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Abstract:- In this paper , we elaborate some existing result of fixed point theorem, that fulfill the nature of G-
metric space and satisfy the @-maps. Previously Erdal Karapinar and Ravi Agrawal [24]have modified some
existing result of fixed point theory of Samet et al Int.J.Anal(2013:917158,2013) [44]and Jleli-Samet (Fixed
point theory application.2012:2010,2012) [45]in a different way.

I.  Introduction

The concept of G-metric spaces was introduced by Mustafa and Sims [25 ].G-metric spaces is
generalization of a metric spaces ( X ,d ). In this paper they characterized the Banach contraction mapping
principal [10] in the context of G-metric spaces .Subsequently many fixed point result on such spaces appeared .
Since one is adapted from other.The G-metric spaces is to understand the geometry of three points instead of
two , Many result are obtained by contraction condition.

In 2013, Samet et al [38 ] and Jleli Samet [39 ] observed that some fixed point theorems in the context
of a G-metric space.in literature can be concluded by some existing results in the setting of ( quashi )metric
spaces. Also the contraction condition of the fixed point theorem on a G-metric space can be reduced to two
variables instead of three. In [20,38 ,39 ] the authors find d (x,y) = G (x ,y ,y) form a quasi-metric .Erdal
Karapinar and Ravi Agrawal modified some existing result to suggest new fixed point theorem , in this way they
approach (Samet et al and Jeleli Samet ) in a different technique.

2.Definition 2.1 (See [1] Let X be a non-empty set and letG : XxXxX—R+ be a function
Satisfying the following properties:

(G1) G(x,y,2)=0ifx=y=2,

(G2) 0< G(x, x, y) for all X,y € X with X £,

(G3) G(X, X, ¥) <G(x, Y, z) for all X, 'y, z € X with y# z,

(G4) G(x, Y, 2) =G(X, z,¥) = G(Y, z, X) = - - (symmetry in all three variables),

(G5) G(x, ¥, 2) <G(x, a,a) + G(a, y, z) for all x, y, z, a € X (rectangle inequality).

Then the function G is called a generalized metric or, more specifically, a G-metric on X,
and the pair (X,G) is called a G-metric space.

Every G-metric on X defines a metric dzon X by

dz(X, ¥) = G(X, y, y) + G(Y, x, x) for all x, y € X.

Example 1 Let (X, d) be a metric space. The function G: XxXxX— [0, +o0), defined as
G(x, y, z) =max {d(x, y), d(y, 2), d(z, X)}

Or

G(x, Y, z) =d(x,y) + d(y, z) +d(z, x) ,forallx,y, z € X, isa G-metric on X.

Definition 2.2 Let (X, G) be a G-metric space, and let {xn} be a sequence of

points of X. We say that {xn} is G-convergent to x € X if

limn,m—+=G(X, xn, xm) = 0,

That is, for any £ > 0, there exists N € N such that G(x, xn, xm) < ¢ for all n, m > N. We call
x the limit of the sequence and write xn—Xx or limn—+oo xn = X.

Proposition 2.1 Let (X,G) be a G-metric space. The following are equivalent:
(1) {xn} is G-convergent to X,

(2) G(xn, xn, X)—0 as N—+oo,

(3) G(xn, x, X)—0 as N—+oo,

(4) G(xn, xm, X)—0 as n,m—+o,

Definition 2.3 Let (X,G) be a G-metric space. A sequence {xn} is called a G-Cauchy sequence

DOI: 10.9790/5728-11243339 www.iosrjournals.org 33| Page



Fixed Point result Satisfying ¢ - Maps in G-metric Spaces

if, for any € > 0, there is N € N such that G(xn, xm, xl) < ¢ for all m, n, | > N,
that is, G(xn, xm, xI)—0 as n,m, |—+co.

Proposition 2.2 Let (X,G) be a G-metric space. Then the following are equivalent:
(1) the sequence {xn} is G-Cauchy,
(2) for any € > 0, there exists N € N such that G(xn, xm, xm) < ¢ for all m, n>N.

Definition 2.4 A G-metric space (X,G) is called G-complete if every G-Cauchy
sequence is G-convergent in (X,G).

Lemma 2.1 Let (X,G) be a G-metric space. Then
G(x, X, y) <£2G(x,y, y) forall x, y € X.

Definition2.5 Let (X,G) be a G-metric space. A mapping T: X—X is said to beG-continuous
if {T(xn)} is G-convergent to T(x) where {xn} is any G-convergent sequence

Converging to X.

In [22 ], Mustafa characterized the well-known Banach contraction mapping principle

in the context of G-metric spaces in the following ways.

Theorem 2.1 Let (X,G) be a complete G-metric spaceand let T : X —»X be a
mapping satisfying the following condition for all X, y, z € X:

G(Tx, Ty, Tz) <k G(X, V, 2),

Where k € [0,1). Then T has a unique fixed point.

Theorem 2.2 Let (X,G) be a complete G-metric space and let T : X —X be amapping satisfying
the following condition for all x, y € X:

G (Tx, Ty, Ty) <k G(x, y, ),

where k € [0,1). Then T has a unique fixed point.

Theorem?2.3 Let (X,G) be a G-metric space. Let T : X—X be a mapping suchthat

G(Tx, Ty, Tz) <a G(x, ¥, 2) + b G(X,TX,TX) + ¢ G(y, Ty, Ty) + d G(z,Tz,Tz)

for all x, y, z, where a, b, ¢, d are positive constants such that k = a+b+c+d < 1. Then there
is a unique X € X such that Tx = x.

Theorem?2.4 Let (X,G) be a G-metric space. Let T : X—X be a mapping such that
G(Tx, Ty, Tz) <k [ G(x, TX, Tx) + G(y, Ty, Ty) + G(z, Tz, Tz)]

for all x, y, z, where k € [0,7). Then there is a unique x € X such that Tx = x.

Theorem?2.5 Let (X,G) be a G-metric space. Let T : X—X be a mapping suchthat

G(Tx, Ty, Tz) <aG(x, Y, z) + b[G(x, Tx, TX) + G(y, Ty, Ty) + G(z, Tz, T2)]

for all x, y, z, where a, b are positive constants such that k = a+b < 1. Then there is a unique
X € X such that Tx = x.

Theorem2.6 Let (X,G) be a G-metric space. Let T : X—X be a mapping suchthat

G(Tx, Ty, Tz) <a G(x, Y, z) + b max{G(x, TX, Tx),G(y, Ty, Ty),G(z, Tz, T2)}

for all x, y, z, where a, b are positive constants such that k = a+b < 1. Then there is a unique
X € X such that Tx = x.

Theorem2.7 Let (X,G) be a G-metric space. Let T : X—X be a mapping suchthat
G(Tx, Ty, Tz) <k max{G(x, Y, z),G(x, Tx, Tx),G(y, Ty, Ty),G(z, Tz, Tz),
G(z, Tx, TX),G(x, Ty, Ty),G(y, Tz, T2)}

for all x, y, z, where k € [0,>). Then there is a unique x € X such that Tx = x.

Theorem 2.8 Let (X,G) be a complete G-metric space and let T : X —X be a given mapping satisfying
G(Tx, Ty, T2) < G(x, Y, 2) — d(G(X, ¥, 2))

for all x, y € X, where ¢ : [0,00)—[0,00) is continuous with ¢—1({0}) = 0. Then there is a

unique x € X such that Tx = x
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Definition 2.6 A quasi-metric on a nonempty set X is a mapping p : X xX—[0,e0) such that
(p1) x =y ifand only if p(x, y) = 0,

(P2) p(x, y) < p(X, 2) + p(z, ),
for all x, y, z € X. A pair (X, p) is said to be a quasi-metric space.

Samet et al. and Jleli-Samet noticed that p(x, y) = pG(X, y) = G(X, Y, y) is a quasimetric
whenever G : X x X x X—[0,) is a G-metric. It is well known that each quasimetric
induces a metric. Indeed, if (X, p) is a quasi-metric space, then the function defined
by d(x, y) = dG(x, y) = max{p(X, y), p(y, X)}  for all x, y € X is a metric on X.

Theorem 2.9 Let (X ,d) be a complete metric space and let T : X —X be a mapping with the property
d(Tx, Ty) < g max {d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
for all x € X, where q is a constant such that q € [0,1). Then T has a unique fixed point.

Proposition 2.3
(A) If (X,G) is a complete G-metric space, then (X, d) is a complete metric space.
(B) If (X,G) is a sequentially G-compact G-metric space, then (X, d) is a compact metric space.

Il.  Main Result
Theorem-3.1-Let (X,G) be a complete G-metric space and let f : X — X be a given mapping satisfy for all x,y
€ X, where ¢ : [ 0,00) — [ 0,00) is continuous with & ~* ({0}) = 0, then there is a unique x e X s.t. fx = x.

Glfx.fry.fP2) <6 (. fy. fz )- 0(Gx. fy. F2)) U &

Proof:- We first show that if the fixed point of the operator f exist , then it is unique , Suppose ,on contrary ,that
x and y are two fixed point of f, such that x#y, hence G( x X,y ) #0
From equation (1) , we get

CUfn fry. f29) =6 G fy. fy )- 9(6 G fy. £))
Which is equivalent to ) )
Gleyvl=6loyy)l -0l yv.yv))

A contradiction hence f has a unique fixed point.

Let x .= X. we define a sequence {x, } by x, = fxr,_, nel.

If x,, = x,,., , for some n, then trivially f has a fixed point.

Takingxpn=xp.1 Yy=Z=x,

Now from equation (1), we have

I-'J;':rr:')'-'r:—:')-’r:—::l = G':f’-'r:—:'f: -1 f:rr:—: )

=6(froos frafrs)
= '-{;'i)'--:':—:'.f;'--:':—i'.fr:':—i:I - C"::G'ir:':—i'fr?:—:'fr?:—i:I::'
=60, a0 — 0 60x,_yxpx,))

. ;
= Gla,_orga,)

This shows that & (x,,.x ... %, is monotone positive decreasing sequence , thus the sequence
{G(xxp 0. )  convergestos = 0,

We shall show that s = .

Suppose, on contrary that = = (.

Letting  — ==.in equation (2)

Weget s = 5 — 0ls)

It is a contradiction, Hence conclude that i, oG ilxr a0 E= 0

By lemma [2.1 ], we know that lim,, _.G{lx 02,10 =0

Hence

limgy LGl e i = 0 n — = T =3

L8
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Now next we show that the {x,} is G-cauchy,on contrary let {x, lis not G-cauchy sequence then so there
exist = = 0 and subsequence{r“ tofle,} withn(k) = mlk) =k
Such that &( XX my r_v..%_;' e forall kel “4)
More over, corresponding to m; , we can choose 1, such that it is the smallest integer with
"y, Satlsfylng equation (4)
Then that G| E N S . B 5)
Then we have ,
G' e K o ::'
= G'.xr_v,.x_.r_v,.x__ e )+ G'::r?,:c_i.r,;._.r,;._::'

e+ Glag, Ao Yo )

Setting & — == and usmg equatlon 3)limk — = r_?' Xpps X mgs X ._:Z' ==

Now G' T K ¥ G' L SR )+ G' T, _1.r_w‘.__1.r_v..‘.__1;' + G'Lr_v.._.__i.r_v..‘._.r_v.._._f:'
And

|'-' -"l = |'f -"l L |'f ~'| £ |'f -'l
Gur:':;_._i'r?';;_._i'r:";;_._i,' = Gar:':;_._i'r:':;_.'r?:;_.; G'xr:':;_.'r:";;_.'r:";;_.; Gar:";;_.'r:";;_._i'r:";;_._i,'

Setting & — ==in above mequallty and using (3) and (5)

limk — J:G' SR S e f.' =F

Now again from equatlon (1) and (4), we have
= G'r“ X s _.r_v..._;.'
Glfrtny oy Fom )
G'::r_“_;__i.fr,.‘.{_:.fr,.‘:ﬁ_:::' — 006y oy f oy )

{ Vel |
Gl Ty Xy J = OO Xy Xy oKy )

(B

(B

(B

Letting — ==, we have £ = = — @<}, Which is a contradiction, if = 0
So , we must have == 0. This shows that {x, ! is G-cauchy sequence in X. Since X is complete G-metric

space .
So there exists z X, such that limn — = x,, — =,

Now we claim that fz = z. ) )
Consider G{fz.x,. 1.0 =Gl fz. fro, frx, )

2 Glz frpfrd —0(Gz fry. fx )

= 6z, 3y, 170,10 — O(6(z. %, .r_v,_:,lj
Let n—=,weget Gifz.z.z) =Glzz.z) — C-'.ﬁ'\z.z. z,lf.'

=0

Hence G(fz,2,2) =0, i.e,fz=z.
Hence z is a fixed point.

Theorem 3.2:- Let (X, G) be a G-metric space .Let f:X — X Be a mapping such that
Glfx, fy. fz) =kMx.yv.z)  forallx.v.zeX and k e [0,1)and
MG, y.z) = max { Glx, v, 2), G(f%x, fy. f=). Gz, fx. fv). Gy, fix, fv). Gx, Fx, fx)
G fy. f3). 6(= fz. £2). 6 (fx. fx. f2). 6z, fx. £2). 6 fx. fox. f3) )
Then there is a unique x£¥ such that fx = x,
Proof: Let x cX . We define {x,}inthe following fx, = x,., neN
Tokingx=x, v =z=x,,, weget

Gl Fpes fopes) b MU 2y,

Where

:‘j':r?:'r?:—:'r?:—::' = n:ar{{;':r_v:.r_v:_:.r_v:_::l.{;{f: r?:'.frr:—:'fr?:—::l' G':r?:—:'frr:'fr?:—::l'
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G'zfrv.__ f:rv. frv.__:
Glorp forp Frp bl forpun. frnaa M6l forp o frpaa

'G\frn'f rn.f.rn_:,l.l_':':rn_:.f:rn.frn_::l.G':frn.f:rn.frn_-_:l}

i a" i
= ey (G Xy X g Gl o m W WG X g g X0 )

s & -~ - - . P -
(C1H TS I U A =L 6 U S S N L6 SRS SIS Gy AL SR P SR )

Grr“ X+ Tnes . Grr“—_' ."!—:'-r:'!—::l' I-'i;'irr!—:'rr!—:'r."'—: H
= max]Glr v oy tpasl G'\rv. BTE T S Nl ' PE E |
Case (i)-First let M 'irn.rn_:.rn J= Glro.,. ,!_:.rn_;:l
By &=, we get from above
Glapas ¥ paniinag) = Gl frv. Frmer frnes)
= kM 'Hrv. rv.__.rn__,l
= kG(x ey ¥ ey X pas)
= K[GL rv.__.rn_:.rn_;:l LI PPy |

Which is a contradiction, sincel = & = 1.
Case-(ii)- MG g ¥ pae ) = Gl g X pan)
Then we get G (ryes ¥ panbnent = GUfx g frnes Frna),

= kM '\rv..;rv.__.rn__,l

= kG (e ¥ pag )
This is a contradiction, since 0 = & == 1,
Case(iii)- WM xp oy, xp, )= Glapx,x, .,
Then we get, Gl coxrp pxg. d = kG, oy xy)
Continuing in this way , we get

(S ESTETE SIS SID L8 Sanl A C I NETY
Again,
G':rr';' r."';r."!:l = G'irn—:'rn—:'rn:l T I-{;'irr!—:'J"."!—_"J"."!—::I T G'irr';—:'rr';—:' -r:"'.—::l T G':.rm. rr';'rr';—::l
£ kMG lrr g ) FETTG (L D F e e e B KRG L)

Let n,m — w=we get, Gl xpx, ) — 0.
Hence {x,] is a Cauchy sequence in X. Since (X,G) is G-complete , then there exist z=¥ s.t. [, is G-
converges to z.Let on contrary that z= fzfor thislet x,,., = fx,,

CCinerfz. f2) = 6(Fxp fz. f2)
= kM (x,.z,2)

Where

M{x,.z.z) = max {(xn.2.2), 6{(fz, fPan f2). Gz, fxpn. f2). Glz. R F2). Gl F . fxp .
(G fz. fz2). 6l fz, f2), G (F g, fRorna f2), (20 R o o)) (Farg, 2 0, £2))

=max {(xp.z2), Glfz v pen f2) Gz x e f2) Glz x g F2) G la e e

(. f2. 2.6 G fz. f2 62X F) (2 X ) (Ko Xz F2))

Letting n—oo, since G is continuous, we get

Glz. fz.fz) = kG =z, fz. fz)

Or

Glz. fz.fz) = kG(z.z fz)

k[G(z fz. fz) + GUfz.z F=)]

=k[2G(z. fz. f=)

so Glz, fz, fz) = 2kG(z, fz. fz)

This is a contradiction.

Since 0 <k<1.S0 fz = =.

E

Uniqueness:-Next we show that uniqueness of z of f.Suppose on contrary, there exist another common fixed
point ueX with z = u,
We get Gz z u) = G(fz fz, ful

= LA y
= kMiz, z,ul
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We get a contradiction, sincel = &k = 1.Thus z = u is a fixed point,

Example:-Let ¥ = [ 0,22}, G: XxXxX — R be defined by
p ; 0. ifxr=y=z
Gla,yv.z) =1 . f J
’ max{x, vz} . othrwise

Then (X,G) is a complete G-metric space
Let f:.X¥ — ¥ be defined by

j;r' if 0 =x =

Fa |

—xtif -=xx1
And 0t == t.for all te[0. )

Solution:- First we examine the following cases:
Letd = x. v -::% , then
U, fry.fry) —mar{gr-g:ﬂ-g,‘-‘}

max {x.2y.%3)
maox .I'.En.EnJ

=

= xy =<1 then

o
i

5
=

v, FRy) = max S xf—y" ="
E

I

-mox{x,

El

LetQ =< x = 1 = v = 1. then

G(fx, Fly, Fy) = max {fx.;':’ »

|4

1
g
B

Hence f has a unique fixed point. )
Here (0,0,0) is a fixed point.
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