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I.  Introduction

The concept of regular continuous and Completely—continuous functions was first introduced by Arya.
S. P. and Gupta.R [1]. Later Y. Gnanambal [2] studied the concept of generalized pre regular continuous
functions. Also, the concept of wa-continuous functions was introduced by S S Benchalli et al [3]. Recently R S
Wali et al[4] introduced and studied the properties of arw-closed sets. The purpose of this paper is to introduce
a new class of functions, namely, arw-continuous functions and arw-irresolute functions strongly areo-
continuous maps , perfectly arm-continuous maps. Also, we study some of the characterization and basic
properties of arw-continuous functions.

Il.  Preliminaries
Throughout this paper, (X, 1) and (Y, o) (or simply X and Y) represent a topological spaces on which
no separation axioms are assumed unless otherwise mentioned. For a subset A of a space X, cl(A) and int(A)
denote the closure of A and the interior of A respectively. X\A or A°denotes the complement of A in X.

We recall the following definitions and results.

Definition 2.1: A subset A of a topological space (X, 1) is called.

(1) semi-open set [5] if A — cl(int(A)) and semi-closed set if int(cl(A)) < A.

(2) pre-open set [6] if A < int(cl(A)) and pre-closed set if cl(int(A)) < A.

(3) a-open set [7] if A  int(cl(int(A))) and a -closed set if cl(int(cl(A)))< A.

(4) semi-pre open set [8] (=p-open9] if Accl(int(cl(A)))) and a semi-pre closed set (=p-closed ) if
int(cl(int(A)))cA.

(5) regular open set [10] if A = int(clA)) and a regular closed set if A = cl(int(A)).

(6) Regular semi open set [11] if there is a regular open set U such that U — A < cl(U).

(7) Regular a-open set[12] (briefly,ra-open) if there is a regular open set U s.t U < A < acl(U).

Definition 2.2 : A subset A of a topological space (X, 1) is called

1) generalized pre regular closed set(briefly gpr-closed)[2] if pcl(A)cU whenever AcU and U is regular open
in X.

2) wo- closed set [3] if acl(A) < U whenever AC U and U is w-open in X.

3) aregular o- closed (briefly arw -closed) set [4]if acl(A) < U whenever AcU and U is rm-open in X.

4) regular generalized a-closed set (briefly, rga-closed)[12] if acl (A) < U whenever Ac U and U is regular
a-open in X.

5) generalized closed set(briefly g-closed) [13] if cl(A) < U whenever A < U and U is open in X.

6) generalized semi-closed set(briefly gs-closed)[14] if scl(A) < U whenever A — U and U is open in X.

7) generalized semi pre regular closed (briefly gspr-closed) set [15] if spcl(A ) cU whenever AcU and U is
regular open in X.

8) strongly generalized closed set [15](briefly,g*-closed) if CI(A)cU whenever AcU and U is g-open in X.
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9) a-generalized closed set(briefly ag -closed)[16] if acl(A)cU whenever AcU and U is open in X.

10) w-closed set[ 17] if cl(A) < U whenever Ac U and U is semi-open in X.

11) weakely generalized closed set(briefly, wg-closed)[18] if cl(int(A))cU whenever AcU and U is open in X.

12) regular weakly generalized closed set (briefly, rwg-closed)[18] if cl(int(A)) < U whenever AcU and U is
regular open in X.

13) semi weakly generalized closed set (briefly, swg-closed)[18] if cl(int(A))cU whenever AcU and
U is semi open in X.

14) generalized pre closed (briefly gp-closed) set [19] if pcl(A) cU whenever AcU and U is open in X.
15) regular w-closed (briefly rm -closed) set [20] if cl(A) — U whenever AcU and U is regular semi-open in

16) g*-pre closed (briefly g*p-closed) [21] if pcl(A) < U whenever Ac U and U is g-open in X

17) generalized regular closed (briefly gr—closed)set[22] if rcl(A)c U whenever Ac U and U is open in X.

18) regular generalized weak (briefly rgw-closed) set[23] if cl(int(A)) < U whenever Ac U and U is regular
semi open in X.

19) weak generalized regular—a closed (briefly wgra-closed) set[24] if cl(int(A) < U whenever Ac U and
U is regular a-open in X.

20) regular pre semi—closed (briefly rps-closed) set [25] if spcl(A)cU whenever AcU and U is rg- open in
X

21) generalized pre regular weakly closed (briefly gprw-closed) set [26] if pcl(A) U whenever Ac Uand U
is regular semi- open in X.

22) a-generalized regular closed (briefly agr-closed) set [27] if acl(A)cU whenever AcU and U is regular
open in X.

23) R*-closed set [28] if rcl(A) cU whenever Ac U and U is regular semi- open in X.

The compliment of the above mentioned closed sets are their open sets respectively.

Definition 2.3: A map f: (X,1)—(Y,0) is said to be

(i) regular-continuous(r-continuous) [1] if f*(V)is r-closed in X for every closed subset V of Y.
(ii)  Completely—continuous[1 ] if f*(V) is regular closed in X for every closed subset V of Y.
(iii)  Strongly—continuous[10] if f*(V) is Clopen (both open and closed) in X for every subset V of Y.
(iv) o—continuous[7] if f*(V)is o—closed in X for every closed subset V of Y.

(v)  strongly a—continuous [29 ] if f*(V) is a-closed in X for every semi-closed subset V of Y.
(vi) ag-continuous[16 ] if f*(V) is ag—closed in X for every closed subset V of Y.

(vii) wg—continuous[18] if (V) is wg—closed in X for every closed subset V of Y.

(viii) rwg—continuous18[] if f*(V) is rwg—closed in X for every closed subset V of Y.

(ix) gs—continuous| 14] if f*(V)is gs—closed in X for every closed subset V of Y.

(x)  gp-—continuous[19] if f*(V) is gp-closed in X for every closed subset V of Y.

(xi) gpr—continuous[2 ] if (V) is gpr—closed in X for every closed subset V of Y.

(xii) agr—continuous[27 ] if f*(V) is agr—closed in X for every closed subset V of Y.

(xiii) wo—continuous[3] if f*(V)is moa—closed in X for every closed subset V of Y.

(xiv) gspr—continuous[15] if f*(V) is gspr—closed in X for every closed subset \ of Y.

(xv) g-continuous[3] if (V) is g—closed in X for every closed subset \V of Y

(xvi) w—continuous[17 ] if f%(V)is w—closed in X for every closed subset V of Y

(xvii) rgo—continuous[12 ] if f*(V) is rgo—closed in X for every closed subset \ of Y.

(xviii) gr—continuous[22 ] if f*(V) is gr—closed in X for every closed subset V of Y.

(xix) g*p—continuous[21 ] if (V) is g*p—closed in X for every closed subset \VV of Y.

(xx) rps—continuous| 25] if f'(V) isrps—closed in X for every closed subset \ of Y.

(xxi) R*—continuous[ 28] if (V) is R*—closed in X for every closed subset V of Y.

(xxii) gprw—continuous[26 ] if (V) is gprw—closed in X for every closed subset V of Y.
(xxiii) wgra—continuous[24] if (V) is wgra—closed in X for every closed subset V of Y.

(xxiv) swg—continuous| 18] if (V) is swg—closed in X for every closed subset V of Y.

(xxv) ro—continuous[20 ] if (V) is rw—closed in X for every closed subset V of Y.

(xxvi) rgw—continuous23 ] if (V) is rgw—closed in X for every closed subset V of Y.

Definition 2.4: A map f: (X,1)—(Y,0) is said to be
(i)  o-irresolute [7] if £1(V)is o-closed in X for every o-closed subset V of Y.
(i) irresolute [ 3] if F(V)is semi- closed in X for every semi-closed subset V of Y.

DOI: 10.9790/5728-10661424 www.iosrjournals.org 15| Page



On arw—Continuous And arem—Irresolute Maps In Topological Spaces

(iii) contra w—irresolute [17 ] if f*(V)is o-open in X for every o-closed subset V of Y.

(iv) contra irresolute [ 7] if £(V)is semi-open in X for every semi-closed subset VV of Y.

(v)  contra r-irresolute [1] if £(V) is regular-open in X for every regular-closed subset V of Y

(vi) contra continuous [30] if (V) is open in X for every closed subset VV of Y .

(vii) ro*-open(resp ro*-closed) [20] map if f(U) is rm-open (resp ro-closed) in Y for every ro-open (resp ro-
closed) subset U of X.

Lemma 2.5 see[4] :

1) Every closed (resp regular-closed, a-closed) set is arw-closed set in X,

2) Every arw-closed set is ag-closed set

3) Every arm-closed set is agr-closed (resp wa-closed, gs-closed, gspr-closed, wg-closed, rwg-closed , gp-
closed, gpr-closed) set in X

Lemma 2.6: see [4] Ifasubset A of a topological space X, and

1) If A isregular open and arom-closed then A is a-closed set in X

2) If Alisopen and ag-closed then A is arm-closed set in X

3) If Aisopenand gp-closed then A is arw-closed set in X

4) If A'is regular open and gpr-closed then A is arm-closed set in X

5) If Aisopen and wg-closed then A is aro-closed set in X

6) If Alisregular open and rwg-closed then A is arw-closed set in X

7) 1If A isregular open and agr-closed then A is arm-closed set in X

8) If A is w-open and wa-closed then A is arm-closed set in X

Lemma 2.7: see [4] If asubset A of a topological space X, and

1) If Aissemi-open and sg-closed then it is aro-closed.

2) If A'is semi-open and -closed then it is aro-closed.

3) Aisaro-open iff U C aint(A), whenever U is ro-closed and U € A.

Definition 2.8 : A topological space (X, t) is called
(1) an o-space if every a-closed subset of X is closed in X.

1. 3. aro- Continuous Functions:
Definition 3.1: A function f from a topological space X into a topological space Y is called o regular ®
continuous (arm—Continuous) if f*(V) is aro—Closed set in X for every closed set V in Y.

Theorem 3.2: If a map f is continuous, then it is arw—continuous but not converserly.
Proof: Let f: X—Y be continuous. Let F be any closed set in Y. Then the inverse image £ *(F) is closed set in X.
Since every closed set is oro—closed Lemma 2.5, f*(F) is aro—closed in X. Therefore f is aro—continuous.

Theorem 3.3: If a map f: X—Y is o—continuous, then it is aro—continuous but not converserly.

Proof: Let f: X—Y be a—continuous. Let F be any closed set in Y. Then the inverse image f *(F) is o—closed set
in X. Since every a—closed set is aro— closed by Lemma 2.5, f(F) is aro— closed in X. Therefore f is aro—
continuous.

The converse need not be true as seen from the following example.

Example 3.5: Let X=Y={ab,c,d}, t ={X ¢,{a}.{b}.{a.b}.{a,b,c}} and o ={Y, ¢.{a}.{b}.{a,b}.{a,b,c}}Let
map f: X—Y defined by f(a)=c , f(b)= a, f(c)=b, f(d)=d , then f is arm—continuous but not continuous and not
o—continuous , as closed set F= {c,d} in Y, then f *(F)={a,d} in X which is not a—closed , not closed set in X.

Theorem 3.6: If a map f: X—Y is continuous, Then the following holds.
Q) If f is arw—continuous, then f is ag—continuous.
(i) If f is aro—continuous, then f is wg—continuous (resp gs—continuous, rwg—continuous, gp—continuous,
gspr—continuous, gpr—continuous, mo—continuous, agr—continuous).
Proof: (i) Let F be a closed set in Y. Since F is aro—continuous, then f*(F) is aro—closed in X. Since every
aro—closed set is ag—closed by Lemma 2.5, then f*(F) is ag—closed in X. Hence f is ag—continuous.
Similarly we can prove (ii).

The converse need not be true as seen from the following example.

Example 3.7: Let X=Y={a,b,c},t = {X, ¢.,{a}.{b,.c}} o ={Y, ¢,{a}}, Let map f: X—Y defined by, f(a)=b,
f(b)=a , f(c)=c then f is ag-continuous, wg—continuous, gs—continuous, gp—continuous, gspr—continuous,
gpr—continuous , rwg—continuous , agr—continuous but not aro—continuous as closed set F= {b,c} in Y, then
f1(F)={a,c} in X which is not aro—closed set in X.
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Remark 3.8: The following examples shows that arw-continuous maps are independent of pre—continuous, -
continuous, g—continuous, ®—continuous, ro—continuous, swg—continuous , rgw—continuous , wgro—continuous ,
rgo—continuous, gprw—continuous, g*p—continuous, gr—continuous, R*-continuous , rps—continuous , semi-
continuous .

Example 3.9: Let X=Y={a,b,c}, 1= {X, ¢,{a},{b,c}} o={Y, ¢,{a}}, Let map f: X—Y defined by, f(a)=b ,
f(b)=a , f(c)=c then f is pre—continuous, p—continuous, g-continuous, w—continuous, ro—continuous, swg-—
continuous, rgw-continuous, wgra—continuous, rga—continuous, gprw-continuous,  g*p-continuous, gr—
continuous, R*—continuous , rps—continuous but f is not ar@—continuous , as closed set F= {b,c} in Y, then
f1(F)={a,c} in X, which is not aro—closed set in X.

Example 3.10: X={a,b,c,d}, Y={a,b,c} 1 = {X, ¢,{a},{b},{a,b},{ab,c}} o ={Y, ¢,{a}}, Let map f: X—>Y
defined by , f(a)=b , f(b)=a , f(c)=a , f(d)=c then f is aro—continuous but f is not gprw—continuous, rps—
continuous, wgro—continuous , rgw-continuous, rgo—continuous, swg-continuous, pre—continuous, R*-—
continuous , ro—continuous , ®-continuous , as closed set F= {b,c} in Y, then f*(F)={a,d} in X , which is not
gprw -closed (resp rps—closed, wgra—closed, rgw—closed , rga—closed, swg—closed, pre—closed, R*—closed, ro—
closed , w-closed) setin X.

Example 3.11: X=Y={a,b,c,d}, T = {X, ¢ {a},{b},{a,b},{a,b,c}} o ={Y, ¢,{b,c}.{b,c,d}.{a,b,c}}, Let map
f: X—Y defined by, f(a)=c, f(b)=b, f(c)=a, f(d)=d then fis are—continuous but f is not R*—continuous , ro—
continuous, w-continuous, gr-continuous ,g—continuous ,g*p-continuous , as closed set F={a} in Y, then
f1(F)={c} in X, which is not R*-closed (resp rm—closed, m—closed, gr—closed, g-closed, g*p-closed) set in X.

Example 3.12: X={ab,c,d}, Y={a,b,c} 1 = {X, ¢,{a},{b},{a,b},{ab,c}} o ={Y, ¢,{a}}, Let map f X—>Y
defined by , f(a)=b, f(b)=a, f(c)=c, f(d)=b then fis aro—continuous but f is not semi—continuous, —continuous
, as closed set F= {b,c} in Y, then f*(F)={a,c,d} in X which is not semi-closed (resp p—closed) set in X.

Example 3.13: Let X=Y={a,b,c}, 1= {X, ¢,{a},{b},{a,b}} o={Y, d,{a},{b,c}}, Let map f: X—Y defined by,
f(a)=b , f(b)=a , f(c)=c then f is semi—continuous, f—continuous but f is not arw—continuous , as closed set
F={a}in Y, then f !(F)={b} in X, which is not aro—closed set in X.

Remark 3.14: From the above discussion and know results we have the following implications. (Fig)

regular-continuous
R*-continuous
g*-continuous rps-continuous
rga-continuous
swg-continuous

conti uous_>/co—cc:1tinuous g;ﬁnuous rw-continuous
4 rgw-continuous
L gr-continuous
g*p-continuous
v wgra-continuous
a-cont nui > arw-continuous _
X I » gprw-continuous

> <« I

\ gs-continuous
wa-continuous

agr-continuous

pre-continuous

N
Semi-continuous

ag-continuous gspr-continuous
". - -
B-continuous gp-continuous wg-continuous
gpr-continuous rwg-continuous
A< I » B means A & Bare independent of each other
A > B means A implies B but not conversely
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Theorem 3.15: Let f: X—Y be a map. Then the following statements are equivalent :

(1) fis aro—continuous.

(ii) the inverse image of each open set in Y is arw—open in X

Proof: Assume that £ X—Y is aro—continuous. Let G be open in Y. The G° is closed in Y. Since f is aro—
continuous, f*(G°) is ara—closed in X. But f(G%) = X—f(G). Thus f(G) is aro—open in X.

Converserly , Assume that the inverse image of each open set in Y is aro—open in X. Let F be any closed set in
Y. By assumption f(F%) is arm—open in X. But f*(F°) = X—f*(F). Thus X— f'(F) is aro—open in X and so
f1(F) is aro—closed in X. Therefore fis aro—continuous. Hence (i) and (ii) are equivalent.

Theorem 3.16: If f: (X,71)—(Y,0) is map . Then the following holds.
1) f is aro—continuous and contra r—irresolute map then f is a—continuous

2) f is ag—continuous and contra continuous map then f is arm —continuous.

3) f is gp—continuous and contra continuous map then f is are —continuous

4) f is gpr—continuous and contra r—irresolute map then f is arew —continuous.

5) f iswg—continuous and contra continuous e map then f is are —continuous

6) f is rwg—continuous and contra r—irresolute map then f is are —continuous

7) f is agr—continuous and contra r—irresolute map then f is arem —continuous
f

is wo—continuous and contra m—irresolute map then f is arm —continuous

1) Let V beregular closed set of Y, As every regular set is closed, V is closed set in Y. Since f is aro—
continuous and contra r—irresolute map, (V) is aro—closed and regular open in X, Now by Lemma 2.6
, £1(V) is o-closed in X. Thus fis a—continuous.

2) Let V be closed set of Y. Since f is ag—continuous and contra continuous map, f*(V) is og—closed and
open in X, Now by Lemma 2.6, f }(V) is aro—closed in X. Thus fis ore—continuous.

Similarly , we can prove 3), 4),5),6),7), 8).

Theorem 3.17: If f: (X,1)—(Y,0) is map . Then the following holds.

1) f issg—continuous and contra irresolute map then fis arm—continuous.

2) f is o—continuous and contra irresolute map then f'is arm —continuous
Proof:

1) Let V be closed set of Y. As every closed set is semi-closed, V is semi-closed set in Y. Since f is sg—
continuous and contra irresolute map, f*(V) is sg—closed and semi-open in X , Now by Lemma 2.7,
f1(V) is are—closed in X. Thus f is are—continuous.

2) The proof is in the similar manner.

Theorem 3.18: Let A be a subset of a topological space X. Then x € armcl(A) if and only if for any aro—open
set U containing x, ANU# ¢.

Proof: Let x € armcl(A) and suppose that, there is a aro—open set U in X such that x € U and ANU= ¢ implies
that A < U® which is aro—closed in X implies armcl(A) € armcl(U%) = US. since x € U implies that x ¢ U°
implies that x & arocl(A), this is a contradiction.

Converserly, Suppose that, for any are—open set U containing x, ANU# ¢. To prove that X € arecl(A). Suppose
that x & armcl(A),then there is a aro—closed set F in X such that x € F and A € F. Since x ¢ F implies that
x € F* which is arm—open in X. Since A C F implies that A N F°= ¢, this is a contradiction. Thus x € arocl(A).

Theorem 3.19: Let f: X—Y be a function from a topological space X into a topological space Y. If f: X—Y is
arm—continuous, then f(arocl(A)) € cl(f(A)) for every subset A of X.

Proof: Since f(A) € cl(f(A)) implies that A € f*(cl(f(A))). Since cl(f(A)) is a closed set in Y and f is aro—
continuous, then by definition f*(cl(f(A))) is a aro—closed set in X containing A. Hence arocl(A)Sf(cl(f(A))).
Therefore f(arwcl(A)) € cl(f(A)).

The converse of the above theorem need not be true as seen from the following example

Example 3.20 : Let X=Y={ab,c,d}, 1= {X, ¢, {a}.{c,d}.{a,c.d}} o ={Y, ¢,{b,c},{b,c,d},{a,b,c}}, Let map
f: X—Y defined by, f(a)=b , f(b)=d , f(c)=c, f(d)=d . For every subset of X, f(armcl(A)) S cl(f(A)) holds . But
f is not are—continuous since closed set V={d} in Y, f }(V)={b,d} which is not aro—closed set in X.

Theorem 3.21 : Let f: X—Y be a function from a topological space X into a topological space Y. Then the
following statements are equivalent:
(i) For each point x in X and each open set V in Y with f(x) € V, there is a aro—open set U in X such that
x € Uand f(U) c V.
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(if) For each subset A of X, f(armcl(A)) < cl(f(A)).

(iii) For each subset B of Y, arocl(f*(B)) € f*(cl(B)).

(iv) For each subset B of Y, f(int(B)) € arwint(f '(B)).

Proof:

(i) — (ii) Suppose that (i) holds and let y € f(arwcl(A)) and let V be any open set of Y. Since y € f(arwcl(A))
implies that there exists x € armcl(A) such that f(x) =y. Since f(x) € V, then by (i) there exists a aro—open set U
in X such that xeU and f(U)CSV. Since xef(arwcl(A)), then by theorem 3.18 UNA#£ ¢. ¢ #f{UNA)SHU)N(A)
CVNf(A), then VN(A) # ¢ .Therefore we have y = f(x) € cl(f((A)). Hence f(arwcl(A)) < cl(f(A)).
(i) — (i) Let if (ii) holds and let x € X and V be any open set in Y containing f(x). Let A = f*(V°) this implies
that x & A. Since f(armcl(A)) € cl(f(A)) € V° this implies that armcl(A) € F(V°) = A. Since x € A implies that
X & arocl(A) and by theorem 3.18 there exists a arm—open set U containing x such that UNA= ¢ ,then USA®
and hence f(U) € f(A°) c V.

(i) — (iii) Suppose that (ii) holds and Let B be any subset of Y. Replacing A by f!(B) we get from (ii)
f(arocl(f(B))) € cl(f(f*(B))) < cl(B). Hence arocl(f*(B)) < f*(cI(B)).

(iii) — (ii) Suppose that (iii) holds, let B = f(A) where A is a subset of X. Then we get from (iii) , arocl(f (f(A))
c f1(cI(f(A))) implies arocl(A)S F(cl(f(A))). Therefore f(arwcl(A)) € cl(f(A)).

(iii) — (iv) Suppose that (iii) holds. Let B €Y, then Y-B €Y. By (iii) , arocl(f (Y-B)) € f!(cl(Y-B)) this
implies X— aroint(f *(B)) €X—f'(int(B)) . Therefore f(int(B)) S orwint(f*(B)).
(iv) — (iii) Suppose that (iv) holds Let B €Y, then Y-B CY. By (iv), f'(int(Y-B)) S areint(f*(Y-B)) this
implies that X— f*(cl(B)) € X—armcl(f *(B)). Therefore arwcl(f*(B)) € f*(cl(B)).

Definition 3.22: Let (X, 1) be topological space and tq, ={VEX : aro—cl(V®) = V°}, 14 istoplogy on X.

Definition 3.23: 1) A space (X, t) iscalled T, —space if every arm—closed is closed.
2) A space (X, 1) is called ., T,— space if every aro—closed set is a-closed set.

Theorem 3.24: Let f: X—Y be a function. Let (X,t) and (Y,0) be any two spaces such that t 4, iS a topology on
X. Then the following statements are equivalent:

(i) For every subset A of X, f(arocl(A)) € cl(f(A)) holds,

(ii) f: (X, T go)—(Y,0) is continuous.

Proof: Suppose (i) holds. Let A be closed in Y. By hypothesis f(aracl(f*(A))) € cl(f(f *(A))) S cl(A) = A. ...
aracl(f 1(A))Sf1(A). Also f(A)Sarocl(f 1(A)). Hence arecl(f(A))= f1(A). This implies f*(A)€ Ty Thus
f1(A) is closed in (X, Tq) and so f is continuous. This proves (ii).

Suppose (ii) holds. For every subset A of X, cl(f(A)) is closed in Y. Since f: (X, 14,)—(Y,0) is continuous,
f1(cl(A)) is closed in (X, T o) that implies by Definition 3.22 aracl(f*(cl(f(A)))) = f1(cl(f(A))). Now we have,
A c f(f(A) € F(cl(f(A) and by are-closure, armcl(A)Sarocl(f (CI(f(A))= f*(cl(f(A)). Therefore
f(arocl(A))< cl(f(A)). This proves (i).

Remark 3.25 : The Composition of two aro—continuous maps need not be arw—continuous map and this can
be shown by the following example.

Example 3.26 : Let X=Y=Z={a,b,c} , 1= {X, ¢,{a},{b},{ab}} , o={Y,¢.{a}},n ={Z ¢.{a}.{ab}.{ac}}
andamapsf: X—Y, g: Y—>Zand gof : X—Z are identity maps. Both fand g are aro—continuous maps. But
gof not arm—continuous map , since closed set V={b} in Z, f*(V)={b} which is not aro—closed set in X.

Theorem 3.27: Let f: X—Y is arom—continuous function and g:Y—Z is continuous function then gef: X—Z is
aro—continuous.

Proof: Let g be continuous function and V be any open set in Z theng (V) is open in Y. Since f is aro—
continuous, (g (V)) = (gof) (V) is are—open in X. Hence gof is are—continuous.

Theorem 3.28: Let f: X—Y is aro—continuous function and g:Y—Z is arw—continuous function and Y is
Taw—Space , then gef: X—Z is arm—continuous.

Proof: Let g be arw—continuous function and V be any open set in Z then g™*(V) is aro—open in Y and Y is
Tao—Space, then g™(V) is open in Y. Since f is aro—continuous, f1(g™*(V)) = (gof) *(V) is aro—open in X.
Hence gef is aro—continuous.
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Theorem 3.29: If a map f: X—Y is completely—continuous, then it is arw— continuous.
Proof : Suppose that a map f: (X,1)—(Y,o) is completely—continuous. Let F closed set in Y. Then f*(F) is
regular closed in X and hence f *(F) is is aro—closed in X. Thus f is oare—continuous.

Theorem 3.30: Ifamap f: X—Y is a—irresolute, then it is ar@— continuous.
Proof : Suppose that a map f: (X,t)—(Y,0) is a—irresolute. Let V be an open set in Y. Then V is a-open in Y.
Since fis o—irresolute , f*(V) is a—open and hence orm—open in X. Thus f is aro—continuous.

Definition 3.31: A function f from a topological space X into a topological space Y is called perfectly a regular
o continuous (briefly perfectly arm—Continuous) if (V) is clopen (closed and open) set in X for every areo—
opensetVinY.

Theorem 3.32: If a map f: X—Y is continuous, Then the following holds.

(i) If fis perfectly aro—continuous, then f'is aro—continuous.

(i) If fis perfectly aro—continuous, then fis ag—continuous.

(iii) If fis perfectly arm—continuous, then f is wg—continuous(resp gs—continuous, rwg—continuous, gp—

continuous, gspr—continuous, gpr—continuous, mo—continuous, agr—continuous).

Proof:

(i) Let F be a open set in Y, as every open is aro—open in Y , since F is perfectly aro—continuous, then
f1(F) is both closed and open in X, as every open is aro—open , f*(F) is aro—open in X. Hence fis aro—
continuous.

(i) Let F be a open set in Y, as every open is aro—open in Y, since F is perfectly orm—continuous, then f(F)
is both closed and open in X, as every open is aro—open that implies is ag—open, then f(F) is o.g—open in
X. Hence f'is ag—continuous.

Similarly , we can prove (iii).

Definition 3.33: A function f from a topological space X into a topological space Y is called o regular
w*- continuous (briefly arm*—continuous) if (V) is are—closed set in X for every a-closed set V in Y.

Theorem 3.34: If Amap f: (X,1)—(Y,s) be function,

(i) f is aro-irresolute then it is arem*—continuous.

(i) f is aro*—continuous then it is aro—continuous.

Proof:

(i) Letf X—>Y be aro—irresolute. Let F be any a-closed set in Y. Then F is aro—closed in Y. Since fis aro—
irresolute , the inverse image f*(F) is aro—closed set in X. Therefore f is are*—continuous.

(if) Let f: X—Y be aro*—continuous. Let F be any closed set in Y. Then F is a—closed in Y. Since fis aro*—
continuous., the inverse image f*(F) is aro—closed set in X. Therefore f is arm—continuous.

Theorem 3.35: If a bijection f: (X,1)—(Y,0) is ro*-open , arm*—continuous , then it is aro—irresolute.

Proof: Let A be aro—closed in Y. Let f*(A) € U where U is ro-open set in X, Since f is ro*-open map, f(U) is
ro-open setin Y. A € f(U) implies acl(A) € f(U). That is, f (acl(A)) € U. Since f is aro*—continuous ,
acl( £(acl(A))) € U. and so acl(f }(A)) € U This shows f*(A) is aro—closed set in X. Hence f is aro—
irresolute.

Theorem 3.36 If f: (X,1)—(Y,0) is arm-continuous and reo*-closed and if A is arw-open(or arm-closed) subset
of (Y,0) and (Y,o0) is a-space, then f*(A) is arem-open (or are -closed) in (X,1).

Proof : Let A be a arw-open set in (Y,o) and G be any ro-closed set in (X,t) such that G € f(A). Then
f(G)S A. By hypothesis f(G) is ro-closed and A is arm-open in (Y,o). Therefore f(G) < alnt(A) by Lemma 2.7
and so G < f Y(alnt(A)). Since f is are-continuous, alnt(A) is a-open in (Y,o) and (Y,o) is a-space, so alnt(A) is
open in (Y,o). Therefore f(alnt(A)) is arm-open in ((X,t). Thus G Salnt(f (alnt(A))) € alnt(f1(A)); that is,
G C alnt(fY(A)), Y A)is are-open in (X1).

By taking the complements we can show that if A is ro-closed in (Y,o), f(A) is aro-closed in (X,1).

Theorem 3.37:Let (X,1) be a discrete topological space and (Y,o) be any topological space. Let f: (X,1)— (Y,0)
be a map. Then the following statements are equivalent:

(i) fis strongly arm-continuous.

(i) f is perfectly arw-continuous.

Proof:
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(i)=>(ii) Let U be any ore -open set in (Y,o).By hypothesis f*(U) is open in (X,1). Since(X,t) is a discrete
space,f*(U) is also closed in (X,1). f*(U) is both open and closed in (X,t). Hence f is perfectly are-continuous.
(ii)=>(i) Let U be any arw-open set in (Y,o). Then fX(U) is both open and closed in (X,t). Hence f is strongly
are-continuous.

V. oro—-IRRESOLUTE AND STRONGLY aro-CONTINUOUS FUNCTIONS:
V.
Definition 4.1: A function f from a topological space X into a topological space Y is called o regular
irresolute (oro—irresolute) map if £(V) is aro—Closed set in X for every aro—closed set V in Y.

Definition 4.2: A function f from a topological space X into a topological space Y is called strongly a regular ®
continuous (strongly arco—continuous) map if f(V)is closed set in X for every aro—closed set V in Y.

Theorem 4.3: If Amap f: (X,1)—(Y,0) is arm—irresolute, then it is arm—continuous but not conversely.
Proof: Let f: X—Y be arm—irresolute. Let F be any closed set in Y. Then F is aro—closed in Y. Since fis aro—
irresolute , the inverse image f*(F) is aro—closed set in X. Therefore f is aro—continuous.

The converse of the above theorem need not be true as seen from the following example.

Example 4.4 : X={ab,c,d}, Y={a,b,c} 1 = {X, ¢,{a},{b},{a,b},{ab,c}} o ={Y, ¢,{a}}, Let map f X—>Y
defined by , f(a)=b, f(b)=a , f(c)=a , f(d)=c then f is arm—continuous but f is not arm—irresolute, as orw-closed
set F={b}in Y, then f'(F)={a} in X, which is not aro—closed set in X.

Theorem 4.5: If Amap f: (X,1)—(Y,0) is aro—irresolute, if and only if the inverse image (V) is oro—open
set in X for every aro—open setVinY.

Proof: Assume that f: X—Y is oro-irresolute. Let G be arw—open in Y. The G® is aro—closed in Y. Since f is
aro— irresolute, (G is aro—closed in X. But f*(G%) = X—f*(G). Thus f }(G) is arm—open in X.

Converserly , Assume that the inverse image of each open set in Y is arm—open in X. Let F be any aro—closed
set in Y. By assumption f*(F) is arm—open in X. But f }(F) = X—f *(F). Thus X- f (F) is aro—open in X and
so fY(F)is aro—closed in X. Therefore fis aro— irresolute.

Theorem 4.6: If Amap f: (X,1)—(Y,0) is arm—irresolute, then for every subset A of X ,flarocl(A)c acl(f(A)).
Proof : If Ac X then consider acl(f(A)) which is are-closed in Y. since f is aro—irresolute , f (acl(f(A))) is
aro-closed in X. Furthermore AC f*(f(A))S f !(acl(f(A))). Therefore by arw-closure, armcl(A)Sf (acl(f(A))),
consequently , flaracl(A) € f(f Y(acl(f(A)))) Soclf((A)).

Theorem 4.7: Let f: (X, 1)—(Y,0) and g: (Y, 6) —(Z,n) be any two functions. Then

(1) gof: (X, 1)—(Z,n) is aro—continuous if g isr-continuous and f is arw— irresolute.

(i) go f: (X, 1)—(Z,n) is arw—irresolute  if g is aro—irresolute and f is aro—irresolute.

(iii) g o f': (X, ©)—(Z,n) is aro—continuous if g is aro—continuous and f is arm—irresolute.

Proof:

(i) Let U be a open set in (Z, 1) . Since g is r-continuous, g *(U) is r-open set in (Y, o). Since every r-open is
arom—open then g (U) is arm—open in Y , siince f is aro—irresolute (g *(U)) is an areo—open set in (X, 1).
Thus (gof) *(U) = f(g(U)) is an arm—open set in (X, ) and hence gof is arw—continuous.

(i) Let U be a aro—open set in (Z, 1) . Since g is aro—irresolute, g *(U) is aro—open set in (Y, o). Since f is
aro—irresolute, f1(g™(U)) is an aro—open set in (X, 7). Thus (gof) *(U) = f (g (U)) is an arw—open set in
(X, 1) and hence gof is arw— irresolute.

(iii) Let U be a open set in (Z, 1) . Since g is continuous, g *(U) is open set in (Y, o). As every open set is oro—
open, g *(U) is ar@—open set in (Y, o). Since fis aro— irresolute (g~ (U)) is an arm—open set in (X, 1).
Thus (gof) *(U) = f(g*(U)) is an aro—open set in (X, t) and hence gof is arw—continuous.

Theorem 4.8: Let f: (X, 1)—(Y,0) is strongly arm—continuous then it is continuous.

Proof: Assume that f: (X, 1)—(Y,o0) is strongly aro—continuous, Let F be closed set in Y. As every closed is
aro—closed, F is aro—closed in Y. since f is strongly arm—continuous then f*(F) is closed set in X. Therefore
f is continuous.

Theorem 4.9: Let £ (X, 1)—(Y,0) is strongly aro—continuous then it is strongly o—continuous but not
conversely.
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Proof: Assume that f: (X, 1)—(Y,0) is strongly arw—continuous, Let F be a-closed set in Y. As every a-closed
is oro—closed, F is aro—closed in Y. since f is strongly arco—continuous then f*(F) is closed set in X.
Therefore f is strongly a—continuous.

The converse of the above theorem 4.9 need not be true as seen from the following example

Example 4.10: Let X=Y={ab,c,d}, 1 ={X, ¢,{a},{b}.{a,b},{a,b,c}} and o ={Y,¢,{a},{b},{a,b}{a,b,c}}Let
map f: X—Y defined by fla)=a , f(b)=f(c)=f(d)=b , then fis strongly a—continuous but not continuous and not
strongly are—continuous , as closed set F={a,c,d} in Y, then f*(F)={a} in X which is not closed set in X.

Theorem 4.11: Let f: (X, 1)—(Y,0) is strongly arco—continuous if and only if f*(G) is open set in X for
every arm—open setGin'Y.

Proof : Assume that f: X—Y is strongly arm—continuous. Let G be aro—open in Y. The G® is aro—closed in Y.
Since f is strongly aro—continuous, f(G°) is closed in X. But f(G%) = X—f*(G). Thus f (G) is open in X.

Converserly , Assume that the inverse image of each open set in Y is arm—open in X. Let F be any aro—closed
set in Y. By assumption F® is arc—open in X. But f*(F%) = X—f (F). Thus X—f!(F) is open in X and so f*(F) is
closed in X. Therefore f is strongly arm—continuous.

Theorem 4.12: Let f: (X, 1)—(Y,0) is strongly continuous then it is strongly aro—continuous.

Proof: Assume that f: X—Y is strongly continuous. Let G be arm—open in Y and also it is any subset of Y
since f is strongly continuous, f*(G) is open (and also closed) in X. f*(G) is open in X Therefore f is strongly
ar®—continuous.

Theorem 4.13: Let f: (X, 1)—(Y,0) is strongly aro—continuous then it is ar@—continuous.
Proof: Let G be open in Y , every open is aro—open , G is aro—open in Y, since f is strongly arm—continuous,
f1(G) is open in X. and therefore f*(G) is aro—open in X . Hence fis oro—continuous.

Theorem 4.14: In discrete space, a map f: (X, 1)—(Y,0) is strongly arm—continuous then it is strongly
continuous.

Proof: F any subset of Y, in discrete space, Every subset F in Y is both open and closed , then subset F is both
arm—open or aro—closed, i) let F is aro—closed in Y, since f is strongly arm—continuous, then f*(F) is closed
in X. ii) let F is aro—open in Y, since f is strongly are—continuous, then f*(F) is open in X. Therefore f*(F)
is closed and open in X. Hence f is strongly continuous.

Theorem 4.15 : Let f: (X, 1)—(Y,0) and g: (Y, 6) —(Z,n) be any two functions. Then
(i) gof: (X, 1)—(Zn) is strongly aro—continuous if g is strongly aro—continuous and f is strongly arm—
continuous.
(if) gof: (X, 1)—(Zn) is strongly aro—continuous if g is strongly aro—continuous and f is continuous.
(iii) g o f: (X, 1)—(Z,m) is aro—irresolute if g is strongly arm—continuous and f is arm—continuous.
(iv) gof: (X, 1)—(Zn) is continuous if g is arm—continuous and f is strongly arw—continuous

Proof:

(i) Let U be a aro—open set in (Z, n) . Since g is strongly aro—continuous, g *(U) is open set in (Y, o). As
every open set is aro—open, g *(U) is aro—open set in (Y, o). Since f is strongly are—continuous
f1(g™(U)) is an open set in (X, 7). Thus (gof) (V) = f(g(V)) is an open set in (X, 1) and hence gof is
strongly arw—continuous.

(i) Let U be a aro—open set in (Z, 1) . Since g is strongly arem—continuous, g *(U) is open set in (Y, o). Since
f is continuous f*(g(V)) is an open set in (X, 7). Thus (gof) *(U) = f*(g™*(U)) is an open set in (X, 1)
and hence gof is strongly arm—continuous.

(iii) Let U be a aro—open set in (Z, 1) . Since g is strongly arem—continuous, g *(U) is open set in (Y, o). Since
fis aro—continuous f(g*(U)) is an arw—open set in (X, 7). Thus (gof) *(U) = (g (U)) is an arw—open
set in (X, 1) and hence gof is arm—irresolute

(iv) Let U be open set in (Z, n) . Since g is arm—continuous, g (V) is aro—open set in (Y, o). Since fis strongly
aro—continuous (g™ (U)) is an open set in (X, ). Thus (gof) *(U) = (g™ (U)) is an open set in (X, 1)
and hence gof is continuous.

Theorem 4.16 : Let f: (X, 1)—(Y,0) and g: (Y, 6) —(Z,n) be any two functions. Then
1. gof: (X, 1)—=(Zn) is strongly aro—continuous if g is perfectly aro—continuous and f is continuous.
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2. gof: (X, 1)—(Zn) is perfectly aro—continuous if g is strongly are@—continuous and f is perfectly arem—
continuous.

Proof:

1. Let U be a aro—open set in (Z, ) . Since g is perfectly aro—continuous, g(U) is clopen set in (Y, o).
g *(U) is open set in (Y, o). Since fis continuous f*(g*(U)) is an open set in (X, 7). Thus (gof) *(U) =
f1(g*(V)) is an open set in (X, t) and hence gofis strongly are—continuous .

2. Let U be a aro—open set in (Z, n) . Since g is strongly aro—continuous, g(U) is open set in (Y, o).
g (V) is open set in (Y, o). Since fis perfectly arco-continuous , f*(g™(U)) is an clopen set in (X, t). Thus
(gof) (V) = F(g*(V)) is an clopen set in (X, 1) and hence gof is perfectly arm—continuous.

Theorem 4.17: If A map f (X, 1)—(Y,0) is strongly arm—continuous and A is open subset of X then the
restriction f/A: A—Y is strongly aro—continuous.

Proof: Let V be any arw-open set of Y, since f is strongly arm—continuous , then (V) is open in X. since A is
open in X, (ff/A) * (V)=AN (V) is open in A. hence f/A is strongly are—continuous.

Theorem: 4.18 Let (X,1) be any topological space and (Y,o) be a T, -space and f: (X,t) >(Y,c) be a map.
Then the following are equivalent:

(i) fis strongly arm-continuous.

(ii) f is continuous.

Proof:

(i) =>(ii) Let U be any open set in (Y,o). Since every open set is arm-open, U is are-open in (Y,c). Then f*(U)
is open in (X,1). Hence f'is continuous.

(ii) =>(i) Let U be any arw-open set in (Y,o). Since (Y,0) is a Ty -space, U is open in (Y,o0). Since fis
continuous. Then f*(U) is open in (X,t). Hence fis strongly wgra-continuous.

Theorem 4.19:Let (X,t) be a discrete topological space and (Y,o) be any topological space. Let f: (X,7)— (Y,0)
be a map. Then the following statements are equivalent:

(i) fis strongly arw-continuous.

(i) f is perfectly arw-continuous.

Proof:

(i)=>(ii) Let U be any are -open set in (Y,0).By hypothesis f*(U) is open in (X,7). Since(X,t) is a discrete
space,f*(U) is also closed in (X,7). f*(U) is both open and closed in (X,t). Hence fis perfectly arem-continuous.
(ii)=>(i) Let U be any are-open set in (Y,o). Then £*(U) is both open and closed in (X,t). Hence f is strongly
are-continuous.

Theorem 4.20: Let f: (X,t) >(Y,0) be a map. Both (X,1) and (Y,0) are Ty,-Space . Then the following are
equivalent:

(i) fis arw-irresolute.

(ii) fis strongly are®-continuous

(iii) f is continuous.

(iv) fis arw-continuous.

Proof : Straight forward.

Theorem 4.21: Let X and Y be 4, T,-spaces, then for a function f: (X,t) = (Y,0), the following are equivalent:
(i) fis a-irresolute.

(ii) fis arm-irresolute.

Proof: (i)=> (ii): Let f: (X,1) >(Y,0) be a o-irresolute. Let V be a arw -closed set in Y. As 'Y 4, T,-Space, then
V be a a-closed set in Y. Since fis a -irresolute, f * (V) is a -closed in X. But every o-closed set is are -closed
in X and hence f * (V) is a are-closed in X. Therefore, f is aro-irresolute.

(i1y=> (i): Let f: (X,t) = (Y,0) be a aro -irresolute. Let V be a a-closed set in Y. But every a-closed set is aro -
closed set and hence V is aro-closed set in Y and fis arm-irresolute implies f (V) is areo-closed in X. But X is
a0 T o-SPace and hence f (V) is a-closed set in X. Thus, fis a-irresolute.
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