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Abstract: Let M be a /=near ring. An element aeM is called a dependent element on a mapping f if

f(x)aa= acx for all xeM, a el In this paper we study and investigate concerning dependent elements of M by
certain mappings on prime and semi prime /-near rings using certain assumption (A), and also we study the
generalized 7*derivation F of 7=near ring M and 7-derivations D which are free action.
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I.  Introduction And Preminiries
Some researchers have studied the notion of free action. Laradji and Thaheem in [1] initiated the study of
dependent elements of endemorphism of semiprime ring. F.J.Murray and J.Von Neuman in [2], introduced the
notions of dependent elements and free action. In [8],Vukman and Ireana investigate some properties of
dependent elements of derivations, generalized derivations and automorphisms of prime and semiprime rings.
M.S.Samman and M. Anwar in [3] have studied some properties of dependent elements of left centralizers.
Vukman and Kosi-Ulbl in [7] and Vukman in [4] and [5] on dependant elements of mappings of semiprime
rings, Vukman and Kusi-Ulbl in [6] have studied centralizers in general from work of semiprime rings.
In this paper we investigate some mappings related to centralizer, reverse-centralizer, I'-derivations and
generalized I'-derivations are free actions on prime and semi prime I'-near rings.
Throughout M will represent an associative I'-near ring with center Z(M) the commutator [x,y], will
denoted by xay—yax for all x,ye M and oI, and we use the identities below
[XBY.zlo =xBly,z]at[X.z]BYy+ XBzay- XozBy and
[X,yBzl.. = YBIX,2]o +[X.Y]oBZ + yPXaz -yaxpz, for all x,y,zeM and a,feT.
We shall take an assumption (A)... xaypz = xpyaz, for all x,y,zeM and o,B T
AT -near ring M is a triple (M, +,I') where
(i) (M, +) is a group (not necessarily abelian).
(ii) " is a non empty set of binary operations on M-such that for each o € ', (M,+,a) is a near ring.
(iii) xa(yPz) = (xay)pz, forall x,y,z eM and o,,e T'.

M is said to be prime I'-near ring if XT'MI'y = (0) for all x, yeM implies x =0 or y =0 and semi prime
I'-near ring if xXCMI'x = (0) for all x €M implies x = 0. A I'-near ring M is said to be 2-torsion free whenever
2x=0, for all xeM, then x=0.A I'-derivation on M is defined to be an additive endomorphism D of M satisfying
the product rule D(xay)=D(X)ay+xaD(y) or equivalently D(xay)=xaD(y)+D(X)ay, for all x,yeM and
aeI'.An additive mapping F: M — M is called generalized I'-derivation if there exists I'-derivation D of M such
that F(xay) = F(X)ay + xaD(y).An additive mapping T: M — M is called left (resp.right) centralizer if T(xay) =
TX)ay, (T(xay) = xaT(y)), for all x,yeM and ae T'. If T is a both left as well right centralizer then T is

centralizer for all x,yeM and aeI" ,and T is called left (resp. right) reverse centralizer of M if T(xay) =
T(y)oax, (T(xay) = yaT(x)) hold for all x,yeM and a.cI. If T is both left as well right reverse-centralizer, then
T is a reverse-centralizer. An element acM is called a dependent element of mapping fM—>M if

f(xX)aa = aox holds for all xeM and aeI".A mapping f: M — M is said to be free action if the only depend
element of f is zero. The symbol D*(f) is denoted to the collection of all dependent elements.

Il.  Results
We consider M in all our results satisfying the assumption (A).

Theorem (2.1):
Let M be a prime T"-near ring with a non zero I'-derivation D, then D is a free action.

Theorem (2.2):
Let M be a semi prime I"-near ring ,and F be a non zero generalized T'-derivation associated with
a I'-derivation D, then F is a free action.
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Proof:

Forall x e M ,ae M and a.eT’, we have the relation

F(x)oa = aax (D
Putting xpy for x ,and using (1), we get

F(X)Byaa + (xaa —aax)By =0 ,for all x,yeM and a,pel’ ...(2) Putting
ydz for y in (2), and other hand right multiplication of (2) by z, and subtraction two equations , we obtain
F(X)Byd(zoa —aaz) =0 ,forall X,y,zeM and o,,8l’ ...(3)

Replacing y by aly in (3),and using (1),we obtain

apxiyd(zoa —aaz) =0 ...(4)

Replacing x by zox in (4),and other hand left multiplication of (4) by z ,and subtracting two equations, we
obtain:

(zoa—aaz)pxryd(zaa—aaz)=0 ,for all x,y,zeM and a,B,6,Ael’ ...(5)
Replacing xAy by r in (5) ,we obtain

(zoa — aaz)pro(zoa —aaz) =0 ,forall zreM and o,B,6l ...(6)
Since M is semi prime, we get

(zoa—anz) =0 ... (7)
Substitution (7) in (2)for all zeM, and replacing y by ady using (1), we get

apxdyoca =0 ... (8)
Putting z for x3y in (8), we get:

apzaa=0 , forallz e M, and o,BeT.

Since M is semi prime, we get a = 0.This completes the proof.

Theorem (2.3):

Let M be a prime I'-near ring and F be a generalized I'-derivation on M associated with a non zero I-
derivation D. If acM, a is dependent element of F, then acZ (M).
Proof:

Since a an element dependent on F, therefore
F(X)aa = aax ,for all xeM and ael’ ...(1)
Replacing x by xBy in (1) and using (1), we get
(F(X)aa—xaa)py = D(x)Byaa ,for all x,yeM and a,pel’ ...(2)
Right multiplication (2) by z, other hand replacing y by yéz in (2),and subtracting two equations , we get
D(x)Byd[a,z], = 0 ,for all x,y,zeM and a,8,6l’ ...(3)
Since M is a prime and D = 0, we obtain
[a,z], = 0 that means aeZ(M), for all zeM, a.el".This completes the proof.

Corollary (2.4):

Let M be a prime I'-near ring, and let a,b €M be a fixed elements. Suppose that ceM is dependent element
of F(x)= aax+xab. Then ceZ(M).
Proof:

For all xeM and a.eT’, we obtain:
F(x) = aox ...(D)
Replacing x by xBy in (1), we get:
F(xBy)= (aax+xab)By + xB[y,b], ,for all x,yeM and a,fel’ ...(2)
Replacing [y,b], by D(y) in (2) and using (1), we get:
F(xBy) = F(x)By + xBD(y) ,forall x,yeM and el ...(3)
This mean F is a generalized I'-derivation where it follows according the theorem (2.3), ceZ(M).

Theorem (2.5):
Let M be a prime I'-near ring, and let a, b €M be fixed elements. Suppose that ceM is dependent element on
the mapping y(X)=aaxph, then aaceZ(M) or baceZ(M).

Proof:

For all xeM and eI, we have
y(X)d¢C = cdX, (D)
Then, (aoxpb)dc = cdx ...(2)
Replacing x by xAy in (2),and using (2) , we get
aoxP[bdc,y];, =0, for all x,yeM and o,3,8€l’ ...(3)
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Replacing x by cdxAy in (3),other hand replacing x by cdx in (3) with left multiplying by y,and subtracting
two equations, we obtain

[adc,y]oxB[bdc,y], = 0, for all x,yeM and a,B,8,Ael’ .4

Since M is a prime, for all xeM ,we get

[adc,y], =0 or [bdc,y];,. =0.

That means either aaceZ(M) or baceZ(M).

Theorem (2.6):

Let M be a 2-torsion free prime I'-near ring ,and F; and F, are two generalized I'- derivations on M
associated with T'-derivations D; and D, respectively, then the mapping w(x) is free action, for all xe M, when:
1) y(x) = D(X) + D2(X)

2) ()= D (x) + D,(x)
3) y(x) = Dy(x) + D5 (x)
4) y(x) = Fi(x) + D? (x), for all i= 1,2.
5) w(x) = (9 + Fa(9)

6) v() = Fux) + F (x).
Proof:

We will prove (4). The proof of other results is by the same way.
Let i =2, for all xeM, we have

y(¥) = F(0) + D2(x).

Let a € D*(y), then y(xX)oa = aax, forallx e Mand a e T.
That is

aax = Fy(X)oa + Dg(x)oca, for all xeM and a.el’ (D
Putting xpa for x in (1), and using (1), we get
aaxBa = 2D,(X)BD,(a)aa + XPDy(a)aa + XB D; (a)oa .(2)

Replacing x by ydx in (2), and using (2), we get:
2(D(y)dxpD,(a)oa = 0,
Since M is 2-torsion free, we have

D,(y)8xBD,(a)aa=0, forall x,yeM and a,,6el’ ...(3)
Putting z for D»(a) in (3), we get
D,(y)6xPBzaa = 0, for all x,y,zeM and a,3,86eI’ ...(4)

Replacying xpz by r, we get
Dy(y)draa =0, forall y,reM and o,,6e T’
Since M is prime and D = 0, we get a = 0, that’s mean our mapping is a free action.

Theorem (2.7):
Let M be a semi prime I'-near ring, and let T be a centralizer, F be a generalized I'-derivation with

associated I'-derivation D. If a is dependent element of D, acM, then y = (FoT) is a free action.
Proof:

Let y= (FoT), and aeD*(y), then y(X)aa = aax ,for all xeM and aeT’, That is
(FeT)(X)oa = aax, ...(D)
Replacing x by xBy in (1), and using (1) ,we get
(FeT)(X)[a,yl. =T(X)BD(y)aa, for all x,yeM and o, e’ ..(2)

Replacing y by ady in (2), and using (1) ,we get

apxd[a,yl. =T(X)BD(a)dyaa + T(X)BadD(y)aa , for all x,yeM and a,3,8€T’ ...(3)
Multiplying (3) on the left by z, other hand replacing x by zax in (3) and Subtracting two equations ,we get
[a,z].Bxd[a,z],=0 ,for all x,zeM and a,B,0€l’ .4
Replacing z byyin (4), we get:

[a,y].pxd[a,y]. = 0, which by semiprimeness of M, implies
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[a,y]. =0 (forall yeM, ael’ ...(5
Substitute (5) in (2), and by the hypothesis ,we get

T(X)Baay =0, for all x,yeM and a,pel’ ...(6)

Replacying y by y3T(x)Ba in (6), and using semiprimeness of M ,we get

T(X)Ba=0, for all xeM, Bel’ )]

Taking F of (7), and using (3) and (1),we get
aoxpa =0, for all xeM and ol

Since M is semi prime, we get a = 0, which implies that (FoT) is a free action.

Theorem (2.8):

Let T be a reverse centralizer of I'-near ring M. Then y: M — M which defined by w(x) = [T(x),X].., for

all xeM and a.eI is a free action.

Proof:
Let a € D*(y), then y(x)Ba = apx, forall xeM and a,,pel’
That is
[T(X),xX].pa = apx, for all xeM and a,pel’ ..(D
Linearizing (1) ,and using (1) , we get:
[T(X),yl.Ba+ [T(y).,x].pa =0, forall x,yeMand o,pe I ...(2)

Replacing y by ady in (2), and using (2),we get
-ad[T(y).x].Pa + [T(x),a].0ypa + T(y)d[a,x].pa + [T(y).X].0apa =0, for all x,yeM and a,B,6e T

..(3)

Replacing y and x by a in (3),and other hand replacing x by ain (3),and using them ,we get
- adapa + adapa + adapa =0
That is, adapa = 0, we get a = 0.Hence v is free action.
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