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 Abstract : Let G  be a graph. A subset S  of )(GV  is a restrained 2-dominating set if every vertex of 

SGV \)(  is adjacent to at least two vertices of S  and every vertex of SGV \)(  is adjacent to at least one 

vertex in SGV \)( . The restrained 2 -domination number of G ,  denoted by )(2 Gr , is the smallest 

cardinality of a restrained 2 -dominating set G . In this paper, we characterize the graphs obtained in the join 

of two graphs having 2,3,4=)(2 Gr . We also characterize restrained 2 -dominating sets in the corona of 

two graphs and give a formula for computing the restrained 2 -domination number. 

 

I. Introduction 

 Given a connected graph ))(),((= GEGVG  a dominating )(GVS   is a restrained dominating 

set if every vertex of SGV \)(  is adjacent to a vertex in S  and to a vertex in SGV \)( . The cardinality of a 

minimum restrained dominating set is the restrained domination number of G  and is denoted by )(Gr . A 

dominating )(GVS   is a 2 -dominating set if every vertex in SGV \)(  is adjacent to at least two vertices 

in S . The 2 -domination number of G , denoted by )(2 G , is the cardinality of a minimum 2 -dominating 

set of G . A dominating set )(GVS   is called a restrained 2 -dominating set if every vertex in SGV \)(  is 

adjacent to at least two vertices in S  and to a vertex in SGV \)( . The restrained 2 -domination number of G  

, denoted by )(2 Gr , is the cardinality of a minimum restrained 2 -domination set. 

The  join of any graphs G  and H , denoted by HG , is the graph with 

)()(=)( HVGVHGV   and )(:{)()(=)( GVuuvHEGEHGE   and )}(HVv . The  

corona of G  and H , denoted by HG   is defined as the graph obtained by taking one copy of G  (which has 

p  vertices) and p  copies of H , and then joining the ith vertex of G  to every vertex in the ith copy of H . 

We denote the copy of H  with respect to vertex )(GVa  by aH . The neighbor of a vertex x  in G , 

denoted by )(xNG  is the set of all vertices adjacent to x , i.e., )}(|{=)( GExyGyxNG  . 

The concept of domination has been the subject of so may researches in the last few decades due to its 

application in many fields, such as network topologies, location problems, protection strategies, etc. Another 

domination variant was introduced in [1] which was derived from two existing dominations concepts 

independently introduced by Telle,et al [4] and Fink, et al [7]. In [1], the authors provided some 

characterizations and bounds for the restrained 2 -domination of a graph. Furthermore, it contained the 

restrained 2 -domination numbers of special graphs. This present work invetigated intensively the concept of 

restrained 2 -domination in some graphs resulting from binary operations, such as the join and corona of graphs, 

which were not tackled by Kelkar, et. al. Important results on characterization of restrained 2 -domination sets 

were presented here and corresponding formulas for computing the restrained 2 -domination were also 

explicitly given. 

Throughout this paper, ))(),((= GEGVG  is a simple undirected and connected graph. The order of 

G ,denoted by G , is the cardinality of )(GV . For other graph theoretic terms which are assumed here, 

readers are advised to refer to [5]. 
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II. Join of two Graphs 

Theorem 2.1  Let G  and H  be connected graphs. Then 4)(2 2  HGr .  

Proof.   

 A minimum 2r -dominating set must contain at least two vertices, hence, )(2 2 HGr   . 

Suppose 2=G . Let   )(=,= GVbaS  and SHGVx \)(  . Then )(HVx . It follows thhat 

2=)(xNS . Since H  is connected, there exists SHGVHVy \)(=)(   such that x  and y  are 

adjacent in H , and so x  and y  are adjacent in HG . Thus, 2=)(2 HGr  . Similarly, if 2=H , 

2=)(2 HGr  . 

 Suppose 3G  and 3H . Let  dcbaS ,,,=  whhere )(, GVba   and )(, HVdc  . Let 

SHGVx \)(  . If  baGVx ,\)( , then 2)( xNS  and there exists )(HVw  such that x  and 

w  are adjacent in HG . If  dcHVx ,\)( , then 2)( xNS  and there exists )(GVu  such that x  

and u  are adjacent in HG . Hence, S  is a 2r -dominating set in HG . Accordingly, 4)(2 HGr .              

+  

Theorem 2.2  Let G  and H  be connected graphs of order at least two. Then 2=)(2 HGr   if and only if 

one of the following holds: 

  

    1.  1=G  or 1=H ;  

    2.  1=)(G  and 1=)(H ;  

    3.  2=)(2 G  or 2=)(2 H .  

  Proof.   Suppose 2=)(2 HGr  . If  )(i  or  )(iii  holds, then we are done. Suppose that instead of  )(i  and  

)(ii  i.e., the following conditions hold:   

    1.  3G  and 3H ; and  

    2.  3)(2 G  or 3)(2 H .  

 Let  baS ,=  be a minimum 2r -dominating set in HG . Suppose )(, GVba   and 

 baGVx ,\)( . Then SHGVx \)(  . Since S  is an 2r -dominating set in HG , )(, xNba G . 

This implies that  ba,  is a 2-dominating set in G . Thus, 2)(2 G . This contradicts )(a . Similarly, if 

)(, HVba  , we will also obtain a contradiction. Hence, )(GVa  and )(HVb . 

Let  aGVx \)( . Then SHGVx \)(  . Since S  is an 2r -dominating set,  baxNS ,=)( . 

It follows that  axNG =)( . Thus,  a  is a dominating set in G . This implies that 1)( G . Hence, 

1=)(G . Similarly, 1)( H . Hence, )(ii  holds. 

Conversely, suppose )(i  holds. Then following the case in the proof of Theorem 2.1, 

2=)(2 HGr  . 

Suppose )(ii  holds. Assume 3G  and 3H . Let  baS ,=  where  a  and  b  are 

dominating sets in G  and H , respectively. Let SHGVx \)(  . If  aGVx \)( , then x  and a  are 

adjacent in G . In effect,  baxNS ,=)( . Moreover, there exists   SHGVbHVw \)(\)(   such 

that x  and w  are adjacent in HG . The same conclusion is obtained if  bGVx \)( . Thus, S  is an 2r

-dominating set in HG . In effect, 2)(2 HGr . By Theorem 2.1, 2=)(2 HGr  . 

Suppose )(iii  holds. Assume 2=)(2 G . Let  baS ,=  be a minimum 2 -dominating set in G . 

Let SHGVx \)(  . Suppose SGVx \)( . Then 2=)(xNS . Moreover, there exists 

SHGVHVw \)()(   such that x  and w  are adjacent in HG . Thus, S  is an 2r -dominating set 
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in HG  Hence, 2=)(2 HGr  . Similarly, if 2=)(2 H , we have 2=)(2 HGr  .              +  

 

Theorem 2.3  Let G  and H  be connected graphs such that 3)(2 G  and 3)(2 H  . Then 

3=)(2 HGr   if and only if one of the following holds: 

  

    1.  1=)(G  and 2)( H ;  

    2.  2)( G  and 1=)(H ;  

    3.  2=)(G  or 2=)(H ;  

    4.  3=)(2 G  or 3=)(2 H  .  

  

 Proof.   Suppose 3=)(2 HGr  . Then by Theorem 2.2, the following must hold:   

    1.  2)( G  or 2)( H ;  

    2.  3)(2 G  and 3)(2 H .  

 Let  cbaS ,,=  be an 2r -dominating set in HG . Consider the following cases: 

 Case 1.  )(, GVba   and )(HVc .  Then  ba,  is a dominating set in G . Consequently, 

2)( G . Suppose 1=)(G . Then by (1) , 2)( H . Thus, )(i  holds. If 2=)(G , then )(iii  holds. 

 Case 2.  )(GVa  and )(, HVcb  .  Following the argument in  Case 1, )(ii  or )(iv  holds. 

 Case 3.  )(,, GVcba  .  Then  cba ,,  is a 2 -dominating set in G . In effect, 3)(2 G . By 

Theorem 2.2, 3=)(2 G . Thus, )(iv  holds. 

 Case 4.  )(,, HVcba  .  Following the argument in  Case 3, we have 3=)(2 H . Thus, )(iv  

holds. 

 

Conversely, assume )(i  holds. Let  cbaS ,,= , where )(, GVba   and )(HVc  and  a  is a 

dominating set in G . Let SHGVx \)(  . Suppose  baGVx ,\)( . Note that 2)( xNS . 

Moreover there exists  cHVw \)(  such that x  and w  are adjacent in HG . Suppose  cHVx \)(

. Then 2)( xNS  and there exists )(GVu  such that x  and u  are adjacent in HG . Thus, S  is an 

2r -dominating in HG . Accordingly, 3)(2 HGr . Following the proof of Theorem 2.2, we will 

obtain a contradiction if 2=)(2 HGr  . Thus, 3=)(2 HGr  . 

Similarly, if )(ii  holds, 3=)(2 HGr  . 

Suppose 2=)(G . Let  cbaS ,,=  where  ba,  is a minimum dominating set in G  and 

)(HVc . Let SHGVx \)(  . Suppose  baGVx ,\)( . Then 2)( xNS  and there exists 

 cHVw \)(  such that x  and w  are adjacent. Suppose  cHVx \)( . Then 2)( xNS  and there 

exists  baHVu ,\)(  such that x  and u  are adjacent. Thus, S  is an 2r -dominating set. Accordingly, 

3)(2 HGr . Following the argument in the proof of Theorem 2.2, we will obtain a contradiction if 

2=)(2 HGr  . Thus, 3=)(2 HGr  . 

Similarly, if 2=)(H , 3=)(2 HGr  . 

Suppose 3=)(2 G . Let  cbaS ,,=  be a 2-dominating set in G . Let SHGVx \)(  . 

Suppose SGVx \)( . Then 2)( xNS  and there exists SHGVHVw \)()(   such that x  and 

w  are adjacent. Suppose )(HVx . Then 3)( xNS  and there exists SHGVHVw \)()(   such 

that x  and w  are adjacent. Thus, S  is an 2r -dominating set. Accordingly, 3)(2 HGr . Following the 

argument in the proof of Theorem 2.2, we will obtain a contradiction if 2=)(2 HGr  . Thus, 
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3=)(2 HGr  . 

Similarly, if 3=)(2 H  we have 3=)(2 HGr  .              +  

 

III. Corona of Two Graphs 

Theorem 3.1  Let G  be a connected graph of order at least two. Then )( 12 KGr  .  

 Proof.   Let  niaGV i 1:=)(  and  nibA i 1:= . Let AGVKGV )(=)( 1  and 

  )(1:=)( 1 GEnibaKGE ii  . Let BAS = , where B  is a minimum r -dominating set in G , 

and SKGVx \)( 1 . Then BGVx \)( . Note that kax = , for some k , with nk 1 . Since B  is 

r -dominating in G , there exist p  and q , with nqp  ,1 , such that Bap  , BGVaq \)( , and x  is 

adjacent to both pa  and qa . Now x  is adjacent to SAbk  , so 2)( xNS  and 1)(\)
1

( xN SKGV  . 

Thus S  is an 2r -dominating set in 1KG  . Hence, )(==)( 12 GGBASKG rr   . 

Let S   be a minimum 2r -dominating set in 1KG  . Suppose there exists i , with Sbi
 , ni 1 . Since 

S   is an 2r -dominating set in 1KG  , 2)(  iS bN . This is a contradiction since  ii abN =)( . Thus, 

SA  . 

Suppose SGV )(  is not an r -dominating set in 1KG  . This implies that there exists 

))((\)( SGVGVx   such that =)()( xN SGV   or =)(\)( xN SGV  . If =)()( xN SGV  , then 

1=)(xNS . This contradicts the fact that S   is an 2r -dominating set. If =)(\)( xN SGV  , then 

=)(\)
1

( xN SKGV  . This is also a contradiction. Thus, SGV )(  is an r -dominating set in G . Hence,  

 
''

12 )(==)( SGVASKGr   

 )(GG r  

 Therefore, )(=)( 12 GGKG rr   . 

Theorem 3.2  Let 2n  and G  be a connected graph of order at least 2. Then GKG nr 2=)(2    

 Proof.  Let  GiaGV i 1:=)(  and for each i  with Gi 1 , let  njbA iji 1:=  such that 

ni KA  . Let )()(=)(
1= i

G

in AGVKGV    and   njbaGEKGE iji

G

in  1:)(=)(
1= . Let 

 1,2=:=
1=

jbS ij

G

i  and SKGVx n \)(  . Then ijbx =  for some i  and j , with Gi 1  and 

nj 3 , or kax =  for some k , with Gk 1 . If ijbx = , then  21,=)( iiS bbxN  and 

)(\)( xNa S
n

KGVi  . If kax = , then  21,=)( kkS bbxN  and there exists SKGVGVu n \)()(   

such that x  and u  are adjacent. Thus, in any case, S  is an 2r -dominating set in nKG  . Accordingly, 

GSKG nr 2=)(2  . 

Let S   be a minimum 2r -dominating set in nKG  . Suppose there exists i  with Gi 1 , such 

that   1)(  ii aAS . Let SKGVSAb niik
 \)(\  . Now,   1)(  ii aAS , so 

1)(  ikS bN . This contradicts the fact that S   is an 2r -dominating set. Thus,   2)(  ii aAS . 

Hence,  

  ))((==)( '

1=

'

2 ii

G

i

nr aASSKG   



On Restrained 2-Domination Number of the Join and Corona of Graphs 

www.iosrjournals.org                                                     21 | Page 

   .2=2)(=
1=

'

1=

GaAS
G

i

ii

G

i

   

 Therefore, GKG nr 2=)(2  . 

 

Lemma 3.3  Let H  be a connected graph of order at least three. Then HH <)(2 .  

 Proof.  Let H  be a connected graph of order at least three. Suppose 1=)(adeg  for every )(HVa . Let 

)(HVb  such that )(HEab . Let  baHVc ,\)( . Then )(, HEbcac  . This means that H  is 

disconnected, which is a contradiction. Thus, there exists )(HVa   such that 2)( adeg . Let 

 aHVS \)(=  and SHVx \)( , i.e., ax = . Then 2)( xNS . Thus, S  is a 2-dominating set in H . 

Hence, HHSc <1==  .              +  

 

Theorem 3.4  Let G  and H  be connected graphs of order at least three. Then  

  GHGHGminHG rr  )(),(=)( 22    

Proof.  For each )(GVa , let HHa  . Let ))(()(=)( )( aGVa HVGVHGV   and 

 ))(:()(=)( )( aGVa HVxaxGEHGE   . For each )(GVa , let aS  be a minimum 2-

dominating set in aH . By Lemma 3.3, HSa <  for every )(GVa . Note that 2aS  for every 

)(GVa . Let aGVa SS )(1 =   and 1\)( SHGVx  . If )(GVx , then 2=)(
1

aS SxN  and 

there exists 1\)()( SHGVGVb   such that b  and x  are adjacent. If aa SHVx \)(  for some 

)(GVa , then 2)(
1


a

SS NxN  and x  and a  are adjacent. Thus, 1S  is an 2r -dominating set in 

HG  . Hence, 

 

 )(==)( 2

)(

2 HGSSHG a

GVa

r   


  

 Suppose 1)()(2  HH r . Then  

  GHGHGminHG rr  )(),()( 22   .  

Suppose )(<1)( 2 HHr   . For each )(GVa , let aT  be a minimum r -dominating on aH . By Lemma 

3.3, HTa <1  foe every )(GVa . Let  )(=
)(2 aTS aGVa


  and 2\)( SHGVx  . Then 

aa THVx \)(  for some )(GVa . Since aT  is an r -dominating set in aH , there exist aTu  and 

aa THx \  such that x  is adjacent to both u  and v . Thus, 2)(
2

xNS  and 1)(
2

\)( xN SHGV  . 

Consequently, 2S  is an 2r -dominating set in HG  . Hence,  

 1))((=1)(=)(
)(

2  


HGTSHG ra

GVa

r    

  GHGHGmin r  )(),(2   

 Let S  be a minimum 2r -dominating set in HG  . Then  

 




















))(())((=
\

SHVSHVAS a

AAa

a

Aa

  

where )(GVS  . Suppose )(GVa  and ))((\)( SHVHVx aa  . Since S  is an 2r -
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dominating set, 1)(\)( xN SHGV  . Since   )(=)( )( xNaxN S
a

HVS   and 

)(=)( \)(\)( xNxN S
a

HVSHGV  , 1)(\)( xN S
a

HV . Thus, S
a

HVN )(  is r -dominating, if Aa . 

Suppose AGVa \)(  and ))((\)( SHVHVx aa  . Since S  is an 2r -dominating set, 2)( xNS . 

Now, )(=)( )( xNxN S
a

HVS  , so 2)()(  xN S
a

HV . Thus, SHV a )(  is 2-dominating if AGVa \)(

. Let  1)(),(= 2 HHmin r . Hence,  

 SHVSHVASHG a

AGVa

a

Aa

r  


)()(==)(
)\)()

2   

 ))(())(( 2

)\)()

HHA
AGVa

r

Aa

 


  

 )()()(= 2 HAGHAA r    

  )( AGAA   

  AGAA =  

 GA =  

 G  

 The result now follows.              +  
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