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On r- Riemann-Liouville Fractional Calculus Operators and
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Abstract: In this paper some certain results of r-Riemann-Liouville fractional integration and differentiation
of k-Wright function are established. A new transform Elzaki transform of k-Wright function and r-Riemann-

Liouville fractional integral are also obtained. Corollaries of the main theorems have also been derived.
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I.  Introduction
Diaz and Pariguan [1] introduced k-Pochhammer symbol (x}, ;. and k-Gamma function [.(z} in the following

form
Glpr = xx+K)(x+2k) ... (x +n - 1) K), (1)
wherexeC, keRandn e N,

r.@= [ e ! dt, where ke R, ze C, Re(z) = 0, @)
and Tylx + k) =xT(x) 3
rG= %k "'r(l). @)

Let f be a sufficiently well behaved function with support in R* and let A be a real number such that A> 0. The
r- Riemann-LiouviIIe fractional integral of order X is given by Mubeem and Habibullah [3]

(Laf) &)= Ir,ﬁ P fo e, )
and )
@A =g b &0 foa, ©

wherere R, 4 >0, I,(1} is k-Gamma function. (6) is the special case of (5).

Let 4 be a real number such that 0 == 4 = 1 The r-Riemann-Liouville fractional derivative was introduced as
(ct.[8]) .

(0} @ =(2) (7)) & LER, 0<A<l )
r-Riemann-Liouville fractional integral and derivative operators are generalization of Riemann-Liouville

fractional integral and derivative operators. If we take r = 1, then (6) and (7) reduce to Riemann-Liouville
fractional mtegral operator and Riemann-Liouville fractional derivative respectively (cf.[6]), defined as

(T PG = = [ (x- O Fo at, (8)

(Dh. ) ) = (E) (57 f) @, )
Letk e E, o fi.n e C, Ee{n) > 0, Re(f) > 0.The k-Wright function was defined by Romero L. G. and Cerutti R.
A.[4] as

‘|ﬂ_ & zn
Wi, 5@ =27

n=0 (g nef) (n 02
where (), ;. is k-Pochhammer symbol and T (e n+ ) is k-Gamma function.
Taking k— 1and 1 = 1 k-Wright function reduces to the Wright function is defined as

W, sz = E“m.m -1:gecC, (11)

where I'(z) is the Euler Gamma function.
A new integral transform called Elzaki transform introduced by[7] defined for functions of exponential order, is
proclaimed consider functions in the set A defined by

(10)
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A= {f\(ﬂla M,k ky=0] ft) <M ET: ,ifte {-1}5{5[@ :\:}} (12)

Elzaki transform defined as

E[ft)]=u? [} e flut) dt=T(u), ue (kg ky) (13)

I1.  Main Result
Lemmal. If e C, Re(B)>0,1>0,r € Rk € Rand Re(§ + k) > 0,

. B . & F ;
byt —(Ey S+p-t _Leld)
ten (1) = (5 = (e +25) (14)

. B L, o8
Proof. (I? ts 1)‘&] = L [P x-t) Dl

1T, (4
taking t = xv then dt = x dv

4. 8_ =-1 E_
= 1 xr Tk 1_|;1 {l-v}’ vk tdv

1T, [
_1 A TR
1T (0 I‘.:E+’T:.
B Ay
1 2,8, o)
= e R TR
Fr(Z) et
g
1 x;-‘+g_1 LB E
= 73 . .4
(riF Le(p+26) k"7 E

A
_ {5)? L+ _nw
r-l.[.9+;:[ K)
Theorem 1. If o, B, be complex numbers that Rele) =0, Re(p) =0, Rely) =0, k>0, r R,
A>0,we Cthen,

8 z LB oa z
(I;' ti_l‘ﬁflgﬁ . (ﬂ'ﬁ)){x] = G)' T E IWH_ i (w.rk) (15)
Proof. By virtue of (6) and (10), we have )

- = =1 @ =z
(B ety p (we)) 0= 2 B G0 et (e a

amn

_ 1 x i?"l L Max w™tTE
T oerL 'II'.:' {x _T'} £k Tnme Tplen+f (n02 t,
interchanging the order of integration and summation, we get

ﬂ_l zn

= Mk w" 1 X : —+=-1
= - — - x-t) tk K
n=0 r (gn+d (n)2 7,00 ‘r:' { } dt

solving integral with the help of Lemma 1, it gives

A
— Tm Mok wh {R); Z4ET4E 1 Tilan+d)
- = r TR . — 1%
=0 len+d 02 Ly r-.fcn+.9+—,.-j
£l -
n
2By @ Mnk wraxk
xr TETTER p—
: F:fc n +|5'+;u')| ln 1)+

vy 2 By x| 2
= (—) xr k W (“:_ru:)_
r Lo Bk

b

Corollaryl.1. If the conditions of the theorem 1 are satisfied with k— land n = 1, then

lim (1;- tg‘lwi.t . (wﬁ]){x] = (T 51 W, 5 (wt?)) )

s

- (F =W, s, (16)

Corollary 1.2. If the conditions of the theorem 1 are satisfied with r =1, then
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(r WL, o (weh)) 00 = @AWy () an
Lemma2: Iff £C, Re(p) 0,26k, 0<A=1reRkeRandRe(B+ (Z5-5) k)0,
5=4
g o s—-1 @& -
i1t _ Ry T —g, 5 tpoE1 Tl
then, (D, t J{x] = (r) k™ x m (18)

Proof. (D}' tg'l] =)= G)S (15‘*' tg'l] (=)

= () T & 07 et

Taking t = xv then dt = x dv
ERL 1 =4 :_ﬁ‘_ 1 5:_,'.._1 :E_
= {EJ T~ Tk lfg {l-v}- vE tdv

d s 1 =i, 8 rl' II' =)
= |— — 1 k
(dx:I T, (s-3] .5
() ot =t @)=
=) = T T
ax )7+ 1(==) TG+
B _
! rl:fu' ("")3 ’,'1+§—1
-4 E =1 I
e T+ ) e
B B =1 _
1 iy rde=h _r:TA"'g_L_S
At I'|—+—"| I'3+=_ -
&
o P E x:;‘1+ﬁ—3—1
- 5—4 _ . _s=d_f,
7T Te(+ ko) KT TR

=1

. -4
(EJ T e tEeet e
r r:[:'?"' T -5 F‘.JI

Theorem 2. If o, B, be complex numbers that Rele) =0, Re(f) =0, Reln) =0, k>0,reR,
weR, 0=23=1 we Cthen,
8 =4 =1 § =
(ot ) = ot o) g

ko, 5—|: Tk

Proof. By virtue of (7) and (10).we have

(Di- £ ()0 = (2) (I: L (“ﬁn &

= {:le ;r(, 3) -r:l {x T-} ) ‘ﬁlls(‘wt%)dt

ray

:(d]ﬂ_(j iy (=- t} - LE I.“\I—r’“"‘udt,

dx =0 laned) (m02
interchanging the order of mtegration and summatlon we get
e Mgk w" (d ) ﬂ—+——1.
T =l rlen+d (n? T, [= -3 ‘rﬂ {x t} dt,
solving integral with the help of Lemma 2., it gives
s—21

@ Mok w* (EYT —= mdzm. B oy Tpla n+f)

sy —— = k=x v Tk 'k I
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Corollary 2.1. If the conditions of the theorem 2 are satisfied with k—= land i =1, then
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-k

- rl o AT S-T;'_s'l T ,
llm(D FE 1"“'1‘..0.. 5(“ tl.)]{x:] = (;:I X f 1'?;-{". 5_%;,_5':“ xﬂ:]. (20)
Corollary 2.2. If the conditions of the theorem 2 are satisfied with r =1, then

£ - =
(D’ S A t“)){x] =00~ 2R WL g (wk), (1)

Theorem 3. If keR, o, f.neC, Rela) =0,Re(f) >0, Re(n) =0 | then Elzaki transform of k-Wright
function

E{(Wi, 5@} = u? B 300, (22)
where E; _ ; (u) is the k-Mittag Leffler function ( cf.[2]).

Proof. E{“'La, 5{23}— u- f e * “']._{L, 5{u.z:]tlz

:._ & fuzy™
-z

= ut f e” T Y5, o Iwhm .r.mdz
changing the order of integration and series

Ml o T =
_Tm Mok n+ 2 -z ._n

solvmg mtegral usmg gamma function, we have

T

'T|:.. L
=u” E"Drlr:rw.ﬁﬁr'_
:L'I.: E‘l‘.,{\.,ﬁliu:]'

Corollary 3.1. If the conditions of the theorem 3 are satisfied with k— land 1 = 1, then the Elzaki transform of
the Wright function is given by

limg, E{“rllg,a., 5':3:]}: E{l'vn'..?{zj}: H:En'..?{u:]: (23)
where E, ;{u) is known as Mittag-Leffler function (cf.[8]).

Theorem 4. Elzaki transform of r-fractional integral operator is
A

ErAw=(E Epw 24)
Proof. Using (13) taking int(_) account (6), we get
(E 1 f}{u] = [ et (I F)ut) dt
. A
=yt f e I‘D Jﬂ:r (ut — 27" flx) dx dt,
changing the order of integration, we obtaln

u? f f(x] .I. fe e~ tlut — .r]r Ydtdx,
bytaklng ut—-x=w o
ulfl e uf{.ﬂ - I‘D [y e =(w)r ™ dwdx,

on taking %—v we get
u’ 'iu]f_lf e uf'ix]
ﬁﬂf'lf & i f(x)

@ 4
_|; e~ (v)r ‘dvdx

r@)es

u.u

( r"'r rl’—

(g)f wf €8 60 o

a
(5 En6.
Corollary 4.1.Let the conditions of theorem 4 are satisfied. If we take r = 1, then the following result holds

(ET: f)u) = ) (E )W) . (25)

References
[1] Diaz R. and Pariguan E. On hypergeometric functions and k- Pochhammer symbol, Div. Math. 15(2), 2007, 179-192.
[2] Dorrego G.A. and Cerutti R. A., The k-Mittag Leffler function, Int. J. Contemp. Math. Sci. , 7(15), 2012, 705-716.
[3] Mubeem, S. and Habibullah, G. M., k-fractional integral and application, Int. J. Contemp. Math. Sci. , 7(2), 2012, 89-94.
[4] Romero L. G. and Cerutti R. A., Fractional calculus of a k-wright type function, Int. J. Contemp. Math. Sci. , 7(31), 2012, 1547-
1557.

DOI: 10.9790/5728-11346771 www.iosrjournals.org 70 | Page



On r- Riemann-Liouville Fractional Calculus Operators and k-Wright function

(5]

[6]
[7]
(8]

Romero, L. G., Luque L. L. Dorrego G. A. and Cerutti R. A., On the k-Riemann-Liouville fractional derivative, Int. J. Contemp.
Math. Sci. , 8(1), 2013, 41-51.

Samko S., Kilbas A. and Marichev O., Fractional integrals and derivatives, (Gordon and Breach, Switzerland, 1993).

Tarig, M. E., The new integral transform “Elzaki Transform”, Global J. of Pure & Appl. Math., 7(1), 2011, 57-64.

Wiman, Ueber den fundamental satz in der theorie der funktionen E_ix]}, Acta math., 29, 1905, 191-201.

DOI: 10.9790/5728-11346771 www.iosrjournals.org 71| Page



