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I. Introduction: 
A large variety of the problems of analysis and applied mathematics reduce to finding solutions of non 

linear functional equations which can be formulated in terms of finding the  fixed points of a non linear 

mapping. Fixed point theorems are very important tools for proving the existence and uniqness of the solutions 

to various differential, integral and partial differential equations and variational inequalities etc. representing 
phenomena arising in different fields. Therefore the fixed point methods specially Banach’s contraction 

principle provides a powerful tool for obtaining the solutions of these equations which were very difficult to 

solve by any other methods. Recently described about the application of Banach’s contraction principle [2]. 

Ghalar [4] introduced the concept of 2- Banach. Recently Badshah and Gupta [3], Yadava, Rajput and 

Bhardwaj [6] and Yadav, Rajput, Choudhary and Bhardwaj [7] also worked for Banach and 2-Banach spaces 

for non contraction mapping. In present paper we prove some fixed point theorems for non-contraction 

mappings, in 2-Banach spaces motivated by above, before starting the main result first we write some 

definitions 

 

II. Preliminaries: 

               Definition (2.1), 2-Banach Spaces: Let L be a linear 2- normed space to be pair  .,.,L where L is a 

linear                                    space and .,. is non negative, real valued function defined on L such that a,b,c,∈

𝐿. 

(i)  𝑎, 𝑏 = 0 if and only if a and b are linearly dependent 

(ii)   𝑎,𝑏 =   𝑏, 𝑎  

(iii)  𝑎,𝛽𝑏 =  𝛽  𝑎,𝑏  ,𝛽 is real 

(iv)  𝑎, 𝑏 + 𝑐 ≤   𝑎, 𝑏 +   𝑎, 𝑐  

Hence  . , .   is called a 2-norm. 
 

Definition (2.2): A sequence  𝑥𝑛  in a linear 2-normed space L, is called a convergent sequence if there is 

𝑥 ∈ 𝐿 

Such that lim𝑛→∞ 𝑥𝑛 − 𝑥,𝑦 = 0 for all 𝑦 ∈ 𝐿. 
Definition (2.3): A sequence  𝑥𝑛  in a linear 2-normed space L, is called a Cauchy sequence if there exists 

𝑦, 𝑧 ∈ 𝐿, 
Such that y and z are linearly independent and lim𝑚 ,𝑛→∞ 𝑥𝑚 − 𝑥𝑛 ,𝑦 = 0 

Definition (2.4): A linear 2-normed space in which every Cauchy sequence is convergent is called 2-Banach 

space. 

 

III. Main Results 
Theorem 3.1: Let T be a mapping of a 2-Banach spaces into itself. If T satisfies the following conditions: 

                    𝐹2 = 𝐼, where 𝐼 is identity mapping.                                                                                                 
(3.1.1) 

        𝐹𝑥 − 𝐹𝑦,𝑎  ≤ 𝛼  
 𝑥−𝐹𝑥 ,𝑎  𝑥−𝑦 ,𝑎  +  𝑦−𝐹𝑦 ,𝑎  𝑦  −   𝐹𝑥 ,𝑎  +  𝑥−𝑦 ,𝑎 2

 𝑥−𝐹𝑥 ,𝑎  +  𝑥−𝑦 ,𝑎 
 + 

                                    𝛽  
 𝑦−𝐹𝑦 ,𝑎  𝑥−𝑦 ,𝑎  +  𝑥−𝐹𝑥 ,𝑎  𝑥−𝐹𝑦 ,𝑎  +  𝑥−𝑦 ,𝑎 2  

 𝑦−𝐹𝑦 ,𝑎  +  𝑥−𝑦 ,𝑎 
  + 
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                                       𝛾  𝑥 − 𝐹𝑥,𝑎 +   𝑦 − 𝐹𝑦,𝑎  +  𝛿   𝑥 − 𝐹𝑦, 𝑎 +   𝑦 − 𝐹𝑥, 𝑎  +  𝜂  𝑥 − 𝑦,𝑎          
(3.1.2) 

Where 𝑥 ≠ 𝑦, 𝑎 > 0 is real with 5𝛼 + 5𝛽 + 4𝛾 + 2𝛿 +  𝜂 < 2.  Then F has a fixed point. If 𝛼 + 𝛽 + 2𝛿 +
 𝜂 < 1.  

       Then F has a unique fixed point. 

       Proof: suppose x is a point in the 2-Banach space X. 

             Taking 𝑦 =
1

2
 𝐹 + 𝐼  𝑥 , 𝑍 = 𝐹 𝑦  𝑎𝑛𝑑 𝑢 = 2𝑦 − 𝑧 we have 

             𝑧 − 𝑥,𝑎  =   𝐹𝑦 − 𝐹2 𝑥 , 𝑎  =   𝐹𝑦 − 𝐹 𝐹𝑥 , 𝑎  

                                 ≤  𝛼  
 𝑦−𝐹𝑦 ,𝑎    𝑦−𝐹𝑥 ,𝑎  +  𝐹𝑥−𝐹2 𝑥 ,𝑎  𝐹𝑥−𝐹𝑦 ,𝑎  +  𝑦−𝐹𝑥 ,𝑎 2

 𝑦−𝐹𝑦  +  𝑦−𝐹𝑥  
  + 

 𝛽  
 𝐹𝑥 − 𝐹2 𝑥 ,𝑎  𝑦 − 𝐹𝑥, 𝑎  +   𝑦 − 𝐹𝑦,𝑎  𝑦 − 𝐹2 𝑥 , 𝑎  +  𝑦 − 𝐹𝑥,𝑎 2

 𝐹𝑥 − 𝐹2 𝑥 ,𝑎  +   𝑦 − 𝐹𝑥, 𝑎  
  

                                + 𝛾  𝑦 − 𝐹𝑦,𝑎  +  𝐹𝑥 − 𝐹2 𝑥 , 𝑎   +  𝛿   𝑦 − 𝐹2 𝑥 ,𝑎  +   𝐹𝑥 − 𝐹𝑦,𝑎   +
 𝜂   𝑦 − 𝐹𝑥,𝑎   

                                =  𝛼  
 𝑦−𝐹𝑦 ,𝑎  𝑦−𝐹𝑥 ,𝑎  +  𝐹𝑥−𝑥 ,𝑎  𝐹𝑥−𝐹𝑦 ,𝑎  +  𝑦−𝐹𝑥 ,𝑎 2

 𝑦−𝐹𝑦 ,𝑎  +  𝑦−𝐹𝑥 ,𝑎 
  +  

                                     𝛽  
 𝐹𝑥−𝑥 ,𝑎  𝑦−𝐹𝑥 ,𝑎  +  𝑦−𝐹𝑦 ,𝑎  𝑦−𝑥 ,𝑎  +  𝑦−𝐹𝑥 ,𝑎 2

 𝐹𝑥−𝑥 ,𝑎  +  𝑦−𝐹𝑥 ,𝑎 
 + 𝛾  

 𝑦−𝐹𝑦 ,𝑎 + 𝐹𝑥−𝐹(𝐹𝑥),𝑎 

2
  

                                   + 𝛿   𝑦 − 𝑥,𝑎 +   𝐹𝑥 − 𝐹𝑦,𝑎   +  𝜂   𝑦 − 𝐹𝑥, 𝑎   

                               =  𝛼  
 𝑦−𝐹𝑦 ,𝑎  𝑦−𝐹𝑥 ,𝑎  +  𝐹𝑥−𝑥 ,𝑎  𝐹𝑥−𝐹𝑦 ,𝑎  +  𝑦−𝐹𝑥 ,𝑎 2

 𝐹𝑥−𝐹𝑦 ,𝑎 
  +   

                                    𝛽  
 𝐹𝑥−𝑥 ,𝑎  𝑦−𝐹𝑥 ,𝑎  +  𝑦−𝐹𝑦 ,𝑎  𝑦−𝑥 ,𝑎  +  𝑦−𝐹𝑥 ,𝑎 2

 𝑦−𝑥 ,𝑎 
 + 𝛾  𝑦 − 𝐹 𝑦 ,𝑎 +  𝐹 𝑋 − 𝑋,𝑎   

                                   + 𝛿   𝑦 − 𝑥,𝑎  +   𝐹𝑥 − 𝐹𝑦,𝑎   +  𝜂   𝑦 − 𝐹𝑥, 𝑎   

                                =  𝛼  
 𝑦−𝐹𝑦 ,𝑎  

1

2
 𝐹+𝐼  𝑥  –𝐹𝑥 ,𝑎  +  𝐹𝑥−𝑥 ,𝑎  𝐹𝑥−𝐹 

1

2
 𝐹+𝐼  𝑥 ,𝑎   +  

1

2
 𝐹+𝐼  𝑥 −𝐹𝑥 ,𝑎 

2

 𝐹𝑥−𝐹 
1

2
 𝐹+𝐼  𝑥  ,𝑎 

 +  

                                      𝛽  
 𝐹𝑥−𝑥 ,𝑎  

1

2
 𝐹+𝐼  𝑥 −𝐹𝑥 ,𝑎  +  𝑦−𝐹𝑦 ,𝑎   

1

2
 𝐹+𝐼  𝑥 −𝑥 ,𝑎  +  

1

2
 𝐹+𝐼  𝑥 −𝐹𝑥 ,𝑎 

2

 
1

2
 𝐹+𝐼  𝑥 −𝑥 ,𝑎 

  + 

                                      𝛾   𝑦 − 𝐹𝑦,𝑎 +   𝐹𝑥 − 𝑥, 𝑎   +  𝛿   
1

2
 𝐹 + 𝐼  𝑥 − 𝑥, 𝑎 +   𝐹𝑥 − 𝐹  

1

2
 𝐹 +

𝐼𝑥,𝑎+ 

                                      𝜂  
1

2
 𝐹 + 𝐼  𝑥 − 𝐹𝑥,𝑎  

                                 =  𝛼  
 𝑦−𝐹𝑦 ,𝑎 

1

2
 𝐹𝑥−𝑥 ,𝑎  +   𝐹𝑥−𝑥 ,𝑎 

1

2
 𝐹𝑥−𝑥 ,𝑎  + 

1

4
 𝐹𝑥−𝑥 ,𝑎 2

1

2
 𝐹𝑥−𝑥 ,𝑎 

 + 

                                       𝛽  
 𝐹𝑥−𝑥 ,𝑎 

1

2
 𝐹𝑥−𝑥 ,𝑎  +  𝑦−𝐹𝑦 ,𝑎 

1

2
 𝐹𝑥−𝑥 ,𝑎  + 

1

4
 𝐹𝑥−𝑥 ,𝑎 2

1

2
 𝐹𝑥−𝑥 ,𝑎 

 + 

                                         𝛾   𝑦 − 𝐹𝑦,𝑎  +   𝐹𝑥 − 𝑥,𝑎   +  𝛿  
1

2
 𝐹𝑥 − 𝑥, 𝑎  +  

1

2
 𝐹𝑥 − 𝑥,𝑎   +

𝜂

2
 𝐹𝑥 − 𝑥, 𝑎  

                                   =  𝛼   𝑦 − 𝐹𝑦,𝑎  +   𝐹𝑥 − 𝑥,𝑎  +  
1

2
 𝐹𝑥 − 𝑥,𝑎   + 

𝛽   𝐹𝑥 − 𝑥, 𝑎  +  𝑦 − 𝐹𝑦,𝑎  + 
1

2
 𝐹𝑥 − 𝑥, 𝑎   +  𝛾   𝑦 − 𝐹𝑦,𝑎  +   𝐹𝑥 − 𝑥, 𝑎   +   𝛿  𝐹𝑥 − 𝑥, 𝑎  

+  
𝜂

2
 𝐹𝑥 − 𝑥,𝑎  

                                     =  𝛼   𝑦 − 𝐹𝑦, 𝑎  +  
3

2
 𝐹𝑥 − 𝑥,𝑎   +  𝛽  

3

2
 𝐹𝑥 − 𝑥, 𝑎  +   𝑦 − 𝐹𝑦,𝑎   +  

                                           𝛾   𝑦 − 𝐹𝑦,𝑎  +   𝐹𝑥 − 𝑥,𝑎   +  𝛿  𝐹𝑥 − 𝑥, 𝑎  +  
𝜂

2
 𝐹𝑥 − 𝑥, 𝑎  

          =   
3

2
𝛼 +  

3

2
𝛽 +  𝛾 +  𝛿 +  

𝜂

2
  𝐹𝑥 − 𝑥, 𝑎  +   𝛼 +  𝛽 +  𝛾  𝑦 − 𝐹𝑦, 𝑎  

 𝑧 − 𝑥,𝑎 ≤  
3

2
𝛼 +  

3

2
𝛽 +  𝛾 +  𝛿 +  

𝜂

2
  𝐹𝑥 − 𝑥, 𝑎  +  𝛼 +  𝛽 +  𝛾  𝑦 − 𝐹𝑦, 𝑎           (3.1.3) 

Also, 
 𝑢 − 𝑥, 𝑎  =   2𝑦 − 𝑧 − 𝑥, 𝑎  =    𝐹 + 𝐼  𝑥 − 𝑧 − 𝑥,𝑎  =   𝐹𝑥 + 𝑥 − 𝑧 − 𝑥,𝑎  

                 =   𝐹𝑥 − 𝑧, 𝑎  =   𝐹𝑥 − 𝐹𝑦,𝑎  

             𝐹𝑥 − 𝐹𝑦,𝑎                                                           

                      ≤ 𝛼  
 𝑥−𝐹𝑥 ,𝑎  𝑥−𝑦 ,𝑎  +  𝑦−𝐹𝑦 ,𝑎  𝑦−𝐹𝑥 ,𝑎  +  𝑥−𝑦 ,𝑎 2

 𝑥−𝐹𝑥 ,𝑎  +  𝑥−𝑦 ,𝑎 
 +  
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             𝛽  
 𝑦 − 𝐹 𝑦 ,𝑎  𝑥 − 𝑦, 𝑎 +  𝑥 − 𝐹 𝑥 ,𝑎  𝑥 − 𝐹 𝑦 ,𝑎 +  𝑥 − 𝑦, 𝑎 2

 𝑦 − 𝐹 𝑦 ,𝑎 +  𝑥 − 𝑦,𝑎 
 + 

                               

𝛾  𝑥 − 𝐹𝑥,𝑎   𝑦 − 𝐹𝑦,𝑎  +  𝛿   𝑥 − 𝐹𝑦,𝑎 +   𝑦 − 𝐹𝑥, 𝑎  +                                    𝜂  𝑥 − 𝑦,𝑎      

                         ≤ 𝛼  
 𝑥−𝐹𝑥 ,𝑎  𝑥−𝑦 ,𝑎  +  𝑦−𝐹𝑦 ,𝑎  𝑦−𝐹𝑥 ,𝑎  +  𝑥−𝑦 ,𝑎 2

 𝑦−𝐹𝑥 ,𝑎  
 +      

                           𝛽  
 𝑦−𝐹𝑦 ,𝑎  𝑥−𝑦 ,𝑎  +  𝑥−𝐹𝑥 ,𝑎  𝑥−𝐹𝑦 ,𝑎  +  𝑥−𝑦 ,𝑎 2  

 𝑥−𝐹𝑦 ,𝑎  
 + 

         
                        𝛾  𝑥 − 𝐹𝑥,𝑎 +   𝑦 − 𝐹𝑦,𝑎  +  𝛿   𝑥 − 𝐹𝑦, 𝑎 +   𝑦 − 𝐹𝑥, 𝑎  +                                    𝜂  𝑥 −
𝑦,𝑎    

                    =   𝛼  
 𝑥−𝐹𝑥 ,𝑎  𝑥− 

1

2
 𝐹+𝐼  𝑥  ,𝑎  +  𝑦−𝐹𝑦 ,𝑎  

1

2
 𝐹+𝐼  𝑥 −𝐹𝑥 ,𝑎  +  𝑥− 

1

2
 𝐹+𝐼  𝑥  ,𝑎 

2

 
1

2
 𝐹+𝐼  𝑥 −𝐹𝑥 ,𝑎 

 + 

                        𝛽  
 𝑦−𝐹𝑦 ,𝑎  𝑥− 

1

2
 𝐹+𝐼  𝑥  ,𝑎  +  𝑥−𝐹𝑥 ,𝑎  𝑥−𝐹 

1

2
 𝐹+𝐼  𝑥  ,𝑎  +  𝑥− 

1

2
 𝐹+𝐼  𝑥  ,𝑎 

2

 𝑥−𝐹 
1

2
 𝐹+𝐼  𝑥  ,𝑎 

  + 

                       𝛾   𝑥 − 𝐹𝑥, 𝑎  +  𝑦 − 𝐹𝑦,𝑎   + 

 𝛿   𝑥 − 𝐹  
1

2
 𝐹 + 𝐼  𝑥  , 𝑎  +   

1

2
 𝐹 + 𝐼  𝑥 − 𝐹𝑥,𝑎   +  𝜂   𝑥 −  

1

2
 𝐹 + 𝐼  𝑥  , 𝑎    

                   =  𝛼  
 𝑥−𝐹𝑥 ,𝑎 

1

2
 𝑥−𝐹𝑥 ,𝑎  +  𝑦−𝐹𝑦 ,𝑎 

1

2
 𝑥−𝐹𝑥 ,𝑎  + 

1

4
 𝑥−𝐹𝑥 ,𝑎 2

1

2
 𝑥−𝐹𝑥 ,𝑎 

  +  

                         𝛽  
 𝑦−𝐹𝑦 ,𝑎 

1

2
 𝑥−𝐹𝑥 ,𝑎  +  𝑥−𝐹𝑥 ,𝑎 

1

2
 𝑥−𝐹𝑥 ,𝑎  + 

1

4
 𝑥−𝐹𝑥 ,𝑎 2

1

2
 𝑥−𝐹𝑥 ,𝑎 

  + 

                        𝛾   𝑥 − 𝐹𝑥,𝑎  +   𝑦 − 𝐹𝑦,𝑎   +  𝛿  
1

2
 𝑥 − 𝐹𝑥, 𝑎  +  

1

2
 𝑥 − 𝐹𝑥,𝑎   + 

                        𝜂  
1

2
 𝑥 − 𝐹𝑥, 𝑎   

                  =  𝛼   𝑥 − 𝐹𝑥,𝑎  +   𝑦 − 𝐹𝑦,𝑎  +  
1

2
 𝑥 − 𝐹𝑥, 𝑎   + 

                       𝛽   𝑦 − 𝐹𝑦,𝑎  +  𝑥 − 𝐹𝑥, 𝑎  +  
1

2
 𝑥 − 𝐹𝑥,𝑎  + 

                       𝛾   𝑥 − 𝐹𝑥, 𝑎  +  𝑦 − 𝐹𝑦,𝑎   +  𝛿   𝑥 − 𝐹𝑥, 𝑎   +  
𝜂

2
 𝑥 − 𝐹𝑥, 𝑎  

                   =  𝛼  
3

2
 𝑥 − 𝐹𝑥, 𝑎  +   𝑦 − 𝐹𝑦, 𝑎   + 𝛽   𝑦 − 𝐹𝑦,𝑎  +  

3

2
 𝑥 − 𝐹𝑥,𝑎   

                        𝛾   𝑥 − 𝐹𝑥,𝑎  +   𝑦 − 𝐹𝑦,𝑎   +  𝛿   𝑥 − 𝐹𝑥,𝑎   + 
𝜂

2
 𝑥 − 𝐹𝑥,𝑎  

                    =   
3

2
𝛼 +  

3

2
𝛽 +  𝛾 +  𝛿 +  

𝜂

2
  𝑥 − 𝐹𝑥, 𝑎  +  𝛼 + 𝛽 + 𝛾  𝑦 − 𝐹𝑦,𝑎  

 ∴   𝑢 − 𝑥, 𝑎 ≤   
3

2
𝛼 +

3

2
𝛽 + 𝛾 + 𝛿 +

𝜂

2
  𝑥 − 𝐹𝑥, 𝑎  +   𝛼 + 𝛽 + 𝛾  𝑦 − 𝐹𝑦,𝑎                 (3.1.4) 

Now, 

       𝑧 − 𝑢,𝑎  ≤   𝑧 − 𝑥, 𝑎  +  𝑥 − 𝑢, 𝑎  

                            =   
3

2
𝛼 +

3

2
𝛽 + 𝛾 + 𝛿 +

𝜂

2
  𝑥 − 𝐹𝑥, 𝑎  +  𝛼 + 𝛽 + 𝛾  𝑦 − 𝐹𝑦,𝑎  +  

                                    
3

2
𝛼 +

3

2
𝛽 + 𝛾 + 𝛿 +

𝜂

2
  𝑥 − 𝐹𝑥,𝑎  +   𝛼 + 𝛽 + 𝛾  𝑦 − 𝐹𝑦,𝑎   

                             =  2  
3

2
𝛼 +

3

2
𝛽 + 𝛾 + 𝛿 +

𝜂

2
  𝑥 − 𝐹𝑥,𝑎  + 2 𝛼 + 𝛽 + 𝛾  𝑦 − 𝐹𝑦,𝑎  

                              =   3𝛼 + 3𝛽 + 2𝛾 + 2𝛿 + 𝜂  𝑥 − 𝐹𝑥, 𝑎  +   2𝛼 + 2𝛽 + 2𝛾  𝑦 − 𝐹𝑦,𝑎  
 𝑧 − 𝑢, 𝑎  =   3𝛼 + 3𝛽 + 2𝛾 + 2𝛿 + 𝜂  𝑥 − 𝐹𝑥,𝑎  +   2𝛼 + 2𝛽 + 2𝛾  𝑦 − 𝐹𝑦, 𝑎           (3.1.5) 

Also,  𝑧 − 𝑢, 𝑎  =   𝐹𝑦 −  2𝑦 − 𝑧 ,𝑎  

                               =   𝐹𝑦 − 2𝑦 + 𝑧,𝑎  

                               = 2 𝐹𝑦 − 𝑦,𝑎  

∴ 𝐹𝑟𝑜𝑚  3.1.5  
∴ 2 𝑦 − 𝐹𝑦,𝑎  =   3𝛼 + 3𝛽 + 2𝛾 + 2𝛿 + 𝜂  𝑥 − 𝐹𝑥, 𝑎  +   2𝛼 + 2𝛽 + 2𝛾  𝑦 − 𝐹𝑦,𝑎   
∴   𝑦 − 𝐹𝑦,𝑎  ≤ 𝑞 𝑥 − 𝐹𝑥,𝑎  

Where q =  
3𝛼+3𝛽+2𝛾+2𝛿+𝜂

2− 2𝛼+2𝛽+2𝛾 
< 1 

Since 5𝛼 + 5𝛽 + 4𝛾 + 2𝛿 + 𝜂 < 2 

Let G =  
1

2
 𝐹 + 𝐼  then for every 𝑥 ∈ 𝑋 

 𝐺2 𝑥 − 𝐺 𝑥 , 𝑎  =   𝐺 𝑦 − 𝑦,𝑎  

                                     =   
1

2
 𝐹 + 𝐼  𝑦 − 𝑦,𝑎  
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                                      =  
1

2
 𝑦 − 𝐹𝑦,𝑎  

                                       <  
𝑞

2
 𝑥 − 𝐹𝑥,𝑎  

By the definition of q, we claim that  𝐺2 𝑥   is a Cauchy sequence in X. 

By the completeness,  𝐺2 𝑥    converges to some element 𝑥0  in X. 

                                  i.e.   lim𝑛→∞ 𝐺
𝑛  𝑥  =  𝑥0 

Which implies that 𝐺 𝑥0  =  𝑥0 . 
Hence 𝐹 𝑥0  =  𝑥0 

i.e 𝑥0 is a fixed point of F. 

For the uniqueness, if possible let 𝑦0 ≠ 𝑥0  be another fixed point of F then 
 𝑥0 − 𝑦0 ,𝑎  =   𝐹 𝑥0 − 𝐹 𝑦0 ,𝑎  

                          ≤  𝛼  
 𝑥0−𝐹 𝑥0 ,𝑎  𝑥0−𝑦0 ,𝑎  +  𝑦0−𝐹 𝑦0 ,𝑎  𝑦0−𝐹 𝑥0 ,𝑎  +  𝑥0−𝑦0 ,𝑎 2

 𝑥0−𝐹 𝑥0 ,𝑎  +  𝑥0−𝑦0 ,𝑎 
  + 

                                𝛽  
 𝑦0−𝐹 𝑦0 ,𝑎  𝑥0−𝑦0 ,𝑎  +  𝑥0−𝐹 𝑥0 ,𝑎  𝑥0−𝐹 𝑦0 ,𝑎  +  𝑥0−𝑦0 ,𝑎 2

 𝑦0−𝐹 𝑦0 ,𝑎  +  𝑥0−𝑦0 ,𝑎 
   

                                𝛾   𝑥0 − 𝐹 𝑥0 ,𝑎  +   𝑦0 − 𝐹 𝑦0 ,𝑎   + 

                                𝛿   𝑥0 − 𝐹 𝑦0 ,𝑎  +   𝑦0 − 𝐹 𝑦0 ,𝑎   +  𝜂  𝑥0 − 𝑦0 ,𝑎  

                            =  𝛼 
 𝑥0−𝑦0 ,𝑎 2

 𝑥0−𝑦0 ,𝑎 
 +  𝛽  

 𝑥0−𝑦0 ,𝑎 2

 𝑥0−𝑦0 ,𝑎 
 + 2𝛿 𝑥0 − 𝑦0 + 𝜂 𝑥0 − 𝑦0  

                            =  𝛼  𝑥0 − 𝑦0,𝑎 +  𝛽  𝑥0 − 𝑦0,𝑎  + 2𝛿  𝑥0 − 𝑦0 ,𝑎  +  𝜂  𝑥0 − 𝑦0 ,𝑎  

                            =   𝛼 + 𝛽 + 2𝛿 + 𝜂  𝑥0 − 𝑦0,𝑎  

  ∴   𝑥0 − 𝑦0,𝑎  ≤   𝛼 + 𝛽 + 2𝛿 + 𝜂  𝑥0 − 𝑦0,𝑎  
Since 𝛼 + 𝛽 + 2𝛿 + 𝜂 < 1 

∴   𝑥0 − 𝑦0,𝑎  = 0 

∴  𝑥0  =  𝑦0 
This is the complete prof. 

Theorem 3.2 : Let K be closed and convex subject of a Banach space X. Let 𝐹:𝐾 → 𝐾,𝐺:𝐾 → 𝐾  
Satisfy the following conditions: 

F and G commute                                                                                                                 (3.2.1) 

𝐹2  = and 𝐺2  = 𝐼, where I denotes identify mapping                                                       (3.2.2) 
 𝐹 𝑥 − 𝐹 𝑦 ,𝑎                                                                                                                   (3.2.3) 

≤  𝛼  
 𝐺 𝑥 − 𝐹 𝑥 , 𝑎  𝐺 𝑥 − 𝐺 𝑦 ,𝑎  +  𝐺 𝑦 − 𝐹 𝑦 ,𝑎  𝐺 𝑦 − 𝐹 𝑥 , 𝑎  +  𝐺 𝑥 − 𝐺 𝑦 ,𝑎 2

 𝐺 𝑥 − 𝐹 𝑥 , 𝑎  +   𝐺 𝑥 − 𝐺 𝑦 ,𝑎 
  

+ 𝛽  
 𝐺 𝑦 − 𝐹 𝑦 ,𝑎  𝐺 𝑥 − 𝐺 𝑦 ,𝑎  +   𝐺 𝑥 − 𝐹 𝑥 ,𝑎  𝐺 𝑥 − 𝐹 𝑦 , 𝑎  +   𝐺 𝑥 − 𝐺 𝑦 ,𝑎 2

 𝐺 𝑦 − 𝐹 𝑦 ,𝑎  +  𝐺 𝑥 − 𝐺 𝑦 ,𝑎 
  

+ 𝛾   𝐺 𝑥 − 𝐹 𝑥 ,𝑎  +   𝐺 𝑦 − 𝐹 𝑦 ,𝑎     +  𝛿   𝐺 𝑥 − 𝐹 𝑥 , 𝑎  +   𝐺 𝑦 − 𝐹 𝑥 , 𝑎    
+ 𝜂  𝐺 𝑥 − 𝐺 𝑦 , 𝑎  

For every 𝑥,𝑦 ∈ 𝑋, 𝑎 > 0 is real and 5𝛼 + 5𝛽 + 4𝛾 + 2𝛿 + 𝜂 < 2. Then there exist at least one fixed point, 

𝑥0 ∈ 𝑋 such that F 𝑥0 = 𝐺 𝑥0 = 𝑥0 . Further if 𝛼 + 𝛽 + 2𝛿 + 𝜂 < 1 then X is the unique fixed point of F and 

G. 

Proof: From  3.2.1  and  3.2.2  it follows that  𝐹𝐺 2 = 𝐼 and (3.2.2) and (3.2.3) weget 
 𝐹𝐺𝐺 𝑥 − 𝐹𝐺𝐺 𝑦 ,𝑎  =   𝐹𝐺2 𝑥 − 𝐹𝐺2 𝑦 ,𝑎  

≤  𝛼 

 
 
 
 
 
 𝐺𝐺2 𝑥 − 𝐹𝐺2 𝑥 ,𝑎  𝐺𝐺2 𝑥 − 𝐺𝐺2 𝑦 ,𝑎  +   𝐺𝐺2 𝑦 − 𝐹𝐺2 𝑦 ,𝑎  𝐺𝐺2 𝑦 − 𝐹𝐺2 𝑥 , 𝑎  

+  𝐺𝐺2 𝑥 − 𝐺𝐺2 𝑦 ,𝑎 2

 𝐺𝐺2 𝑥 − 𝐹𝐺2 𝑥 , 𝑎  +  𝐺𝐺2 𝑥 − 𝐺𝐺2 𝑦 ,𝑎 

 
 
 
 
 

 

+ 𝛽 

 
 
 
 
 
 𝐺𝐺2 𝑦 − 𝐹𝐺2 𝑦 ,𝑎  𝐺𝐺2 𝑥 − 𝐺𝐺2 𝑦 ,𝑎  +  𝐺𝐺2 𝑥 − 𝐹𝐺2 𝑥 ,𝑎  𝐺𝐺2 𝑥 − 𝐹𝐺2 𝑦 ,𝑎 

+  𝐺𝐺2 𝑥 − 𝐺𝐺2 𝑦 ,𝑎 2

 𝐺𝐺2 𝑦 − 𝐹𝐺2 𝑦 ,𝑎 +  𝐺𝐺2 𝑥 − 𝐺𝐺2 𝑦 ,𝑎 

 
 
 
 
 

 

+ 𝛾   𝐺𝐺2 𝑥 − 𝐹𝐺2 𝑥 ,𝑎 +  𝐺𝐺2 𝑦 − 𝐹𝐺2 𝑦 ,𝑎     
+ 𝛿   𝐺𝐺2 𝑥 − 𝐹𝐺2 𝑦 ,𝑎 +  𝐺𝐺2 𝑦 − 𝐹𝐺2 𝑥 , 𝑎   +  𝜂  𝐺𝐺2 𝑥 − 𝐺𝐺2 𝑦 ,𝑎  
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≤  𝛼 

 
 
 
 
 𝐺 𝑥 − 𝐹𝐺.𝐺 𝑥 ,𝑎  𝐺 𝑥 − 𝐺 𝑦 , 𝑎  +  𝐺 𝑦 − 𝐹𝐺.𝐺 𝑦 ,𝑎   𝐺 𝑦 − 𝐹𝐺.𝐺 𝑥 , 𝑎  +

  𝐺 𝑥 − 𝐺 𝑦 ,𝑎 2

 𝐺 𝑥 − 𝐹𝐺.𝐺 𝑥 , 𝑎  +   𝐺 𝑥 − 𝐺 𝑦 ,𝑎 

 
 
 
 

+ 𝛽 

 
 
 
 
 𝐺 𝑦 − 𝐹𝐺.𝐺 𝑦 ,𝑎  𝐺 𝑥 − 𝐺 𝑦 ,𝑎  +  𝐺 𝑥 − 𝐹𝐺.𝐺 𝑥 , 𝑎   𝐺 𝑥 − 𝐹𝐺.𝐺 𝑦 ,𝑎  +

  𝐺 𝑥 − 𝐺 𝑦 ,𝑎 2

 𝐺 𝑦 − 𝐹𝐺.𝐺 𝑦 ,𝑎  +  𝐺 𝑥 − 𝐺 𝑦 ,𝑎 

 
 
 
 

 

 + 𝛾   𝐺 𝑥 − 𝐹𝐺.𝐺 𝑥 , 𝑎  +  𝐺 𝑦 − 𝐹𝐺.𝐺 𝑦 ,𝑎   
+ 𝛿   𝐺 𝑥 − 𝐹𝐺.𝐺 𝑦 ,𝑎  +   𝐺 𝑦 − 𝐹𝐺.𝐺 𝑥 ,𝑎  +  𝜂   𝐺 𝑥 − 𝐺 𝑦 ,𝑎   
Now that 𝐺 𝑥 = 𝑍 𝑎𝑛𝑑 𝐺 𝑦 = 𝑊, then we get 
 𝐹𝐺 𝑧 − 𝐹𝐺 𝑤 ,𝑎 

≤  𝛼  
 𝑧 − 𝐹𝐺 𝑧 ,𝑎  𝑧 − 𝑤, 𝑎  +   𝑤 − 𝐹𝐺 𝑤 ,𝑎  𝑤 − 𝐹𝐺 𝑧 , 𝑎  +   𝑧 − 𝑤, 𝑎 2

 𝑧 − 𝐹𝐺 𝑧 , 𝑎  +   𝑧 − 𝑤,𝑎 
  + 

 𝛽  
 𝑤−𝐹𝐺 𝑤 ,𝑎  𝑧−𝑤 ,𝑎  +  𝑧−𝐹𝐺 𝑧 ,𝑎  𝑧−𝐹𝐺 𝑤 ,𝑎  +  𝑧−𝑤 ,𝑎 2

 𝑤−𝐹𝐺 𝑤 ,𝑎  +  𝑧−𝑤 ,𝑎 
  + 

 𝛾   𝑧 − 𝐹𝐺 𝑧 , 𝑎  +  𝑤 − 𝐹𝐺 𝑤 ,𝑎   +  𝛿   𝑧 − 𝐹𝐺 𝑤 ,𝑎  +   𝑤 − 𝐹𝐺 𝑧 , 𝑎   + 

𝜂  𝑧 − 𝑤,𝑎  

We have  𝐹𝐺 2 = 𝐼 𝑎𝑛𝑑 so by theorem1. FG has at least one fixed point say 𝑥0  in K, i.e. 

      𝐹𝐺 𝑥0  =  𝑥0                                                                                                    (3.2.4) 

 𝐹𝐹𝐺 𝑥0  = 𝐹 𝑥0  
G 𝑥0  = 𝐹 𝑥0  
Now, 

 𝐹 𝑥0 − 𝑥0 ,𝑎  =   𝐹 𝑥0 − 𝐹
2 𝑥0 ,𝑎  =   𝐹 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎  

≤  𝛼 

 
 
 
 
 𝐺 𝑥0 − 𝐹 𝑥0 ,𝑎  𝐺 𝑥0 − 𝐺𝐹 𝑥0 ,𝑎  +  𝐺𝐹 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎  𝐺𝐹 𝑥0 − 𝐹 𝑥0 ,𝑎 

+  𝐺 𝑥0 − 𝐺𝐹 𝑥0 ,𝑎 
2

 𝐺 𝑥0 − 𝐹 𝑥0 ,𝑎 +   𝐺 𝑥0 − 𝐺𝐹 𝑥0 ,𝑎 

 
 
 
 

+  𝛽 

 
 
 
 
 𝐺𝐹 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎  𝐺 𝑥0 − 𝐺𝐹 𝑥0 ,𝑎  +   𝐺 𝑥0 − 𝐹 𝑥0 ,𝑎  𝐺 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎 

+  𝐺 𝑥0 − 𝐺𝐹 𝑥0 ,𝑎 
2

 𝐺𝐹 𝑥0 − 𝐹𝐹 𝑥0 , 𝑎 +   𝐺 𝑥0 − 𝐺𝐹 𝑥0 ,𝑎 

 
 
 
 

 

+ 𝛾   𝐺 𝑥0 − 𝐹 𝑥0 ,𝑎 +   𝐺𝐹 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎   
+ 𝛿   𝐺 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎 +   𝐺𝐹 𝑥0 − 𝐹 𝑥0 ,𝑎  + 𝜂  𝐺 𝑥0 − 𝐺𝐹 𝑥0 , 𝑎  

=   𝛼  
 𝐹 𝑥0 − 𝐹 𝑥0 ,𝑎  𝐹 𝑥0 − 𝑥0 ,𝑎  +   𝑥0 − 𝑥0 ,𝑎  𝑥0 − 𝐹 𝑥0 , 𝑎  +   𝐹 𝑥0 − 𝑥0 ,𝑎 2

 𝐹 𝑥0 − 𝐹 𝑥0 ,𝑎 +   𝐹 𝑥0 − 𝑥0 ,𝑎 
 

+  𝛽  
 𝑥0 − 𝑥0 ,𝑎  𝐹 𝑥0 − 𝑥0 ,𝑎  +  𝐹(𝑥0)− 𝐹(𝑥0),𝑎  𝐹(𝑥0)− 𝑥0 ,𝑎  +   𝐹 𝑥0 − 𝑥0 ,𝑎 2

 𝑥0 − 𝑥0 ,𝑎 +   𝐹 𝑥0 − 𝑥0 ,𝑎 
  

+ 𝛾   𝐹 𝑥0 − 𝐹 𝑥0 ,𝑎 +   𝑥0 − 𝑥0 ,𝑎  +  𝛿   𝐹 𝑥0 − 𝑥0 ,𝑎 +   𝑥0 − 𝐹 𝑥0 ,𝑎   
+ 𝜂   𝐹 𝑥0 − 𝑥0 ,𝑎   
=  𝛼  𝐹 𝑥0 − 𝑥0 ,𝑎 +  𝛽  𝐹 𝑥0 − 𝑥0 ,𝑎 +  2𝛿  𝐹 𝑥0 − 𝑥0 ,𝑎 +  𝜂  𝐹 𝑥0 − 𝑥0 ,𝑎  

=   𝛼 + 𝛽 + 2𝛿 + 𝜂  𝐹 𝑥0 − 𝑥0 ,𝑎  
Therefore 
 𝐹 𝑥0 − 𝑥0 ,𝑎  ≤   𝛼 + 𝛽 + 2𝛿 + 𝜂  𝐹 𝑥0 − 𝑥0 ,𝑎  
This is contradiction 

Since 𝛼 + 𝛽 + 𝛿 + 𝜂 < 1 

∴ 𝐹 𝑥0 =  𝑥0 

i.e. 𝑥0  is fixed point of F but 𝐹 𝑥0 = 𝐺 𝑥0  therefore we have 𝐺 𝑥0 =  𝑥0 

i.e. 𝑥0 is the common fixed point of F and G. 

Now we shall prove that 𝑥0 is the unique common fixed point of F and G. If possible let 𝑦0 be another fixed 

point of F and G. 
Now by (3.2.1), (3.2.2), (3.2.3), (3.2.4) and (3.2.5) we have 

 𝑥0 − 𝑦0 ,𝑎  =   𝐹2 𝑥0 − 𝐹
2 𝑦0 ,𝑎  =   𝐹𝐹 𝑥0 − 𝐹𝐹 𝑦0 ,𝑎  
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≤  𝛼 

 
 
 
 
 𝐺𝐹 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎  𝐺𝐹 𝑥0 − 𝐺𝐹 𝑦0 ,𝑎  +   𝐺𝐹 𝑦0 − 𝐹𝐹 𝑦0 ,𝑎  𝐺𝐹 𝑦0 − 𝐹𝐹 𝑥0 ,𝑎 

+  𝐺𝐹 𝑥0 − 𝐺𝐹 𝑦0 ,𝑎 
2

 𝐺 𝑥0 − 𝐹 𝑥0 , 𝑎 +   𝐺 𝑥0 − 𝐺𝐹 𝑥0 ,𝑎 

 
 
 
 

+  𝛽 

 
 
 
 
 𝐺𝐹 𝑦0 − 𝐹𝐹 𝑦0 ,𝑎  𝐺𝐹 𝑥0 − 𝐺𝐹 𝑦0 ,𝑎  +   𝐺𝐹 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎  𝐺𝐹 𝑥0 − 𝐹𝐹 𝑦0 ,𝑎 

+  𝐺𝐹 𝑥0 − 𝐺𝐹 𝑦0 ,𝑎 
2

 𝐺𝐹 𝑦0 − 𝐹𝐹 𝑦0 ,𝑎 +   𝐺𝐹 𝑥0 − 𝐺𝐹 𝑦0 ,𝑎 

 
 
 
 

 

+ 𝛾   𝐺𝐹 𝑥0 − 𝐹𝐹 𝑥0 ,𝑎 +  𝐺𝐹 𝑦0 − 𝐹𝐹 𝑦0 ,𝑎   
+ 𝛿   𝐺𝐹 𝑥0 − 𝐹𝐹 𝑦0 ,𝑎 +   𝐺𝐹 𝑦0 − 𝐹𝐹 𝑥0 , 𝑎  + 𝜂  𝐺𝐹 𝑥0 − 𝐺𝐹 𝑦0 ,𝑎  

=  𝛼 𝑥0 − 𝑦0 ,𝑎  +  𝛽 𝑥0 − 𝑦0 ,𝑎  + 2𝛿 𝑥0 − 𝑦0,𝑎  +  𝜂 𝑥0 − 𝑦0 ,𝑎  

=   𝛼 + 𝛽 + 2𝛿 + 𝜂  𝑥0 − 𝑦0 ,𝑎  
 𝑥0 − 𝑦0 ,𝑎 ≤   𝛼 + 𝛽 + 2𝛿 + 𝜂  𝑥0 − 𝑦0,𝑎  

Since 𝛼 + 𝛽 + 2𝛿 + 𝜂 < 1. it follows, 

𝑥0 = 𝑦0. 
Proving the uniqueness of 𝑥0 . 
Hence the complete proof of  theorem 2. 
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