular, N(t) < —‘— if Ny < =%, This shows
that Ny is bounded and all the feasible solutions of the vector onl_\ component
of model 2.2.1 starting in the region ¥y approach, enter or stay in the region,
where: Uy = {(Sy,Iy) : Ny < ‘\‘—:} O.

I11.  Local Stability Of The Disease Free Equilibrium

In the absence of infection by all the diseases, the model 2.2.1, has a steady state solution called

the disease-free equilibrium (DFE) given by

E™ = (Su, Ing, I, Ia, Ir, Inewty Ingas Ingrs Try Iras Iy Ingar, Sv, Iv) =

{—EOOGDDGDDDODQD]

— V¥, where

is the rate of transfer of individuals out of compartment i, and V;* is the rate of transfer of individuals into

compartment i by all other means. The Jacobian of F; and V; at the disease-free equilibrium is given by:

( 0 0o o0 0 0 0 0 { 0 0 0 ayd, \
0 a 0 0 ay 0 0 ay () (0 0 0
0 0o o0 0 0 0 0 0 L 0 0 0

0 0 0 S 0 0 ey By Bea Biea By 0

0o 00 0 0 0 0 0 0 0 0 ]

Fe 0o 00 0 0 0 0 0 0 0 0 0

- 0o 00 0 0 0 0 0 0 0 0 0

n 00 o 0 0 0 0 0 0 0 0

n 00 o 0 0 0 0 0 0 0 0

n 00 o 0 0 0 0 0 0 0 0

0o 00 0 0 0 0 0 0 i 0 0

\ B 0 0 0 ofe mfe By 0 0 By mBe 0 }
where: o, = 3,(1 — )¢y
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wy 0 0 0 0 0 —=r 0 0 0 0 0 \
0 wy, —a 0 -r, 0O 0 —=r, 0 0 0 0
0 2z uz 0 0 =rn 0 0 —=r 0 0 0
0 0 0 uy 0 0 —-rp, O 0 0 0 0
0 0 0 0 wu -« 0 0 0 —nr 0 0
B s 0 0 0 0 2o Ug 0 0 0 0 —-r; 0
0 0 0 0 0 0 u? 0 0 0 0 0
0 0 0 0 0 0 0 ug —a —r, 0 0
0 0 0 0 0 0 0 z3 Ug 0 —Tm 0
0 0 0 0 0 0 0 0 0 wpo =—-a 0
0 0 0 0 0 0 0 0 0 zy  up 0
\o 0o 0o 0 0o 0 0 0 0 0 0 d)

where 2y = —(1 —a)p, 20 = —(1 — a)byp, z3 = —(1 —a)byp, 24 = —(1 —
a)bap, w1 = rm+dn+dm, uza = (1—a)p+dn, us =a+da+dn, uy=dn+di+
Ty, Us = rm+dm+(1_a)92p+dn~ Ug = "m+dm+a+dn+da +dams Uy = Tp+ri+
dp+dp+di+dopy, us = (1—a)bp+d,+di+1y, ug = a+d,+do+di+re, ug =
rn1+dm+dn+(1—0)031)+dt+7‘t+dmle upn = 7'm+dm+da+a+dn+dt+"t+damt
The basic reproduction number Ry = Ry a7 is the maximum value of the spec-
tral radius of the matrix FV ™' and is given by Ryyr = max{Ru, Ru, Rr}.

Where:
1y ‘Bm dm y
Ry = (2.4.1)
\/d"ldl’ + d'ldU + d1'7"'n
Bycs

Ry = ——— 24.2
= Ao (242)
el =9 o l,, 4 f,, s

Ru 14> ot e ) (2.4.3)

- (ad,, + dyd, + & + dyp — ad,p + d.p—od,p)
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3.1 Parameter Values For The Hiv/Aids Malaria Model

Symbol | Parameter Value (day™') | Source
Ay Recruitment rate of humans 4.38356 x 107 | Kenya demographics
profile (2014)
dy, Natural death rate of humans | 4.56630 x 107 | Kenya demographics
profile (2014)
d, HIV/AIDS-induced death rate | 1.09589 x 10~2 | WHO report (2014)
p Progresion rate from HIV
to AIDS (untreated) 2.73972 x 10~ | Baryama, F. and
Mugisha, T. (2007)
« Proportion of the HIV/AIDS
victims treated 1.64384 x 10~* | Kenya NACC
report (2014)
Ba Transmission probability
of HIV/AIDS 0.019 Baryama, F. and
Mugisha, T. (2007)
1 Per capita number of sexual
contacts 2.46575 x 1072 | Kenya NACC
report (2014)
) Effectiveness of counseling Variable
¥ Proportion of malaria
victims treated 1.86301 x 10~2 | WHO report (2013)
d,, Death rate due to malaria 0.000345 Chitnis et al (2006)
[a%} Mosquito biting rate 0.125 Lawi et al (2011)
Bz Transmission probability of
malaria in humans 0.8333 Lawi ef al (2011)
Bo Transmission probability of
malaria in vectors (0-1) Chiyaka and
Dube (2007)
Symbol | Parameter Value (day~") | Source
0, Increased Progresion rate from
HIV to AIDS due to TB 1.5 Estimated
0 Increased Progresion rate from
HIV to AIDS due to malaria 2 Estimated
0y Progresion rate from HIV to
AIDS due to TB and malaria 3 Estimated
dam Death rate due to AIDS and o
malaria 0.0005175 Baryama, F. and
Mugisha, 1. (2007)
i Death rate due to AIDS and
tuberculosis 0.0016438356 | WHO report (2013)
By Transmission probability
HIV of TB in humans 0.027 Juan and Castillo
(2009)
<y contact rate of sus(‘vptfblv )
humans with TB infectives 15 Juan and Castillo
(2009)
ry Proportion of T'B
vietims treated 0.6 WHO report (2013)
Aamt Death rate due to AIDS,
malaria and T'B 0.00069 Estimated
el Increased susceptibility to TB
due to AIDS infection 2.0 Estimated
el Increased susceptibility to
malaria due to HIV 6 Oluwascun et al
(2008)

DOI: 10.9790/5728-11643343

www.iosrjournals.org

39 | Page



The local and global stability of the disease free equilibrium in a co infection model of HIV/AIDS, ...

e Increased susceptibility to malaria
due to AIDS and TB co infections | 10 Estimated
en Reduced susceptibility to malaria
due to reduced sexual activity 0.005 Estimated
Ay Recruitment rate of vectors 6 Chiyaka and
Dube (2007)
d, Death rate of mosquitoes 0.1429 Lawi et al (2011)
Table 1

Lemma 2.3. The DFE of HIV/AIDS, TB and malaria model is locally asymptotically stable (LAS)
if Rywr <1, and unstable otherwise.

Lemma 2.3 is illustrated numerically in figure 1 using Ry = 0.51, Ry = 0.69 and Ry, = 0.50.

T T T T T T T T T T T T T T T T T T T

1.5x10°

rox108}

Infectives

500000 -

Time

Figure 1

Biologically, lemma 2.3 implies that the infections can be eliminated from the community when Ryt
< 1. This is only true if the initial sizes of the subpopulations of the model are in the basin of attraction of
Eo™ To ensure that elimination of the virus is independent of the initial sizes of the subpopulations, it is
necessary to show that the DFE is globally asymptotically stable.

3.2 Global Stability Of Disease-Free Equilibrium (Dfe)
The global asymptotic stability (GAS) of the disease-free state of the model is investigated using the

theorem by Castillo-Chavez et al. (2002). The model is re written as follows:

dX

— = H(X,Z 2.6.1
= (X, 2) (2:6.1)
dZ :

— = G(X.2), G(X,00=0 (2.6.2)

where the components of the column-vector X € R™ denote the uninfected population and the components
of Z € R" denote the infected population. E® = (X*, 0), denotes the disease-free equilibrium of this system.
The fixed point E° = (X*, 0) is a globally asymptotically stable equilibrium for this system provided that R,
< 1 (locally asymptotically stable) and the following two conditions satisfied:

(H1) For d—(}} = H(X,0), X* is globally asymptotically stable
(H2) G(X.Z)=PZ-G(X.Z2), G(X,Z)>0 for (X,Z) € Qy,

where P = D;G(X*, 0) is an M-matrix (the off diagonal elements of P are non negative) and Qy is the
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region where the model makes biological sense. The disease free equilibrium is now denoted as E® = (X~ 0),
E'=(X",0), X*=(4z,4x)

Theorem 2.4. The fixed point E® = (X+, 0) is a globally asymptotically stable equilibrium of system
2.2.1 provided that Rumt < 1 and the assumptions H1 and H2 are satisfied.

Proof. From the system 2.2.1

= .'\ —d,,
H(X,0) = ( A:’_ d )

G(X,2)=PZ-G(X,2)

—uy 0 0 0 0 0 Tt 0 0 0 0 oa18m
0 a4 o 0 7rm 0 0 as 0 0 0 0
0 —z1 —usz O 0 Tm 0 0 Tt 0 0 0
0 0 0 ag 0 0 ay as as as a9 0
0 0 0 0 —u; «a 0 0 0 T 0 0
p= 0 0 0 0 —20 —ug 0 0 0 0 T 0
0 0 0 0 0 0 —uy O 0 0 0 0
0 0 0 0 0 0 0 —ug « I'm 0 0
0 0 0 0 0 0 0 —zZ3 —ug 0 m 0
0 0 0 0 0 0 0 0 0 —-up « 0
0 0 0 0 0 0 0 0 0 —z4  —lUyq 0
as 0 0 0 ag ag ag 0 0 as ag —d v
Where: a2 = Bie2, a3 = a1, a4 = a1+z1, as = a1+71¢, ag = a2 —u4, a7y =a2+rm

( Gl()(. Z) /\mh(l _:_Z) o eflnAahL\l + /\thI;\l
G'_)(X, Z) /\ah(l - :_7,) +€;:T/\111h1H +e;.’\t111H
Gs3(X, Z) e Amnla + eb Al
Gi(X.Z) Mn(1 = L) + i AanIr + Amnlr)

G5(X,) — (el NnnIr + €2 Nandnr) + €5 MM
Ao | Ge(X.2) — —€g' Amnla + €amAnlanm
G7(X, 2) —(AtnInr + Amndr) + eqAanImr
(;5(‘Y Z) _(egf\ah['l' + e;,/\lh]H) "z 6‘m’\mhIHT
Gy(X., Z) —eb Mnd g + €l AmnlaT
Giw(X,Z) —(emAmnIuT + €, Mnlaar + €2 AanInr)
Gu(X,) — (el Amndar + €. Atndanr)
G12(X,Z2) W | . :_\‘)

Notice that Z;;)(\ Z) <0, é;(\ Z) < 0 and so the conditions of H1 and H2 are
not met so EY may not be globally asymptotically stable when Rpar < 1. O

This implies that there is the possibility of future disease outbreaks when the conditions favouring the
outbreaks are prevailing due to the phenomenon of backward bifurcation.

3.3 Backward Bifurcation And Stability Of The Endemic Equilibrium

A bifurcation point is a point in parameter space where the number of equilibrium points, or their
stability properties, or both, change. As noted earlier, an infectious disease does not invade a population of the
susceptible population when the basic reproduction number is less than unity. The epidemiological implication
of backward bifurcation is that reducing the basic reproduction number to less than unity is not sufficient to
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control an epidemic. When the basic reproduction number is unity each infectious individual causes one new
infection therefore, whether a disease invades with the basic reproduction number equal to unity will be
determined by whether the basic reproduction number increases or decreases as the disease increases along the
centre manifold. When backward bifurcation occurs, the diseases-free equilibrium may not be globally
asymptotically stable even if the basic reproduction number is less than unity and thus a stable endemic state co-
exists with the diseases-free equilibrium. This is numerically illustrated in figure 2 which shows the total
infected population against time in days using the following parameter values: f, = 0.0129, ¢; = 25.6, d = 0.9, d;
= 0.2, r, = 0.03, pn=0.05, a; = 0.158, dy,, = 0.007, d.,y = 0.07667, dv = 0.021, r,, = 0.99. The other parameter
values are as in table 1.
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IV.  Conclusion

In summery The local stability of the disease free equilibrium was investigated by Theorem two by
Van, P. and Watmough, J. [26]. The theorem showed that the HIVV/AIDS, TB and malaria co infection model
have a disease free equilibrium point which is locally asymptotically stable whenever the reproduction number
is less than unity. To ensure that elimination of the virus is independent of the initial sizes of the
sub-populations, the global asymptotic stability (GAS) of the disease free state of the model was investigated
using the theorem by Castillo-Chavez et al. [8] and showed that the model posses an unstable global disease free
equilibrium which implies that there is the possibility of future disease outbreaks when the conditions favouring
the outbreaks are prevailing, even though their reproduction numbers is less than unity which results into the
backward bifurcation phenomenon. The theorem by Castillo-Chavez and Song (2004) was employed to
investigate the possible occurrence of backward bifurcation. The epidemiological implication of backward
bifurcation is that reducing the basic reproduction number to less than unity is not sufficient to control an
epidemic. When backward bifurcation occurs, then a stable endemic state co-exists with the diseases-free
equilibrium which posses a challenge to the design of effective control measures to be adopted.
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