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The Degree of Approximation of functions Il
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Abstract: Popoviciu ( 1935) proved his result for Bernstein Polynomials. We tested the degree of
approximation of function by our newly defined Bernstein type Polynomials, and so the corresponding results of
Popoviciu have been extended for Lebesgue integrable function in L, — nerm by our newly defined Bernstein
type Polynomials
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I. Introduction And Results
If f(x) is a function defined on [0, 1], the Bernstein polynomial Bi{:ﬂoff is given as

B () = ZEo f/n) Paic(x) (L)

where
Pax(®) = () ¥ — )X 1.2)

Bernstein (1912-13) proved that if f(z) is continuous in closed interval [0,1], then BS{x] tends to f(x) uniformly
asn - == . This Yields a simple constructive proof of Weierstrass’s approximation theorem. A more precise
version of this result due to Popoviciu( 1935) states that
_if
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wherews is the uniform modulus of continuity of f defined by
wilh) = max {Ifix) — flb);xye [01Llx -yl =h}

A slight modification of Bernstein polynomials due to Kantorovitch[7] makes it possible to approximate
Lebesgue integrable function in L;-norm by the modified polynomials

PIe) = @+ DI ([t At posc() (13)
where pp (%) is defined by (1.2)
By Abel’s formula ([5])
(x+y)(x+y+na)™ = E‘E:n(b x(x + ka)* y(y + (0 —K)a)* ¥ (1.4)
If we puty = 1 —=x, we obtain ([4])
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Thus defining
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we have
E‘E:n gnx(xia)=1 1.7)
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Schurer [6] introduced an operator
Snr: € [0, 1+5] — ¢ [0, 1]

defined by

Sue(f, 1) =EEELF) Purse9) (1.8)
where

pars = (| 7) x5 - (L9)

and r is a non-negative integer.
A slight maodification in Abel’s formula with certain substitution Anwar Habib [3] constructed a generalized
form of a Bernstein type Polynomials on [0, 1 + ﬁ] for Lebesgue Integral in Ly norm as

(k+1)/(n+r+1)

Unc:‘:' (Ex) =@ +r+1) EE:E{ K/ (n+r+1) f(t) dt} Onr k(% o) (1.10)

where
r=k-1

n+r ) xix+k ) - xy (1 —xt (ner=-Km ™

anexi ) = (7} (1.11)

such that e qur(xa) =1 (1.12)

whenr=0 and a =0 then (1.11) & (1.12) reducesto (1.3) & (1.2) respectively.

In this paper, we shall test the degree of approximation by our polynomial (1.10) for Lebesgue integrable
function in L;-norm.

In fact we state our results as follows

Theorem 1:If £ (xJis continuous Lebesgue Integrable function on [O,1+£]and w(9) is the modulus of continuity
of f(x) , then for & = &, = o(1/(n + +3) we have

v ) - f{x]|=_igw( 1_]

A'n 4+ r
Theorem 2:If £(x) is continuous Lebesgue integrable function on [O,1+£] such that its first derivative is
bounded and wy (&} is the modulus of continuity of f{}] , for & = &y = o(1/(n + r)) we have
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1. LEMMAS
We need the following lemmas to prove our results (Anwar Habib [3])

Lemma 2.1: For all values of x
n+7r

C: ) 1+{n+*r:]r:t{ ) n+riin+r—1xe
Z_Dkl?nr_i.- o ETM+:’":— e
Lemma 2.2: For all values of x
ﬂwkk . o) < ) D , 1+4n+vle htr -2
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Lemma 2.3: For all values of x of [ 0, 1+£] andfor e = o, = 0 (#) we have
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1. Proof Of The Theorems
Proof of theorem 1:
r_,_H.[[i{+1.j,r‘[r!+r’+1.j

v 20 -f@)|s@+r+1) z f IF @) —f(x]ldt} Gy (2 @)

E=04 Ek/m+r+1)

Using the property of modulus of continuity

If{xz] - f{xﬂl = W':Ixz - ILI:]

wd)= ([l + w(d) = (A +1Iw(s). 2=0 (3.1)
we obtain
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=w(; lx —t18)
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nar (R (N4T+1)
1
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then by Cauchy ‘s inequality , we have
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n+r+1) z [ J. Ix — tldt} Gnr (2 )
B=0\ k/m+r+y)
k+1
n+r | mIrEl
y
z[n+r+ 1]2 J. (x — £)2dt ; qup i (x; @] /2
k=D k
n+r+l
by lemma2. 3 and the fact x(1 — x) < i on [01+ E] for large n
L."‘
1y /z
< (mm) (3.3)

and hence from (3.2) and (3.3) Welhave
v (70 - feo| =1 +67 (2 ,_:]]wlia]

Vyn+r

Butfor &= (n+r) /2

Ve o - foa] s5w(—)

which completes the proof of theorem 1.

Proof of theorem 2:
By applying the Mean Value Theorem of differential calculus, we can write

f) =) ===

=@x -0 f )+ - ') - fx)] (3.4)
where & is an interior point of the interval determined by x and ¢ .
If we multiply (3.4) by (n+ 1)gn,x(x: &) and integrate it from —— to——— and sum over k, there follows

n+r+1 n+r+1i
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By Lemma 2.1 and (1.12) , we have
_ 1 1+ [n+¥)e n+riin+er—Oxe
_Hx - [ = ] E[r'+r+1.‘|} f { }l

n+r+1 1+a 1+2a

= ﬁ whereas |f’{x)| =M anda = ay, = o(1/(n +r)) and for large n
and by (3.1)

7@ - 7| 2w (|2 ) = (14312 ) meo

where & is a positive number does not defined on Kk .

Consequently we can
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Hence by (3.3) and the Lemma ( 2.3) and with the fact x(1 — =) <
we have
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which completes the proof of theorem 2.

on [0,1 +E] for large n
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I11. Conclusion
The results of Popoviciu have been extended for Lebesgue Integrable function in L;-norm by our newly defined
Bernstein type Polynomials.
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