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I.  Introduction
The idea of | — convergence is based on the notion of the ideal | of subsets of N , the set of natural
numbers. The notion of ideal convergence for single sequences was introduced first by P.Kostyrko et al [11, 12]
as an interesting generalization of statistical convergence. F.Nuray and Ruckle [14] independently introduced
the same concept as the name generalized statistical convergence.
The concept of a double sequence was initially introduced by Pringsheim [16] in the 1900s and this
concept has been studied by many others. A double sequence of real (or complex) numbers is a function from

N x N to F (where F= R or C) and we denote a double sequence as (Xij) where the two subscripts run

through the sequence of Natural numbers independent of each other. P.Das et al [4] introduced the concept of

I — convergence of double sequences in a metric space and studied some properties. Also, Pratulananda Das
and Prasanta Malik [15] defined the concept of | — limit points, | — cluster points, | — limit superior and
I — limit inferior of double sequences. Balakrishna Tripathy, Binod Chandra Tripathy [3] introduced the notion
of | —convergence and | —Cauchy double sequences and many others discussed the properties of
| — convergence, | —convergence for double sequences and | — Cauchy double sequences (see ([5], [6],
[25], for more details).

The concept of linear 2-normed spaces has been investigated by Géhler in 1965 [7] and has been
developed extensively in different subjects by others [9, 10, 17]. A.Sahiner et al [20] introduced | — cluster
points of convergent sequences in 2-normed linear spaces and Gurdal [8] investigated the relation between
I — cluster points and ordinary limit points of sequences in 2-normed spaces. The concept of | — convergence
for the double sequences in 2-normed spaces introduced by Saeed Sarabadan and Sorayya Talebi [19]. Saeed
Sarabadan, Fatemeh Amoee Arani and Siamak Khalehoghli [18] obtained Condition for the equivalence of | and
I*-convergence for double sequences in 2-normed spaces.

Mehmet Acikgoz [13] introduced a very understandable and readable connection between the concepts
in p-adic numbers, p-adic analysis and linear 2-normed spaces. B.Surender Reddy [21] introduced some
properties of p-adic linear 2-normed spaces and obtained necessary and sufficient conditions for p-adic 2-norms
to be equivalent on p-adic linear 2-normed spaces. Recently B.Surender Reddy and D.Shankaraiah [22, 23, 24]

introduced | — convergence, | —convergence of sequences, | — Cauchy, |* — Cauchy sequences and their
properties in p-adic linear 2-normed spaces and also introduced ideal convergence of double sequences in p-adic
linear 2-normed spaces.

The main aim of this paper is we introduce the concept of I; — convergence of double sequences
which is closely related to |, —convergence of double sequences and the concepts |, —Cauchy double
sequence and |, —Cauchy double sequence in p -adic linear 2-normed space (X,N(e,8),). Also we
investigate the relation between these concepts in P -adic linear 2-normed spaces.
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Il.  Preliminaries
In this paper, we will use the notations; p for a prime number, Z - the ring of rational integers, Z" - the
positive integers, Q- the field of rational numbers, R - the field of real numbers, R"- the positive real

numbers, Zp - the ring of p-adic rational integers, Qp - the field of p-adic rational numbers, C - the field of

complex numbers and Cp - the p-adic completion of the algebraic closure of Qp .

Definition 2.1: A double sequence X = (Xij) is said to be convergent to a number & in the Pringsheim’s sense
if for each & > O there exists a positive integer m such that | Xij —&|< & whenever i, j > m.Then the number
& is called the Pringsheim limit of the sequence x and we writeas P — lim X; =&

i, j>o
Definition 2.2: A double sequence X = (Xij) is said to be Cauchy sequence if for each & > 0 there exists a

positive integer N, such that | X; — X, [< & forevery i>m=>n; and j>n=n,.

Definition 2.3: A double sequence X = (Xij) is said to be bounded if there exists a real number M > 0 such

that | X; [< M foreach i and .

Definition 2.4: Let K< NxN and K(m,n)={(,j):(, j) e K;i<m, j<n}. If the sequence

K(m,n
{g has a limit in Pringsheim’s sense then we say that K has a double natural density and it is denoted
mn
. K(m,n
as lim R0 5 k.
m,n—>o mn

Definition 2.5: A double sequence X = (Xij) is said to be statistically convergent to a number & if for each
&>0, the set A(e) ={(i,]) e NxN:|x; —&[> &} has double natural density zero. If X =(X;) is
statistically convergent to & then we write St — lim x;, =&

i,joo

Definition 2.6: Let |, be anideal in N x N . A double sequence X = (Xij) is said to be |, —convergent to L
in Pringsheim’s sense if for each & >0, the set {(i, j) € Nx N | Xij— LIz&}el, and L is called

I, —limitof X = (X;) and we write 1, — lim x; = L.

i, j—>o

*

Definition 2.7: A double sequence X:(Xij) is said to be |, —convergent to & if there exists a set
M ={G, J):i,j =123,..}e F(I,) (ie,(NxN) =M €1,) such that lim x; =& and & is
i,joo

called |, —limitof X = (X;) and we write |, —limx; = ¢&.

Definition 2.8: A double sequence X = (Xij) is |, —convergent to zero in Pringsheim’s sense is called

I, — null double sequence in Pringsheim’s sense.

Definition 2.9: Let X be a linear space of dimension greater than 1 over K, where K is the real or complex
numbers field. Suppose N (®,®) be a non-negative real valued function on X x X satisfying the following
conditions:

(2—N;) : N(x,y)>0 and N(X,y) =0 ifand only if x and y are linearly dependent vectors,
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(2—N,) : N(X,¥)=N(y,x) forall x,ye X,
(2=Ny) : N(AX, ¥)=|2IN(x,y) forall LeK and X,y e X,

(2—N,) : N(x+VY,2) <N(X,2)+ N(y,z) forall X,y,ze X.
Then N (e,) is called a 2-norm on X and the pair (X, N (e,®)) is called a linear 2-normed space.

Definition 2.10: Suppose a mapping d o X x X x X — Ron a non-empty set X satisfying the following
conditions, forall X,y,z € X

D,) For any two different elements x and y in X there is an element Z in X such that d (X, y,2) = 0.

D,) d,(X,Y,2) =0 when two of three elements are equal.

D,) d, (% ,2) =d,(x,2,y) =d,(¥,2,X).

D,)d,(xy,2)<d, (X, y,w) +d (x,w,z) +d,(w,Y,z) forany W in X . Then d is called p-adic
2-metric on X and the pair (X,dp) is called p-adic 2-metric space. If p-adic 2-metric also satisfies the
condition d (X, y,z) <max{d (x,y,w),d (Xx,w,z),d  (y,w,2)} forX,y,z,we X, then d is called

a p-adic ultra 2-metric and the pair (X, d ) is called a p-adic ultra 2-metric space.

Definition 2.11: Let X be a linear space of dimension greater than 1 over K, where K is the real or complex
numbers field. Suppose N (e, .)p be a non-negative real valued function on X x X satisfying the following

conditions:
(2= pN,) : N(x,2), =0 ifand only if x and z are linearly dependent vectors.

(2—-pN,) : N(xy,z), =N(x,2),.N(y,2), forallx,y,ze X,

(2—pN3) : N(x+Y,2), <N(X,2), +N(y,2), forallx,y,ze X,

(2—pN,) : N(A%,2), =|4 N(x,2), forall 2K and x,z€ X .

Then N(e,®), is called a p-adic 2-norm on X and the pair (X, N(e,e) ) is called p-adic linear 2-normed
space.

For every p-adic linear 2-normed space (X,N(e,®) ) the function defined on X x X x X by
d,(%Y,2)=N(x-2z,y—2), is a p-adic 2-metric. Thus every p-adic linear 2-normed space
(X,N(e,e),) will be considered to be a p-adic 2-metric space with this 2-metric. A double sequence (X;;)
of p-adic 2-metric space (X,d ) converges to X € X in p-adic 2-metric if for every& >0, there is an
| >1such that d,(x;,X,2) = N(X; —2,X—2), <& for every i,]J>1. For the given two double
sequences of p-adic 2-metric space (X, d ) which are (X;) and (Y;) convergesto X,y € X in the p-adic
2-metric space respectively, then the double sequence of sums X; +Y;; and the product X;Y;; converges to
the sum X+ Y and to the product Xy of the limits of initial double sequences.

A double sequence (X;) of p-adic 2-metric space (X,d ) is a Cauchy double sequence with respect to the p-

adic 2-metric if for each £ >0, there is an | >1 such that d (X, X,,,2) = N(X; —2,X,, —2), <&,

mn
forevery i>m>1,j>n>|I.
Definition 2.12: A double sequence X = (X;;) ina p —adic linear 2-normed space (X, N(e,e) ) is said to

be convergent to | € X if for each & > Othere exists me N such that N(x; —1,2), <& for each
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I,j=m and for each ze X. If X=(x;) is convergent to | then we write lim x; =1 or
i, joo
X [N(e.0),Ix NE

ij

Definition 2.13: A double sequence X = (X;;) ina p —adic linear 2-normed space (X, N(e,e) ) is said to
be bounded if for each non zero z € X and forall i, j € N there exists M > O such that N(x;;,2), <M.
Note that a convergent double sequence need not be bounded.

Definition 2.14: A double sequence X = (X;;) ina p —adic linear 2-normed space (X, N(e,®) ) is said to
be Cauchy double sequence if for each & >0 there exists a positive integer N, such that
N (x; — X

A p-adic linear 2-normed space (X, N(e,®) ) is called complete if every Cauchy sequence is

z), <& foreveryi=m=ngand j>n=n,.

mn !

convergent in p-adic linear 2-normed space. A p-adic linear 2-normed space (X, N(e,®) ) is called p-adic 2-
Banach space if p-adic linear 2-normed space is complete.

Proposition 2.15: If a double sequence {X;;} in a p-adic linear 2-normed space (X, N(e,®) ;) is convergent

toxe X, then lim N(x;,z), = N(X,2), foreach zeX.
i,jo>o

Proposition 2.16: If lim N(X;,z), exists then we say that (X;;) is a Cauchy sequence with respect to
i,jow
N(e,e),.
Proof: Let us suppose that lim N(X;,z), = X. Then we can obtain a constant M, such that i, j > M,
i,joo
&£ - g &£
= N(XX—X%;,2), <§. If i, J,mn>M, then N(X-X;,2), <E and N (X —X;,,,2), <E, hence

ij? ij?

by using the triangle inequality, we have  N(X; —X;,,2), = N(X; —X+X—=X,,,2),
€
2
= (X;) isa Cauchy sequence with respectto N(e,®) .

SN =%,2) ) + N(X= X0 =g.

&£
7), <E+

I11.  Main Results
In this section, we introduce the concept of |; — convergence of double sequences which is closely

related to |, —convergence of double sequences in p-adic linear 2-normed space ( X, N(O,O)p) and we

introduce the concepts |, — Cauchy double sequence and Iz — Cauchy double sequence in P -adic linear 2-
normed space ( X, N(O,O)p). Also we investigate the relation between these concepts in P -adic linear 2-

normed spaces.

A family of sets | < 2" (power sets of Y ) is said to be an ideal if ®el, | is additive ie.,
A Bel = AUB e 1 and hereditaryi.e., Acl , BCc A=Bel.

A non empty family of sets F — 2" is a filter on Y if and only if®@ ¢ F, ANBeF for
each A B e F, and any subset of an element of F is inF. An ideal | is called non-trivial if
| #®andY ¢ | . Clearly | is a non-trivial ideal if and only if F =F (1) ={Y — A: Ae 1} isafilter in
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Y , called the filter associated with the ideal | . A non-trivial ideal | is called admissible if and only if

{ny:neYlcl.

An admissible ideal | — 2" is said to have the property (AP) if for any sequence {Al, A, AS,} of

mutually disjoint sets of | there is a sequence {Bl,Bz,BS,...} of sets such that each symmetric

difference AAB,, 1=123...., isfinittand B=UB, € .

i=1
In order to distinguish between the ideals of N and N x N we shall denote the ideals of N by I and
ideals of N x N by I, . In general, there is no connection between | and |, .
A non trivial ideal 1, in N x N is called strongly admissible if {i}x N and N x{i} belong to I,
for each i € N . Itis clear that a strongly admissible ideal is admissible also.

Letl, ={Ac NxN:(@m(A) e N)({, j=m(A) = (i, ]) e (NxN)—A}. Then I, is a non
trivial strongly admissible ideal and I, is strongly admissible if and only if I, = I,. 1, = 2™" is a non
trivial ideal if and only if the class F = F(1) ={(NxN)—-A: Ael,} isafilterin N x N .

An admissible ideal 1, < 2" satisfies the condition (AP,) if for each countable family of disjoint
sets {A, A), A,,...} belongs to 1, , there exists a countable family of sets {B,, B,, B,,...} such that A;AB;

is included in the finite union of rows and columns in N x N for each je N and B=U B, €l,( hence

j=1
B, eI, foreach je N).

Definition 3.1: A double sequence X = (X;;) ina p —adic linear 2-normed space (X, N(e,®) ) is said to be
I, —convergent to leX if for each &>0 and non zero zeX, the set
Ale)={@,)) eNxN:N(x; —l,2) ,>¢e}el, and | s calld the |,—limit of the
sequence X = (X;; ) .

If X=(x;) is 1, —convergent to |, then we write 1, — lim x; =1 or I, _i,IJiTwN(X‘J' —-1,2),=0 or

i,j—>o
I, = lim N(x;,z), =N(l,z), foreachnonzero z e X .
i,joo
Now introducing the definition of |, —convergence for double sequence X = (Xij) which is closely

related to |, — convergence of double sequence X = (Xij ) ina p — adic linear 2-normed space as follows.

Definition 3.2: A double sequence X = (X;;) ina p —adic linear 2-normed space (X, N(e,®) ) is said to be
I, —convergent to | e X if there exists a set M eF(l,) (ie,(NxN)—M el,) such that
lim x; =1for (i, j) € M and | is called the 1, — limit of the sequence X = (X;;).

i,joo

If X =(x;) is 1, —convergent tol, then we write I; — lim x; =1 or I; — lim N(x; —1,2), =0 or
i, jooo

I, ]

I; = lim N(x;,2), = N(l,2), foreachnonzero z € X .

i,joo
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Lemma 3.3: Let {P};, be a countable collection of subsets of N x N such that {P.};2, € F(l,) for
eachi, where F(IZ) is a filter associated with a strongly admissible ideal |, with property (AP,). Then
thereisaset P < N x N suchthat P € F(l,) and the set P — P, is finite for all i .

Lemma 3.4: Let |1, 2" be a strongly admissible ideal and (X, N(e,®),) be a p—adic linear 2-

normed space. If |, —IIJIanX =1, then | —IIJIwa =| foreachnonzero ze X .

Proof: Suppose I, IIILnOOX =1. Then there exists H €1, such that for M =(NxN)—H € F(l,)
we have J

.I}Lnoox , (i, j))e M, foreachnonzeroz € X (3.5)
Lete > 0. By virtue of equation (3.5) there exists a positive integer N, such that N(Xij -1, Z)p < ¢ for

every (i, j) € M withi, j >n,.
Let A={1,23,.....,n, =L, B={(i, j)) e M : N(x; —1,2) , > &} .Then it is clear that
B < (AxN)U(N x A) and therefore B € |,,. Obviously the set

{(, ) e NxN:IN(x; —1,2), =2 e} = BUH and therefore the set

{(, ) e NxN:N(x; —1,2), = g} e I, foreach non zero z € X . This implies that I, — lim x;

i, joow

ij

for each non zero Z € X .

Theorem 3.6: Let I, < 2" be a strongly admissible ideal with property (AP,) and (X, N(e, °),) bea

p —adic linear 2-normed space. Then for an arbitrary double sequence X = (X ) of elements of X ,

I, = lim x; =1 thenl; — lim x; =1.
i,jow i,jow
Proof: Suppose thatl, —lim x; =I. Then for any &>0 and non zero zeX,
i,j—>0

Ale) ={@, ) e NxN:N(x; —1,2) , 2 e}el,.
Now put A ={(i, j) e Nx N :N(x; —1,2) , =1} and

A, :{(i,j)eNxN :%S N(x; —1,2), <k—11} for kK > 2 and for each non zero zZ € X . It is clear

that A, (NA, =¢ foom=n and A, €l, for eachm e N . By virtue of (AP,) there exists a countable
family of sets {Bl, B,, Bs,...} such that A, AB, is a included in finite union of rows and columnsin N x N

for each me N andB=UB_ el,. Put M =(N xN)—B and to prove the theorem it is sufficient to
m=1

prove that .Ijlinoo x; =lfor(i,j)e M .

1
Let & >0 . Choose k € N such thatE < & . Then we have

k
{G,)) e NxN:N(x; -1,2), 25y [ JA, 3.7)
m=1
Since A,AB,, m=123...,k is a finite set, there exists N, eN such that
k
(UBJ (lj)|J>n}(UAmjﬂ{(i,j):i,jZno}. If i,j>n, and (i,j)eM,
m=1
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k k
then (i, j) & B. This implies that (i, j) ¢ U B,, and therefore (i, j)& U A, . Hence for every i, j>n,
m=1 m=1

and (i, J) € M , we have by equation (3.7), N(x; —1,2), <& ,foreach z € X .
= lim x; =1, for (i, j))eM .

i,jooo

Thus |5 — lim x; =1.

i,joo

From the Lemma (3.4) and Theorem (3.6) we obtain the following Lemma which gives the equivalence
between |, -convergence and |, —convergence in p — adic linear 2-normed spaces.

Lemma3.8: Let I, = 2" be a strongly admissible ideal with the property (AP,) and (X, N(e,e) o) be
a P —adic linear 2-normed space. Then a double sequence in X is |, -convergentto | in X if and only if it

is |, —convergentto | in X .

Definition 3.9: Let (X,N(e,®),) be a p—adic linear 2-normed space and X & X. Then X is called
accumulation point of X if there exists a sequence (X, ) of distinct elements of X such that X, # X for any
k and x, —% 5%
Theorem 3.10: Let 1, = 2" be a strongly admissible ideal and (X, N(e,®),) bea p—adic linear 2-
normed space. If X has at least one accumulation point for any arbitrary double sequence X = (Xij) in X
and foreach ae X , 1, —i!Jian X; =a implies |; —i!Jian X; =a, then |, has the property (AP,).
Proof: Suppose that & € X is accumulation point of X . Then there is a sequence (b, ) of distinct elements
of X suchthat b, #a forany k ,andb, — " 53
Put £ = N(b, —a, z), fork e N Let (Aj )J_eN be a disjoint family of non empty sets from |, . Define a
sequence (X,,,) forall z e X such that

(i) . X, =b; if (m,n) e A; and

(i) . x,, =a if (mn)g A, forany j.
Let 5 >0 be givenand z, € X . Choose k € N such that £ < &. Then we have
A*(0) ={(m,n) : N(X,,, —a, ), 25y A UA U...... UA,. Hence A®(5)el, and so

l,- Iim x,, =a.

m,n—o0
By virtue of our assumption, we have |, — lim X, =a. Hence there exists a set B el, such that
m,n—o0
M=(NxN)-BeF(l,) and lim x ., =a,(mn)eM (3.11)
m,n—o0

=1 =t

Let B; =A; 1B for je N. Then B; e, for each je N and UBj =Bﬂ(UAjng and so

UBJ- el, fixjeN.

=1
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If Aj (M is not included in the finite union of rows and columns in N x N, then M must contain an

infinite sequence of elements (Mm,,n,) and lim x, . =b;#a for all ke N, which contradicts
my ,Ng —oo

equation (3.11). Hence Aj (1M must be contained in the finite union of rows and columns in N x N . Thus
A;AB; = (Aj - Bj)U(Bj —Aj)

=A,; —B; since B, - A, =¢

=A - (Aj NB)

= Aj -B= Aj (M is also included in the finite union of rows and columns. Thus the ideal |, has

the property (AP, ).

Definition 3.12: Let 1, = 2" be a strongly admissible ideal and (X, N(e,®),) bea p—adic linear 2-
normed space. A double sequence X = (Xij) in X is said to be |, —Cauchy double sequence in X, if for

each £>0 and non zero ze X, there exists m=m(g,z),n=n(g,z) e N such that
{@, j) e NxN:IN(X; — X0, 2), 2 }el,.

Definition 3.13: Let 1, = 2" be a strongly admissible ideal and (X, N(e,®),) bea p—adic linear 2-
normed space. A double sequence X = (Xij) in X is said to be I; — Cauchy double sequence in X , if for

each £ >0 and non zero Z € X, there exists a set M € F(l,) (i.e, H=(NxN)—M €1,) such that
the double sequence (X,,) mmen 18 @ Cauchy sequence in X .ie, lim N(x; —X,,2), =0 for each

i,j,mn—ow

nonzero Z€ X and (i, j),(mn)e M.

Theorem 3.14: Let 1, = 2™ be a strongly admissible ideal and (X, N(e,®),) be a p—adic linear 2-

normed space. If a double sequence X = (Xij) is I; — Cauchy double sequence in X , then it is I2 — Cauchy

double sequence in X .
Proof: Suppose X=(Xij) is I;—Cauchy double sequence a in P —adic linear 2-normed

space (X, N(e,®) ). Then there exists a set M eF(l,) (ile,H=(NxN)-M el;) such that
N (Xj —Xmn, 2) p <& forevery &>0 andforall (i, j),(m,n) e M;i,jmn>land | =I(¢) eN.
Now A(e) ={(i, j) € Nx N I N(x; — X,,,2), = &}

cHU[MN({@23,....1 =B N)U(N x{1,23,......,| -1}))] (3.15)
Since |, is a strongly admissible ideal, therefore
HU[MN({L23..... 1 —Bx N)U(Nx{L,23.......,1 -1}))] e I,.

From equation (3.15) and by the definition of ideal, A(£) € I, .This shows that the double sequence X = (X;;)
is 1, —Cauchy double sequence in X .

Now we will prove in the following theorem that Iz — convergence implies |, —Cauchy condition in
p — adic linear 2-normed space.

Theorem 3.16: Let 1, = 2" be a strongly admissible ideal and (X, N(e,®),) be a p—adic linear 2-

normed space. If a double sequence (X;;) in X is I, —convergent to X € X, then (X;) is I, —Cauchy

double sequence in X .
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Proof: Suppose a double sequence (Xij) in a p-—adic linear 2-normed space (X, N(e,e) p) is
I, —convergentto X € X . Then there existsaset M € F(l,)
(ie,H=(NxN)—-M €e,) such that mI’E]rL]w X = X, (M, N) € M . It shows that there exists
ko =Ko (&) such that
N (X —X%,2), <§ ,foreverye >0,nonzeroz € X and m,n >k, (3.17)
For (i, j),(mn)eM and i, j,m,n>KkK,,

N(Xj =X 2)p = N(Xj =X+ X=X, 2),

= N((Xij _X)_(an _X)7Z)p
<N —%,2), + N(X, —%,2),

< £ + £ by equation (3.17)
2 2 '

=¢g,foreache>0,nonzeroz € X and i, j,m,n>K,.

Therefore  lim  N(X; —X,,,2), =0 which implies (X;) ;) is a Cauchy double sequence in X and

i,j,mn—w0

hence (an)(m]n)eNxN is a |, —Cauchy double sequence in X . By Theorem (3.14), (an)(m’n)e,\lxN is a

I, —Cauchy double sequence in X .

From Theorem (3.16) and Lemma (3.8) we have the following corollary which gives the relation between
I, —convergence and |, — Cauchy double sequence ina p — adic linear 2-normed space (X, N(e,e) ) .

Corollary 3.18: Let 1, = 2" be a strongly admissible ideal with the property (AP,) and (X, N(e,e) o)
be a P —adic linear 2-normed space. If a double sequence (X;;) is I, —convergentto X in X, then (X;) is

I, —Cauchy double sequence in X .

Finally, we will give the following Theorem which states the equivalence of I2 — Cauchy double
sequence and |, — Cauchy double sequence in a | — adic linear 2-normed space (X, N(e,®) ) in the case

I, has the property (AP,).

Theorem 3.19: Let |, < 2™ be a strongly admissible ideal with the property (AP,) and (X, N(e,e) o)
be a P —adic linear 2-normed space. Then a double sequence X = (Xij) is 1, —Cauchy double sequence in
X ifand only if X = (X;;) is |, — Cauchy double sequence in X .
Proof: Suppose a double sequence X = (Xij) is Ig — Cauchy double sequence in a P — adic linear 2-normed
space (X, N(e,®) ) .Then by Theorem (3.14) , X = (X;;) is I, —Cauchy double sequence in X .

Now it is sufficient to prove that, if a double sequence X = (Xij) is I, —Cauchy double sequence

in X, then it is |, —Cauchy double sequence in X .Suppose X = (Xij) is |, —Cauchy double sequence
in X . Then there exists m =m(g),n =n(&) € N such that
A(g) ={(m,n) : N(X; —X;,,2),, =&} e l, foreach £>0and nonzeroz e X .
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Let B, ={(i, J) € NxN:N(x; —x

myny ?

1 1 1
Z), <E}’k € N where m, :m(E),nk = n(E)

Since H, =(NxN)—PB ={(i, J) e NxN I N(X; — X, :2), Z%}e I, for each kK € N and non

zeroZ € X, therefore P, € F(l,), foreach K e N .
Since |, has the property (AP, ), then by Lemma (3.3) there exists a set P < N x N such that P € F(l,)
and P—P,_is finite for all kK € N. Now we have to show that lim N(X; —x,,,2), =0 , for

i,j,mn—o

. 2
(i, j),(m,n) € P and for each non zero z € X . For this, let £ >0 and | € N be such thatl >—. If
£

@1, J),(m,n) e P, then P—P is finite , so there exists & = a(l) such that (i, j),(m,n) e B, for all
i, j,mn > (l). Therefore

1 1 -
N (X = X 12) <I and N (X, =Xy 2), <T forall i, j,m,n>a(l) andnonzeroz € X .

Now N(xij—xmn,z)p:N(xij—x +X —xmn,z)p

=N ((Xij - Xm,nI ) - (an - Xm,nI )’ Z) p
SN —Xin 02) p + Ny = X0 5 2)
1

1 2 -
<T+I=T<g ,forall i, j,m,n > a(l) andnonzero z € X .

Hence for each &>0 there exists a=ca(g) such that for i, j,mn>ea(g) and
@i, J),(mn) e P e F(l,), we have N(X; —X;,,2), <& for each non zero Z € X . This shows that the

myn, !

sequence X = (X;) is I, —Cauchy double sequence in X . Thus a double sequence X =(X;) is

I, —Cauchy double sequence in X if and only if X = (Xij) is |, —Cauchy double sequence in X .
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