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ABSTRACT: In this paper, we derived some results like the join of two complete Intuitionistic Fuzzy
Graphs (IFG) is complete and which is isomorphic to the join of their complements. The nature of edge set
in the complement of a complete IFG is analyzed. We study about the join of two IFGs when they are
regular, irregular or complete and discuss some theorems. Also we discuss some more properties of the join
of two intuitionistic fuzzy graphs using the regularity and irregularity. The minimum and maximum degrees
of an IFG and its complement are examined.
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I. INTRODUCTION

Intuitionistic fuzzy sets are generalization of fuzzy sets. Atanassov [1] introduced the concept of
intuitionistic fuzzy (IF) relations and intuitionistic fuzzy graphs (IFGs). M. G. Karunambigai and R. Parvathi [4]
introduced intuitionistic fuzzy graph as a special case of Atanassov’s IFG. In [6], these concepts had been
applied to find the shortest path in networks using dynamic programming problem approach. A. Nagoor Gani
and S.R. Latha [12] introduced Irregular fuzzy graphs and discussed some of its properties. In this paper, we
define the concept of complement of an Intuitionistic Fuzzy Graph (IFG) and Join of two IFGs and dicussed its
properties. Also some properties of Irregular Intuitionistic fuzzy graphs and neighbourly irregular intuitionistic
fuzzy graphs are studied and some results on totally Irregular intuitionistic fuzzy graphs are established.

Il.  PRELIMINARIES
Definition 2.1: An intuitionistic fuzzy graph (IFG) is of the form G = (V,E) where (i) V = {v, v, .....v,} such
that u,: V — [0,1] and y,: V - [0, 1] denote the degree of membership and non — membership of the element

v; € Vrespectivelyand 0 <p (vi) +y,(vi)) <=1............. (1) foreveryv, € V,(i=1,2,...n),
(i) E € V x Vwhere p,: VXV —[0,1] and y,: VX V — [0, 1] are such that

p2 (vi, v;) < minifiy (v;), 1y (vj)], ............... 2)

V2w, 1) < maxify; (), v1 (V)] e 3)

and 0 < (v, ) +v2(vivy) < 1. (4) forevery (vi,vj) €E, (i,j=1,2,....n)

Note 1: If one of the inequalities (1) or (2) or (3) or (4) is not satisfied, then the graph G is not an intuitionistic
fuzzy graph.

Note 2: The triple (v;, u;, v,,) represent the degree of membership and non — membership of vertex v;. Also the
triple (e;;, ”211’7211> represent the degree of membership and non — membership of edge e; = (v;,v;) on V.

Here ti = (), Y =v1(v)
and  py; = Mz(vi,vj), Y2ij = V2V, 1))

Note 3: If py;; =y,; = 0, for some i and j, then there is no edge between the vertices v; and v; .

Definition 2.2: Let G = (V, E) be an Intuitionistic Fuzzy Graph. The degree of a vertex u is defined by
d(w) = (dp(w), dy(uw)) where du(u) = Xy 1, (0, v) and dy(w) = Ty v, (U, v).

Definition 2.3: The minimum degree of an Intuitionistic Fuzzy Graph G = (V,E) is 6(G) = (6u(G), 5y(G))
where su(G) = min{du(v)/v € V} and 6y(G) = min{dy(v) /v € V}.
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Definition 2.4: The maximum degree of an Intuitionistic Fuzzy Graph G = (V,E) is A(G) = (AM(G),A]/(G))
where Au(G) = max{du(v)/v € V} and Ay(G) = max{dy(v)/v € V}.

Definition 2.5: An edge e = (u,v) of an Intuitionistic Fuzzy Graph G = (V, E) is called an effective edge if
2 (w,v) = min{p; (W), iy (v)} and v, (w, v) = max{y;(w),y;(v)}.

Definition 2.6: An Intuitionistic Fuzzy Graph is complete if u,; = min{uy;,py;} and v, = max{yi, v}
forall v, v, € V.

Definition 2.7: The total degree of a vertex ‘v’ in an Intuitionistic Fuzzy Graph G = (V,E) is defined as
td(u) = (tdﬂu, tdyu), where td,u =¥, ., to (W, v) + p () and td,u = ¥, 4, ¥2 (W, v) + y1 (w).

Definition 2.8: The complement of an Intuitionistic Fuzzy Graph G = (V,E) is denoted by G = (V,E) and is
defined as (i) 1, (w) = uy (W) andy, (w) =y, (w) foreveryu € V.
(i) i, (u, v) = min{u; (W), p1 (v)} — p2(u,v) and
Y, v) = max{y; (W), y1(v)} — v, (w,v) forall (w,v) € E

Example 2.1: Let G = (V,E) be an Intuitionistic Fuzzy Graph. The membership and non membership values of
G are as follows:

(11 (W), 71 (W) = (0.3,0.6), (11 (W), ¥1(»)) = (0.7,0.2), (s W), 1 W)) = (0.9,0.0), (11 (%), 71 (x)) =
(0.0,1.0), (u2(w,v),72(w,v)) = (0.3,0.6), (u2(v,w),y2(v,w)) = (0.6,0.1), (uz (W, x), 7, (w,x)) =
(0.0,0.9), (p2(x,w),y2(x,u)) = (0.0,0.8)

~d) = (0.3,1.4),d(v) = (0.9,0.7), d(w) = (0.6,1.0),d(x) = (0.0,1.7)
8(G) = (0.0,0.7) and A(G) = (0.9,1.7).
Here, edge (u, v) is an effective edge.
Also total degrees of vertices are
td(u) = (0.6,2.0),td(v) = (1.6,0.9), td(w) = (1.5,1.0), td(x) = (0.0,2.7)

The complement of Intuitionistic Fuzzy Graph G is the graph G with membership and non membership values
are as follows:

(#1(“)! Y1 (u)) = (03' 06)1 (#1(‘”)1 Y1 (U)) = (07,02), (HI(W)I YI(W)) = (09,00), (Aul (x)! YI(x)) =
(0.0,1.0), (,uz(u, w), v, (u, W)) = (0.3,0.6), (,uz(v, w), vz (v, w)) = (0.1,0.1),(u2(w,x), v, (w, x)) =
(0.0,0.1), (p2Cx,w),y2(x,u)) = (0.0,0.2), (2(w,%),7,(v,x)) = (0.0,1.0).

Definition 2.9: An Intuitionistic Fuzzy Graph G = (V,E) is said to be regular, if every vertex adjacent to
vertices with same degree.

Example 2.2: Let G = (V, E) be an Intuitionistic Fuzzy Graph. The membership and non membership values of
G are as follows:

(:u-l (u)’ yl(u)) = (05’04)1 (Ml ('U), V1 (U)) = (05’05)1 (Ml (W), Y1 (W)) = (04105)1 (,ul (X), V1 (X)) =
(0.4,0.5), (,uz (u, v),v,(u, v)) = (0.4,0.4), (uz(v, w), v, (v, W)) = (0.1,0.3), (/,tz(w, x), Y2 (w, x)) =
(0.4,0.4), (p2(x,u),y2(x,u)) = (0.1,0.3).

~dw) = dw) = dlw) = d(x) =(0.5,0.7)

So G is a regular Intuitionistic Fuzzy Graph.
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Definition 2.10: An Intuitionistic Fuzzy Graph G = (V, E) is said to be irregular, if there is a vertex which is
adjacent to vertices with distinct degrees.

Example 2.3: In example 2.1, u adjacent to the vertices v and x which are having distinct degrees. So the
Intuitionistic Fuzzy Graph G = (V, E) in example 2.1 is irregular.

Definition 2.11: Let G = (V,E) be a connected Intuitionistic Fuzzy Graph. G is said to be a neighbourly
irregular Intuitionistic Fuzzy Graph if every two adjacent vertices of G have distinct degrees.

Example 2.4:
u(0.5, 0.4) (0.2,0.3) v(0.3,0.3)
(0.3.0.5)
(0.3,0.4) (0.1,0.2)
x(0.4, 0.6) (0.1, 0.6) w(0.2, 0.4)
Figure 2.1

~d(w) = (0.5,0.7),d(v) = (0.6,1.0),d(w) = (0.2,0.8),d(x) = (0.7,1.5)

Here u, v and x are adjacent vertices with distinct degrees. Also v, w and x are adjacent vertices with distinct
degrees. So G is a neighbourly irregular Intuitionistic Fuzzy Graph.

Definition 2.12: Let G = (V,E) be a connected Intuitionistic Fuzzy Graph. Then G is said to be a highly
irregular Intuitionistic Fuzzy Graph if every vertex of G is adjacent to vertices with distinct degrees.

Example 2.5:
u(0.6, 0.4) x(0.3, 0.5)
(0.2,0.5) (0.4,0.4) (0.2,0.3)
v(0.2, 0.6) (0.1, 0.6) w(0.5, 0.4)
Figure 2.2

~dw) = (0.6,0.9),d(v) = (0.3,1.1),d(w) = (0.7,1.3),d(x) = (0.2,0.3)

Since every vertex of IFG is adjacent to vertices with distinct degrees, G is highly irregular Intuitionistic Fuzzy
Graph.

Definition 2.13: An Intuitionistic Fuzzy Graph G = (V, E) is said to be a complete IFG if p,; = min{uy;, py,}

and VZij = max{yli,ylj}, fOI’ every Ui,vj ev.
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Example 2.6:

u(0.3, 0.6)

(0.3,0.6) (0.3, 0.6)

v(0.5, 0.2) (05,0.2) w(0.9,0.1)
Figure 2.3 Complete Intuitionistic Fuzzy Graph G

Definition 2.14: The join of two Intuitionistic Fuzzy Graphs G; = (V, E;) and G, = (V,, E,) is an Intuitionistic

(i + )W) = V)W), if ver,uy,
i +r)@ = U)W, if vev,uy,
(u2 +#2’)(Uﬂ7j) =(p v .UZ')(vivj)l if v,v; € E; VE,
= min{u; (), 1y (v)}, if vy €E'
and

(y2 + }/2')(171-17]-) =(y, U yz')(vivj), if v;v; € E; UE,
= max{y;(v),v: ()}, if viv; €E’

Where (uq,y;) and (uq ¥, ) refer the vertex membership and non — membership of G;and G, respectively;
(U, v,) and (u, ,v,") refer the edge membership and non — membership of G and G, respectively; E' refer the
complement of E; U E,.

Example 2.7: LetG; = (V},E;)and G, = (V,, E,) be two Intuitionistic Fuzzy Graphs with V; = {uq, u,, us}
and V, = {vy, v,} such that V; n V, = @. The membership and non membership values of G; are as follows:

(M1 (u1), 1 (u1)) = (0.3,0.6), (H1(u2); Y1 (uz)) = (0.5,0.2), (H1(u3)» Y1 (u3)) =(0.9,0.1),

(Hz(upuz)' Vz(upuz)) =(0.1,0.6), (MZ(UZ:U3):V2(u2:u3)) = (0.5,0.0), (Hz(u&ul): Vz(u3'u1)) =
(0.2,0.6).

The membership and non membership values of G, are as follows:

(H1(V1),V1(U1)) = (0.6,0.4), (#1(172): 71(172)) =(0.2,0.8), (Hz(”pvz);}’z(vpvz)) = (0.1,0.7)

The membership and non membership values of G; + G, are as follows:

(Ml(ul): V1 (u1)) = (0.3,0.6), (H1(u2); Y1 (uz)) = (0.5,0.2), (/11(113)' Y1 (u3)) =(0.9,0.1),

(11 (1), 71 (v1)) = (0.6,0.4), (13 (v2),v1(1y)) = (0.2,0.8), (pz(us, v1),¥2(uy, v1)) = (0.3,0.6),
(Mz(upvz)' Vz(upvz)) = (0.2,0.8), (#z(ul;uz):yz(upuz)) = (0.1,0.6), (ﬂz(u1,u3);yz(u1;u3)) =
(0.2,0.8), (2 (uz, u3), v2(uz, u3)) = (0.5,0.0), (pz(uz, v1),¥2(uz, v1)) = (0.5,0.4),

(llz (uz,v2), 72 (uz,vz)) =(0.2,0.8), (#2(“3;771):)/2 (ugﬂh)) = (0.6,0.4), (Hz(u3'vz)')’2 (u3,v2)) =
(0.2,0.8), (uz(v1,v2),72(v1,v,)) = (0.1,0.7)
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I11. CHARECTERISTICS ON JOIN OF TWO IFG

Theorem 3.1:
If G; = (V3,E;) and G, = (V,, E,) are two complete IFGs, then G; + G, is also a complete IFG.
Proof:
Let G, = (V4,E;) and G, = (V,, E;) be two complete IFGs.
So,
Haij = min{#u.#u} and yy; = max{)’u,)’lj}, forevery v, v; €Vy.
and

Ky = min {#1'1-'#1']-} and y, ’i]. = max {yl 'i,yl'},}, forevery v, v; €V,
But, Gl + GZ = (Vl U Vz, El U Ez V) E') |S def'ned by,

(1 + )@ = (U )),if veV U,
1 +7)@) = Uy, if vevuy,
(u2 + .Uzy)(vivj) = (up U /’lzr)(vivj)r if vy, € E; VE,
= min{w, ), i (v}, if vy € E’
and

(y2 + sz)(ViVj) =, U Yzy)(vivj): if v;v; € E; VE,
= max{y;(v), v, ()}, if viy; € E’
Thus in G; + G,, all the vertices of G; and G, exists without any change in the vertex membership and non —
membership values and all the edges of G; and G, exists without changing its edge membership and non —
membership values. The remaining edges of G; + G, satisfies the definition of complete IFGs because they are
inE".

Thus, G; + G, is a complete IFG.
Theorem 3.2:

The complement of a complete IFG is an IFG with no edges.
OR

If G is a complete IFG then in G the edge set is empty.

Proof:
Let G = (V, E) be a complete IFG.
So,
l’tzij = min{ﬂli,ﬂlj} and YZij = max{yli,ylj}, fOI‘ evel’y vi,vj ev.
Hence in G,
ﬁzij = min{ﬂli, ,Lll]} - /lzl'j for all l,_] = 1, 2, R |
= min{uli,ulj} — min{uli,ylj} foralli,j=1,2,....n
=0 foralli,j=1,2,....n
and

)72ij = max{yli,ylj)} — Vg foralli,j=1,2,....n

= max{yli,ylj)} - max{yli,ylj)} foralli,j=1,2,....n

=0 foralli,j=1,2,....,n
Thus (72, 72i].) = (0,0)

Hence the edge set of G is empty if G is a complete IFG.
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Theorem 3.3:
If G, = (Vy, E1) and G, = (V,, E,) are two complete IFGs, then G; + G, = G, + G,

Proof:
Let G, = (V4,E;) and G, = (V,, E,) be two complete IFGs.
~ By Theorem 3.1, G; + G, is also a complete IFG.

Also by Theorem 3.2, G; and G, aretwo IFGs with E; = @ and E, = .
ButV, =V, and V, = V, without any change in membership and non membership values.
In G, + G,, the edge membership and non membership values are defined by
; (p2 + 12 ')(vivj) = min{u; (v;), #1’(77]‘ )}
an

(r2+ 72 ')(vivj) = max{y; (v)), Vly(vj)}
So,
G, + G, is acomplete IFG with
. Jifvel, -V
V=Vuvand (u 4 = VeV

‘Llly(v),if v E V2 - V1
&
, yi(),ifvev, -V,
+ =1
01 +y)@) {yl W),if veV, -V,

Hence G, + G, = G, + G,
Proposition 3.1:
The join of two regular Intuitionistic Fuzzy Graphs need not be regular.
Example 3.1:
Let G, =(V;,E;) and G, =(V,,E,) be two regular Intuitionistic Fuzzy Graphs with

Vi = {uy, uy, us,uy} and V, = {vy,v,} such that V; n v, = @. The membership and non membership values of
G, are as follows:

(M1 (u1), 1 (u1)) = (0.4,0.5), (H1(u2); Y1 (uz)) = (0.5,0.5), (H1(u3)» Y1 (u3)) = (0.5,0.3), (.U1 (us), 1 (u4)) =
(0.5,0.4), (#2 (u1,u), 72 (Upuz)) =(0.3,0.3), (.Uz (uz, u3), 72 (uz,u3)) =(0.4,0.2),
(liz (u3, u4), 72 (u3,u4)) = (0.3,0.3), (.Uz (ugy uq), v2 (ug, u1)) =(04,0.2).

Here,
d(uy) = d(uy) = d(uz) = d(uy) = (0.7,0.5)

The membership and non membership values of G, are as follows:

(H1(V1),V1(U1)) = (0.6,0.4), (#1(172): 71(172)) =(0.2,0.8), (Hz(”pvz);}’z(vpvz)) = (0.1,0.7)

Here,
d(vl) = d(vz) = (01, 07)

The membership and non membership values of G; + G, are as follows:

(Ml(ul): V1 (u1)) = (0.4,0.5), (H1(u2); V1 (uz)) =(0.5,0.5), (#1(“3):]’1(113)) =(0.5,0.3), (#1 (Ug), 71 (u4)) =
(0.5,0.4), (1 (v1), 1 (1)) = (0.6,0.4), (1;(v2),71(v)) = (0.2,0.8), (uz(uy,v1),v2(us,v1)) = (0.4,0.5),
(#z(ul,vz): Vz(upvz)) =(0.2,0.8), (Hz(ul:uz),)’z(ul:uz)) =(0.3,0.3), (uz(u1,u3),y2(u1,u3)) =
(0.4,0.5), (#2 (U1, us), 72 (ul,u4)) = (0.4,0.2), (Iiz (uz,u3),y2(u2,u3)) =(0.4,0.2),

(Mz(uzflﬁ)' Vz(u2,V1)) = (0.5,0.5), (#z(uz;vz); Vz(uz»vz)) = (0.2,0.8), (Hz(uz'uzx);)’z(uz;uzx)) =
(0.5,0.5), (uz(uz, v1),v2(uz,v1)) = (0.5,0.4), (12(us, v2),v2(uz, v2)) = (0.2,0.8),
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(#2 (U3, u4), 72 (u3,u4)) =(0.3,0.3), (IJZ (g, v1),v2(uy, 171)) =(0.5,0.4), (Mz(um v2),72 (u4,v2)) =
(0.2,0.8), (uy(v1,v2),72(v4, 1)) = (0.1,0.7) .

In G, + Gy,
d(u) = (1.7,2.3),d(uy) = (1.9,2.3),d(u3) = (1.8,2.2),d(uy) = (2.2,1.8),
d(vy) = (2.0,2.5),d(v,) = (0.9,3.9)

Thus, G; + G, is anirregular Intuitionistic Fuzzy Graph.
Theorem 3.4:

Let G = (V, E) be a highly irregular and neighbourly irregular Intuitionistic Fuzzy Graph if and only if
the degrees of all vertices of G are distinct.

Proof:

Let G = (V,E) be an Intuitionistic Fuzzy Graph with V = {v;,v,, .....v,}. Assume that G is highly
irregular and neighbourly irregular Intuitionistic Fuzzy Graph. Let the adjacent vertices of v; be vy, vs, ..... v,
with degrees (hy, k), (hs, k3), ... ... , (h,,, k,,) respectively.

Since G is a highly irregular Intuitionistic Fuzzy Graph,

hy, # hy # - #h,and k, # ks # - # k.
Thus, d(vy) is neither of (h,, k), (hs, k3), ... ... , (hyyy k).
So, the degrees of all vertices of G are distinct.

Conversely, assume that the degrees of all vertices of G are distinct.

Thus, every two adjacent vertices have distinct degrees and to every vertex, the adjacent vertices have distinct
degrees.

Hence, G is a highly irregular and neighbourly irregular Intuitionistic Fuzzy Graph.

Theorem 3.5:

The join of two highly irregular and neighbourly irregular Intuitionistic Fuzzy Graphs having no
common vertices is irregular.

Proof:
Let G, = (V4,E;) and G, = (V,, E,) be two highly and neighbourly irregular Intuitionistic Fuzzy
Graphs such that V; NV, = @.

Since G; is highly irregular Intuitionistic Fuzzy Graph and neighbourly irregular Intuitionistic Fuzzy Graph, by
Theorem 3.4, the degrees of all vertices of G, are distinct.

Similarly, the degrees of all vertices of G, are distinct.

Since there is no common vertex for G; and G,, all the edges of them will exist in G = G; + G, without
changing the membership and non membership values.

For the remaining vertices if G,
(p2 + ﬂZ,)(vivj) = min{h(vi),lh,(vj)}, if vy €E
and
(2 +v2)(vyy) = max{y,(v),v:' ()}, if viv; €E
Hence there exists at least one vertex in G which is adjacent to vertices with distinct degrees.
So, G isirregular.

Proposition 3.2:

The complement of a regular Intuitionistic Fuzzy Graph need not be regular.
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Example 3.2:

Let G = (V,E) be a regular Intuitionistic Fuzzy Graph. The membership and non membership values
of G are as follows:

(#l(u)l Y1 (u)) = (04! 05)! (,ul(v)f Y1 (17)) = (05f05)v (,Lll(W), V1(W)) = (05103)! (,ul (x), yl(x)) =
(0.5,0.4), (,uz (u,v),v,(u, v)) = (0.3,0.3), (uz(v, w),y, (v, w)) = (0.4,0.2), (uz(w, x),y2(w, x)) =

(0.3,0.3), (u2(x,u),y2(x,u)) = (0.4,0.2).
Here,
d(w) =dw) =dw) =d(x) =(0.7,0.5)

Thus, G is a regular Intuitionistic Fuzzy Graph.

The complement of G is the graph G with membership and non membership values are as follows:

(#1(u)' 1 (u)) = (04" 05)' (ﬂl(v)' Y1 (U)) = (05'05)' (Ml(w)' ]/1(W)) = (05'03)' (.ul (X),)/l(X)) =
(0.5,0.4), (,uz(u, 1), v, (u, 17)) = (0.1,0.2), (,uz(u, w), 72 (u, w)) = (0.4,0.5), (,uz(v, w), v (v, w)) =
(01'03)' (.Uz (W' X), V2 (W' x)) = (02' 01)' (“Z(X' u)' )/Z(XJ u)) = (00'03)' (Mz(v' X),)/z (U, X)) =
(0.5,0.5).
Here,

dw) = (0.5,1.0), d(v) = (0.7,1.0),d(w) = (0.7,0.9),d(x) = (0.7,0.9)

Thus, G is not a regular Intuitionistic Fuzzy Graph.
Proposition 3.3:

The degree of a vertex u in an Intuitionistic Fuzzy Graph G and in its complement G need not be same.
Example 3.3:

Let G = (V,E) be an Intuitionistic Fuzzy Graph. The membership and non membership values of G
are as follows:

(#1(“)! Y1 (u)) = (03' 06)1 (#1(‘”)1 Y1 (U)) = (07,02), (HI(W)I YI(W)) = (09,00), (Aul (x)! YI(x)) =
(0.0,1.0), (,uz (u, v), v, (u, v)) = (0.3,0.6), (,uz(v, w), 2 (v, W)) = (0.6,0.1), (/12 w,x),y,(w, x)) =
(0.0,0.9), (p2(x,w),y,2(x,w)) = (0.0,0.8).

The complement of IFG, G is the graph G with membership and non membership values are as follows:

(#1(“)! Y1 (u)) = (03' 06)1 (#1(‘”)1 Y1 (U)) = (07,02), (HI(W)I YI(W)) = (09,00), (Aul (x)! YI(x)) =
(0.0,1.0), (,uz (u, w), v, (u, W)) = (0.3,0.6), (,uz (v,w),y, (v, w)) = (0.1,0.1), (,uz(w, x),v2(w, x)) =
(0.0,0.1), (p2Cx,w),y2(x,w)) = (0.0,0.2), (1, (v, %), 72 (v, x)) = (0.0, 1.0).

InG InG
d(w) (0.3,1.4) (0.3,0.8)
d(v) (0.9,0.7) (0.1,1.1)
d(w) (0.6,1.0) (0.4,0.2)
d(x) (0.0,1.7) (0.0,1.3)
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Proposition 3.4:

The minimum degree of an Intuitionistic Fuzzy Graph G and that of its complement G need not be

same. Also, the maximum degree of an Intuitionistic Fuzzy Graph G and that of its complement G need not be
same.

Example 3.4:

In example 3.3,
§(6) = (0.0,0.7) and §(G) = (0.0,0.2)
A(G) = (0.9,1.7) and A(G) = (0.9,1.7).

1IV. CONCLUSION
Here we derived some theorems on complete Intuitionistic Fuzzy Graphs and their join. Also we
analyzed and discussed some more characteristics of the operation join of two IFG based on regularity and
irregularity of Intuitionistic Fuzzy Graphs. The complement of IFG and some properties are also studied. The
theory of IFG has more applications in Communication Networks, Information Technology, Pattern Clustering,
Image Retrieval and so on. So we are planning to extend our investigation to more properties on operations like
composition and union of two IFGs.
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