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Abstract: Motivated by Arikan’s channel polarization that shows the occurrence of capacity-achieving code
sequences, we address the scheme design issues by switching to polarizing frequency selective fading channels
while transmitting information symbols in a source-relay-destination MIMO-OFDM relay communication
system. A simple polar-and-forward (PF) MIMO relay scheme, with source node polar coding and relay
nodes polar coding, is proposed to provide an alternative solution for transmitting with higher reliability than
the conventional decode- and-forward/amplify-and-forward (DF/AF) relay schemes. In the proposed scheme,
OFDM modulator is implemented at source node, some simple operations, namely time reversion, complex con-
jugation and polarization, are implemented at relay nodes, and the cyclic prefix (CP) removal is performed
at destination node. It is divided into two symmetrical polarizing relay systems, i.e., the down-polarizing system
and the up-polarizing system, which result in different capacities for the polar system. We analyze the bit error
rate (BER) performance with the fixed polar system equipped with four OFDM blocks, which is an idea
approach to select signal sequences that tend to polarize in terms of the reliability under certain combining
and splitting the transmitted OFDMs in the frequency selective fading (FSF) channels. The polar system has a
salient recursiveness feature, and thus the transmitted information signals embedded in the polar code can be
decoded with a low-complexity decoder.

I Introduction

The channel polarization shows an attractive construction of provably capacity-achieving coding se-
quences [1]-[6]. It has provided an attempt method to meet this elusive goal for multi- fold binary-input discrete
memoryless channels, where channel combining and splitting operations were applied to improve its symme-
tric capacity [1], [2]. Actually, the polarization of multiple channels is a commonplace phenomenon and thus
it is almost impossible to avoid as long as several channels are synthesized in a proper density with certain ar-
rangements. During the past decade, the multiple-input multi-output (MIMO) communication system has been
well studied to promise significants of the increasing spectral effciency, channel capacity and link reliability [7]-
[11]. It shows that the coding gain and diversity can be simultaneously achieved with suitable coding
schemes. As the MIMO techniques grown up, researchers have been exploring new communication para-
digms. A potential proposal is the so-called wireless relay system, which provides the reliable transmission,
high throughput and broad coverage for wireless network [12], [19], and [20]. The eminent merits of a MIMO
wireless system lie in its potential temporal diversity gain, spatial diversity gain and multiplexing gain to en-
hance link reliability. This elegant technique can be further exploited to explore the potential spatial and tem-
poral diversity on flat-fading or frequency selective fading (FSF) channels with some proper transmission
schemes, such as space-time (ST) coding [13], space-frequency (SF) coding and space-time-frequency (STF)
coding [14]-[18]. It is shown that the coding gain and diversity can be simultaneously achieved with suitable
coding schemes. Unfortunately, as the number of transmit antennas becomes large, the complexity of decod-
ing increases, which makes the design of coding or modulating schemes difficult.

MIMO relay communications, together with the orthogonal frequency division multiplexing (OFDM)
techniques, present an effective way of increasing reliability as well as achievable rates in next generation
wireless networks. Cooperative diversity is usually achieved through relay nodes that help the source node
forwarding its information. Deploying proper relays between source node and destination node can not
only overcome shadowing due to inevitable obstacles, but also reduce the transmit power from the source node.
In the MIMO- OFDM relay system, two or more nodes share and transmit jointly their information symbols
in a multi-antenna array, which enables the high data rate and diversity gain. A usual approach to share in-
formation is to tune in the transmitted signals and process the whole (or partial) received information in rege-
nerative or non-regenerative way. The former employs a decode-and-forward (DF) relay scheme in which each
relay decodes the original information from the source and forwards it to the destination [12]. Unfortunately,
since channels are usually noisy and fading, the processed information signals are not perfect. Therefore, we
have to study a possible coding or modulating strategy to improve its performance that makes a merit of relay
system. In the latter scheme it exploits an amplify-and-forward (AF) scheme to amplify and retransmit the
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scaled signals without any attempt to decode the original information [21], [22]. In the light of superiority
of these relay strategies with the availability of CSI, we consider the coding design of the MIMO-OFDM
relay system for the FSF channels with the fixed gain relaying scheme using the polar- and-forward (PF) relay
technique, in which each relay node encodes and retransmits the partial signals with the fixed power constraint.
A Kkey feature of this scheme is that we do not require relays to decode. Only a simple processing operation is
done at each relay, which makes the transmission much simple and hence can avoid imposing bottlenecks on
the data rate.

Recently, significant efforts have been related to the increasing capacity [23] or the optimal design of
the relay system [24] in terms of the DF/AF relay schemes based on a scenario equipped with single or multiple
antennas. However, further improvement should be sought in these relay systems, in which the loss of the signal
rate is boosted as the number of relay nodes along with antennas increases. While a key component relay design
is to optimize the precoding of source and relay in benefits of multiple antennas and multiple OFDM symbols,
how to design the MIMO-OFDM relay system to achieve high reliability with low-decoding complexity via a
coding approach becomes a challenge.

The problem with the previous relay system is the data rate loss as the number of relay nodes increases.
This leads to the use of polar coding sequences in MIMO-OFDM system, where relay nodes are allowed to si-
multaneously transmit the same OFDM systems over the FSF channels. We consider a simple design of the re-
lay system that achieves the fascinating symmetric capacity of the FSF channels based on polar coding with a
successive interference cancellation (SIC) decoder at destination node, which is motivated by the fascinating
Shanon’s channel coding theorem [25]. It is an extension of work where OFDM combining and splitting are
used for recursive code construction with the SIC decoding, which are essential characters of the polar coding
sequences [1]-[6]. This is an idea approach to construct code sequences as combining and splitting OFDM for
the FSF channels to increase its reliability.

Furthermore, we establish an analytical framework that illustrates the potential bit error rate (BER) per-
formance to be achieved from the polar MIMO-OFDM relay system. We argue that the present system may in-
crease the symmetric capacity under a low computation complexity of the SIC decoding due to the fact that a
large number OFDM symbols may be equipped for the polarizing FSF channels that tend to polarize under cer-
tain OFDM combining and splitting operations.

This paper is organized as follows. In Section Il, we describe the polar MIMO relay system with
two switching communication model, the down-polarizing system and the up-polarizing system. In Section
111, we systematically study the design of an simple PF scheme with space-time-frequency (STF) transmission
for down-polarizing and up-polarizing FSF channels. Some simulation results are also depicted in order to
show the BER performance behavior and robustness of this polar MIMO-OFDM relay system. Finally,
conclusions are drawn in Section IV.

R2

a) Down-polarizing OFDM Blocks for Distributed System

[ R2
b) Up-polarizing OFDM blocks for Distributed System

Fig. 1. The relay communication system based on the polarizing MIMOOFDM channels with two models: (a) denotes the
down-polarizing communication model; and (b) denotes the up-polarizing communication model.
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Some notations are defined throughout this paper as follows:

e (C: complex number field,;

e Z;: finite non-negative integer set {0,1, -, T —1};

o Bold faced uppercase letters, such as A: matrices;

e tr: trace of a matrix;

e Bold faced down-case letters, such as a: column vectors;

. T H *
e Superscripts () , () , and () : transpose, complex, conjugate transpose, complex conjugate, respec-
tively;

o |- [|g: Frobenius norm of a matrix;

e E[[ T1]: expectation of variable [ 1;

e & the Kronecker product;

e ©: the Hadamard product, i.e., the component-wise product;

e |, identity matrix of size n xn;

o diag(d,,---,dy_;): @ diagonal matrix with diagonal entries ¢, ---, dy _;-

I1.  Channel Polarization: Down-Polarizing And Up-Polarizing Mimo-Ofdm Relay System
We consider the distributed wireless system based on OFDM modulation with N subcarriers. There is

one source node S, one destination node D, and two relay nodes R2, {R1,R2}, as shown in Fig.1. There is only

one antenna at all nodes S, R and D, respectively. This assumption is applicable for any nodes equipped with
multiple antennas. We consider a scenario where N; OFDM symbols are transmitted for N = 2". The design of
the relay scheme that can mitigate relay synchronization errors is considered. Each relay node Ry, V k € {1, 2},
is assumed to be capable of processing the OFDM symbols independently and correctly. The average transmit
power at source node S is p;. The relay scheme is half-duplex, meaning that S and R do not transmit and receive
simultaneously. The Ng independent OFDM symbols are transmitted simultaneously from source node S to des-
tination node D in two stages. In the first stage the initial signal OFDM symbols are polarized and transmitted
from source node S to each relay node Ry, V k €{1,2}. In the second stage each relay node Ry forwards the (par-
tial) signal vector received from source node S to destination node D while source node S keeps silent. We fur-
ther assume that each single-link between a pair of transmit antenna and receive antenna is frequency selective
Rayleigh fading with L independent propagation, which experiences quasi-static and remains unchanged in cer-
tain blocks. Denote the fading coefficient from source node S to relay node Ry as hSRk = @k and the fading coef-

ficient from relay node Ry to destination node D as thD = Kk Assume that @y and ky, V k € {1,2}, are indepen-

dent zero mean complex Gaussian random variables. Two channel impulse responses @(t) from source node S
to destination node R are written as:

b (t)= Li;ocsk(l (L= 1, 5. &

where ag([])represents the channel coefficient of the [ * path of the channels, and T[], is the corres-
ponding path delay. Each channel coefficient as (1) is modelled as zero mean complex Gaussian ran-

. . . L-1 .
dom variables with variance o 2j,sk such that ZI G|2,sk =1. We also assume that ax()) are i.i.d. ran-

dom variables for any (k, (). Similarly, other two channel impulse responses ki(t) from relay node Ri
to destination node D are written as:

Ky (1) = Li:ask(l (=1, ). @)

where ark(l) represents the channel coefficient of the Ith path of the channels, and tl,rk is the corres-
ponding path delay. Each channel coefficient ark(l) is also modelled as zero mean complex Gaussian

L-1
random variables with variance o2 Lrk such that ZI OG'Z'rk =1. In addition, we denote the average

power for one transmission of each relay Rk as pr. The constraint on the total network power is p = pt+2pr. We
also adopt the power allocation strategy suggested in [26], and thus have

Pe=2p, = pl/2. @)
The MIMO-OFDM channel model, denoted by H € C*?, is created between source node S and relay nodes R,
and K € C¥?between R and D. Here entries of H and K are assumed independent and identically distributed
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(i.i.d.) with distribution CN(O, 1). For the distributed MIMO-OFDM relay wireless system with source-relay-
destination triplet structure, it is equivalent to two partial MIMO-OFDM wireless systems. One part has the
MIMO channel model H, i.e.,

H = diag(1, ¢2), (4)
and another part K is given by
K = diag(x;, «). (5)

Based on the MIMO-ODFM relay channels H and K in (4) and (5), we design the polar system for the transmis-
sion of the signal vector x, in which we switch to the polar system in four consecutive time slots, i.e., down-
polarizing and up-polarizing communications in turn. The system has two transmission phases. In phase 1, the
source node broadcasts four OFDM symbols that are first polarized at source node S to each relay node Ry. In
phase 2, source node S stops the transmission and each relay node Ry that polarizes the received symbols for the
second time and retransmits the resulting symbols to destination node D.

A. Down-polarizing MIMO-OFDM Relay System
At source node S the transmitted information is modulated into complex symbols x;; and then each N
modulated symbol as a block are poured into an OFDM modulator of N subcarriers. Denote four consecutive

OFDM blocks by X; = (Xi,0, Xirt, ... » XuN—1)", V i € Z,. We define x; + Xj = (Xio + Xj,0 Xiv1 + Xjp1, ..o X N—1 +

x;,N-1)T,V i,j€ £ 4 for polarization calculation.

In the first time slot, four consecutive OFDM blocks are processed with the down-polarizing 4x4 matrix Q4 at
source node S, i.e.,

U = XQq, (6)

where U = (uUp, Uy, Uy, Ug) denotes the polarized matrix of size N x 4, X = (Xo, X1, X2, X3) denotes the signal matrix
of size N x 4 corresponding to four OFDM blocks, the polar matrix Q, is given by Q, = 1, ®Q,. Here matrix Q,
is a down-polarizing matrix defined as Arikan’s fashion [1], i.e.,

Q= ' 7

Therefore, we have Uk = yok—2 and Ugk—1 = yak—2 + Y2x-1, for v k € {1, 2}.

3 1]

In the OFDM modulator, the four consecutive blocks are modulated by N-point FFT. Then each block is pre-
coded by a cyclic prefix (CP) with length lg,. Thus each OFDM symbol consists of Ls = N+l¢, samples. Finally,
four OFDM symbols are broadcasted to two relay nodes. Denote by ty, the overall relative delay from source
node S to relay node R, and then to destination node D, where the relative delay means it is relative to relay
node R;. In order to combat against both frequency selective fading channels and timing errors, we assume that

lep > max{tl s+l tts2}. Denote four consecutive OFDM symbols by Ui, V i € Z,, where {i; consists of

FFT(u;) and the corresponding CP.
At each relay Ry, the received noisy signals will be simply processed and forwarded to destination node D. As-
sume the channel coefficients are constant during four OFDM symbol intervals.

We define two processed vectors 1, = and u2=
u . QT which are polarized at ToT fel and Fiz, respectively. Namely, at source node S we have
T T et
U= x0 3
_ ul
U= ()" )’ (®)

and consequently

.= (FFT(xo)", FFT(x2)")’",

ti,= (FFT (ot x)", FFT(xot x5)")". ©)

Therefore, the received signals at R, vV k € {1, 2}, for four successive OFDM symbol durations can be given by

Fro = Vpt tig ® it o
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f/k01=\/pt 1, @ U+ ikl
Fre —Vpt i, ® Uk + Jle
Fus —Vptit, ® Uk + [ ks (10)
TABLE I

IMPLEMENTATION OF THE PF SCHEME FOR THE DOWN-POLARIZED SYSTEM AT RELAY NODES. OF; DE-
NOTE THE i"" OFDM BLOCK.

Polar R, Polar R, Process R, Process R,
OF, ro r20 &(r0) 0
OF f I 0 *
1 11 21 1
OFZ r‘10-'- r(12 r22 C (r10+ rlZ) 0
OF, hs b3t 0 (% r21)*

where Vpt is the transmission power at source node S, gy is an Lx1 vector defined as i = (os(0), ag(1), ...
ag(L—1)), ® denotes the linear convolution, and 7, V i € Z,, denotes the corresponding additive white Gaus-
sian noise (AWGN) at relay node Ry with zero-mean and unit-variance, in four successive OFDM symbol dura-

tions.
Then each relay node Ry polarizes, processes and forwards the received noisy signals as shown in Table I, where

{( +) denotes the time-reversal of the signals, i.e., {(i;((1)) = T(Ls — 1), V [ € Z s and hence {(T,(Ls))
=10),v ke {1,2}andV i € Z4. Denote by [y £ {(F,y), 01 £ {(f,ot [,,), 02 £ Eyand Oz £ (I, + 5)*. For

the [Tth subcarrier of [7; we also take the notations (1,17 £ [1)(7), V € Z\.A

After performing the above-mentioned processing operations, each relay node Ry, amplifies the yielded symbols
with a scalar A = \pr/(p; + 1) while remaining the average transmission power p;. In order to make the PF
scheme available for the FSF channels, it is required that for each relay Ry it can only implement the time rever-
sal operation ( + ) or the complex conjugation operation ( + )* on the received OFDM symbols.

At destination node D, the CP is removed for each OFDM symbol. We note that relay node R1 implements the
time reversions of the noisy signals including both information symbols and CP. What we need is that after the

CP removal, we obtain the time reversal version of only information symbols, i.e., {(FFT(w)),V i € Z, Then
by using some properties of FFT/IFFT, we achieve the feasible definition as follows.

Definition 2.1 According to the processed four OFDM symbols at relay node R; we can obtain

&) ® L(FFT(w))

at destination node if we remove the CP as in a conventional OFDM system to get an N-point vector and
shift the last T, = lo, —t1 + 1 samples of the N -point vector as the first t; samples. Here ¢, is an N x 1 vec-
tor defined as

o, = (a4 (0),...,04 (L -1),0,...,0),

and 1, denotes the maximum path delay of channel ¢, from source node S to relay node Ry, i.e, 1, =
max,{t,,s,}. In asimilar way, we define another N x 1 vector

K, = (04(0),...,0,,(L—1),0,...,0).

At destination node D, after the CP removal, the received four successive OFDM symbols can be written as

Yo= MPLFFT(u0)) ®L(9:)+Nio) @Ko

y1= MVPLL(FET(uo+U)) @4(@:) + Nig+Nyp) @iy

Y= MVPL(FFT (Ur))* @tz OL@ ¢+, @i

Ys= x(\/pt(FFT(US"'Ul»*@ tse® t1® (P'2+n;1+n;3)

®+ N, (11)

where ty, is an N x 1 vector that represents the timing errors in the time domain denoted as t,, = (0., 1,
0,..,0)T,and O, ,, is alx.y, vector of all zeros, and T, is the shift of samples in the time domain

defined as t,= (O 1,0, ..., 0)T. Since the signals transmitted from R, will arrive at the destination 1, samples

later and after the CP removal, the signals are further shifted by t: samples. The total number of shifted
samples is denoted by T, = 1, + ;. Here n,; is the AWGN at relay node R, after the CP removal, and n; de-
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notes the AWGN at destination node D.

After that the received OFDM symbols are transformed by the N-point FFT. As mentioned before, be-
cause of the timing errors, the OFDM symbols from relay node R2 arrive at destination node 1,4, samples later
than that of symbols from relay node R;. Since I, is long enough, we can still maintain the orthogonality be-

tween subcarriers. The delay 1, in the time domain corresponds to a phase change in the frequency domain, i.e.,
erdZ — (1’ e*lanSdZ/N . e*thrst(N*l)/N T (12)

where f= (1, e 2N, ..., e ZMN DM and 1 = v=1. Similarly, the shift of 7, samples in the time domain also cor-
responds to a phase change f%, and hence the total phase change is .

Denote by ¥i = (Fio, ¥is, ... » Yin-1)), V 1 € Z4, the received signals for four consecutive OFDM blocks at desti-
nation node D after the CP removal and the N-point FFT transformations. Namely, we have

Jo = M PLFFT((FFT (0 ) oy ok + ek ] +7

Y= ptFFT(g(FFT(Uo+U2)))°&)1°R1+(ﬁ10+ﬁ10)°|21]+ﬁ1

o = My RFFT((FFT(w)))o 17 odyoky 4ok ] 41y

T = ML P FFT((FFT(Uy 1)) 10 oy (g +ig) o] 1,
Where ¢ =FFT(&(¢1)) . ki =FFT(k)) . &;=FFT((¢)) . k=FFT(k;) , R=FFT(f;) and
n =FFT(N),vke{12)and Vv i€ Z,

According to the properties of the well-known FFT transforms for an N x 1 point vector x, we have
(FFT(X))* = IFFT(xx),
FFT((FFT(x))) = IFFT(FFT(x)) = x. (14)

Therefore, the formulas in (13) can be written in the polar form on each subcarrier (1, V [1 € Z N, as follows

Woe oy O 0 0 Ue
Yle y 0 ,;Vqr.', 0 0 Uzt U .
too | = AVPe ) g Tio gy D ul, +@o
e 0 0 0 &, ul Ay,
iy, 0O 0 0 o
— |k iy 00 g
= AP | 1fa mrfa 2 ,
VP 0 & 0 ut, |70
0 0 &, by wy, (15)

which can be rewritten as

(13)

Yoe difp 0] 0 0 Toe
the | _ duier O | i O T,
v | =MVP ey a5l 00 0 || w |TC
Vi o; 03| B 2 T3e
= Hrxre + Hrxr: + e, (16)

where @, £ f2¢,k,, @, 2 f2¢,k,, f2 = exp(—12n/N), H, and H are information generator matrix and
frozen generator matrix defined, respectively, as

briy O 00

ik, 0 iy 0
Hr= &»zl B He=| 7 g

T, o o O (17)
X = (oo, X)L X o= (oo X)), X is the 0" element
of X, Ky, | is the ot element of  «y M. is the g element of
N, and n;, is the " element of n, V k € {12} and V i €

Za. Two 4 X 1 vectors €0 and e are the polarized noises given
by €0=(€o1,€02,€03,04)" aNd € = (Eg1,802,6™,6™)", Where ey = Nyo, Ky, + 1o, 2= (Nyo, + Nz )iy + 1y, €3 =
M1, Koo+ 5 and €ga = (No1,n +Nos )k, Hi .

We note that sub-vector x;- serves as the information vector while sub-vector Xy ; as the frozen vector for the
down-polarizing MIMO relay system, which can be derived from the Bhattacharyya parameter vector for the
derivation of the reliability of the FSF channels, calculated in next section. The combined matrix H = (H;,Hg )

has the same structure as Arikan’s 4 x 4 polar matrix [1], [2]

00«

. 2 0o 1 0
Gy =Pel3 1 oo |’

1 1 1
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where P, is a permutation matrix given by

1 000 (18)
P, = 0010
0100
0 001
B. Up-polarizing MIMO-OFDM Relay System

In the next time slot, the four consecutive OFDM blocks are processed with the up-polarizing 4 x 4 matrix
Q,atS, ie.,
U'= XQ,, (19)
TABLE Il

IMPLEMENTATION OF THE PF SCHEME FOR THE UP-POLARIZED SYSTEM AT RELAY NODES OF;
DENOTE THE i" OFDM BLOCK.

Polar R, | Polar R; | Process R, | Process R,
OF, To+Fs | o (T +,) 0
OF, iy (AR 0 (Tt Fo)*
O | 1, o ) |
L "

where U'= (Uy,U;,U,,U,) denotes the up-polarized matrix of size N x 4, X = (X, X;, X,, X;) denotes the
initial signal matrix of size N x4, the up-polarizing operation Q;l is given
by Q, =1, ®Q; and Qj is defined as

Ql—l 0 (20)
2711 1

Therefore, we have U, _,= ., + Xy_and Uy,

Xpr V K E {1, 2}

In the OFDM modulator for the up-polarizing system, four resulting consecutive blocks are also modulated by
N-point

FFT and are precoded by a CP with length Icp. Denote by

Ui' ,V 1 € Z4 four consecutive OFDM symbols that consist of FFT(u;) and the corresponding CP. At each re-
lay RK, the received noisy OFDM symbols, denoted by F, will be polarized, processed and forwarded to desti-
nation node D.

Define two vectors u, = (U, ,u,’ )" and U, = (u,",u; )" such that

U = (X, +x)" (X, +x)1)7, o

4, = 0 )",

After performing N -point FFT onto ui' VieE 74

ti1 = (FFT(x0+x1) T ,FFT(x2+x3) )T,

2 = (FFT(x1) T FFT(x3) 1) T (22)
Therefore, the received OFDM symbols at relay node Rk can be written as
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Fo = \/ﬁuo ® ¢ + Ny,
R = \/Eul ® ¢ + Ny,
o =/ PtU, ® 4, +1,,,
F, =+/ptl, ® ¢, + M,

Then two relay nodes polarize, process and forward the received noisy OFDM symbols as shown in Table I1.
After that we obtain

=" -t N N = = =1 =

Vo =& (Mo +115), Wy =G (17,),V, = (P + ) *and Vy = (Fpg) ™.

After performing the processing, each relay node Ry amplifies the yielded signals with a scalar
A =./p, (P, +1) and forwards them to the destination node D.

At destination node D, the CP is removed for each OFDM symbol before being depolarized to decode
the initial information with high reliability. Then the received noisy OFDM symbols for four successive OFDM
symbol durations can be written as
Yo = A(/P&(FFT(Ug + u3))
® §(1) + g+ Npp) ® Ky + T

(23)

yi = AM/P C(FFT(U,)) ® & (1)
+M,0) ® Ky + 1y (24)

Yo = A/ G(FFT(Uy +uz)) *
® Ty T ® by + Ny +Nps) @K, + 1,

Ya = /P C(FFT(Ug) * ®T g

®T, @y + Nys) ®K, + Ny

Consequently, after the CP removal and N-point FFT transformations, the received four consecutive OFDM
blocks can be given by

Yo = MyJP FFT(C(FFT(Ug +U,)) o by o Ky

+(Nyo +Nyp)ok ]+

Y1 = AP FFT(C(FFT(U,))) o by o Ky
+ﬁ120R1] +N,
(25)

Yo = Myp FFT(G(FFT(u; +ug)) o f 72

oy oKy +(Mpy +Mp3)ok, ]+,

Vs = Mo FFT(G(FFT(u))*) o £ 72
° (T>2 ° R2 +ﬁ;30R2]+ Ng
For each subcarrier J, vV [ € Z N, the formulas in (25) can be written in the up-polarizing structure as follows,

Yo by 0 0 0 Wiy Un,
U ayiy O () i, i
= M/ 5 3 +e
Y2 v [ 0 P, 0 uf, +~uj, 0

ITET 0 ) 0 &, uy,
1Ry oy 00 Ui)e
0 o fy O 0 g,
0 0D @, P, ul,
0 00 & us,

’
- @

(26)
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which can be written as
Yoe kL kg | Ry o1k

1« f

:'flv L 4] MR DR et

", = AVt 0 ¢ 0 o3

S 2 T'a,
Wi, 0 0 0 L T (27)
where H'I and H'F are information generator matrix and frozen generator matrix defined, respectively, as

"1"l 4||f‘| "l"l "l"l
“ ” ' Ny 411','|

. ey .

() Ll Ih () |
0 0, 0 ®F

H

(28)

Xee =(Xoe, X )| denote the frozen vector (bits), X,.=(%,.,%;.)" is the vector (bits), e, and e =
Lk . L eo1=(M10c +A 12 Ky + Ny ,€02 =M 12k

(€01,€02,€ 03,6 04)" and € =(ey;,600,€ 03,6 04 )" Where Oi, ( L )_l.'E e ~ e

+N1e,€03= ( Ny1e + n23,€ )kZ,E +Nae,

and e‘04 = ﬁI23'€|ZZY€ + ﬁl,e'

Next, we can design the polar MIMO-OFDM relay system by switching to polarizing four OFDM symbols for

the FSF channels. Based on the down-polarizing system to transmit the €™ subcarrier of four OFDM symbols,
we have the received vector of size 4 x 1 given by

Ye =Hie+Hepete, (29)
whereas deploying the up-polarizing system, we have
ye = HlF,e + H| ><'I € +e‘. (30)

We can decode the initial information vectorsx, and X, , respectively respectively, using the conventional
the ML receiver or the ZF/MMSE receiver after depolarizing the transmitted signals at destination node D.
However, in this paper we introduce a polar receiver via the polar decoding under a low complexity SIC strate-
gy that can bring out similar performance behaviors as that of ML decoding for small number of OFDM
blocks, i.e., Ns = 4. Fortunately, due to the benefits of polar coding sequences for the large number Ng=
2"[1]-[6] it also shares the good BER performance behavior of polarizing FSF channels in terms of its capaci-
ty-achieving properties [25] as hon-negative integer n goes to infinity.

1. DeCoding Of THe PolAr Mimo-Ofdm Re L Ay SystEm

We consider all single-links of the FSF channel H from each pair of transmit antenna of source node S
and receive antenna of relay node Ry, and K from relay node Ry to destination node D, which are indepen-
dent complex Gaussian random variables with zero-mean and unit-variance. Each single-link channel, denoted
by W, has the transition probability W (y|x), where X, y € A. As a useful measurement of the reliability of the
wireless network, there is a conventional channel parameter, the symmetric capacity | (W) with some modula-
tions [25]. We note that parameter 1 (W) is the highest rate at which the reliable communication is possible using
inputs with equal probabilities.

Polarizations of the FSF channels are derived from the are derived from the N = 2" OFDM symbols polariza-

tion with generator matrix Gy, e{Q‘f”, '2®" },which is an operation by which one manufacture out of Ns in-

dependent OFDM symbols W yields a second set of Ns splitting OFDM symbols {W,gis) 11 E€Z \} that showa

polarization effect in a sense that, as Ns becomes large, the capacity terms {IW,SiS) 11 E€Z \} tend towards one

or zero for all but a vanishing fraction of indices i [1]. In this paper, we only consider polarizations of an MlI-
MO-OFDM relay wireless system including Ns = 4 OFDM symbols, i.e., the combination of four OFDM sym-

bols yields a second set of four splitting FSF channels{Wji): i €Z ,}. This channel polarization consists of
two operations, i.e., OFDM combining and OFDM splitting.

OFDM Combining

While deriving the FSF channel combining operation of the polar system with four OFDM blocks, we
combine four OFDM symbols, denoted by W, in a recursive manner to produce a multi-level structure channel
W,. We consider OFDM combining and splitting for the €™ subcarrier of each OFDM block with the down-

polarizing information bits x,¢ or the up-polarizing information bits x,_.Without loss of generality, we only
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consider the OFDM combining and splitting operations of the down-polarizing system with four OFDM blocks
while showing the feasibility of the polar system. As for the OFDM combining and splitting operations of the
up-polarizing system, we can achieve the similar results while referring to the polar coding processing in [1], [2].
Based on the down-polarizing system in (29), we define the down-combining equivalent FSF channel
asH =(H, ,Hg )expressed in (17), respectively. We note that the OFDM combining operations have the simi-

lar structure fashion as Arikan codes generated from G4 = P4Q5™ , i.e.,
1000

Gy= (31)

1
1
1

o - O

10
01
01

It implies that the present polar system can be decoded via the depolarizing algorithm with a recursiveness fea-
ture.
Without causing undue prejudice or confusion for description, we especially take the simplified notations in this

section as follows. The notation x; = X;e denotes the initial input signals at source node S, u; = U;e the pola-

rized signals at source node S, r; = r;e the received signals at relay node R, v; = Vje the polarized signals at

relay nodes R, and y; = ;e the received signals at destination node D, which are all corresponding to the €™
subcarrier of the i"" OFDM symbol. For each subcarrier X, , y; ., Ui, and r; - of x;, y;, Uj and r;, we also take the
notations X = (Xo, -, X1, Xo, Xa,0)'s Xk = Koz, Xak1.) s Y = (Voo Yoo Yoo ¥3.) s Vi = (Voo Yaks) s

U = (Uzkfz,*, u2k71’7)T’ and rg = (r2k72,*, rZH,—)T, vV ke {l, 2} andV [J € Zy.

According to the down-polarizing system, we derive the OFDM down-combining operation of the polar FSF
channels in terms of the above simplified notations.

This process begins with the low-level of the recursion at Ry that combines two independent OFDMs with tran-
sition probability W, which results in the OFDM down-combining for the second level combining FSF channel
W, for Ry with transition probabilities

Wa(Yidr) = W(Yar-2lrak2) * W(Yak-a|rak-2t k1) (32)

Similarly, the OFDM down-combing for the FSF channel W, at source node S can be obtained with transition
probabilities
Wo(UfX)=W (Uak2[Xak-2) * W(Uzk-1[Xok-2+Xok-1)- (33)

Furthermore, the third level of recursion for the MIMO relay system combines two independent FSF channels
W, to establish the high level FSF channel W, with transition probabilities calculated from the recursive formula
W (YIX)=Wa(YolX0) * Wa(Y1[Xo+ X1, Xo* X3)

SW(BWO: o WO WO Sx). (34

In the similar way, we calculate transition probabilities of OFDM up-combining for the second level FSF chan-
nel WZ' at Ry with transition probabilities

Wo(Yie 16 =W (Va2 | Tk g+ Yok )W (Va1 [ Ty 1), (35)
and transition probabilities of OFDM up-combining for the
FSF channel W'2 at S as

W (U 1% ) =W (U p | X2 +Xoi-1)- W (U1 | Xpi 1) (36)
Then the third level OFDM up-combining for the FSF channel W; can be derived with transition probabilities

=W(YolXo) W(Y1[Xo+X2) W(Y2lXotX1) W(Ys| W,(Y [X)=W (Yo X +X2 )W (V1] % )W (V| _%Xi )

W (Y3 1% +% ). (37)
According to (34) and (34), for the €™ subcarrier of each OFDM symbol, we obtain the OFDM combining for
the third level FSF channels W4 and W, with transition probabilities

Wi(yexe) = W(Yo, dXo, &) * W(Y1, eXo, etX2, €)
3
W(y2, eXotX1, &) ‘W(ys, d oni )
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W, (Yo I X )=W (Yol Xoe+X2)- W (Vi 1 %0)

.. 3 oo
W (Y, | _Zé)xi )W (Yae | Xo + X1y, (38)
i=

OFDM Splitting
Next, we consider the OFDM down-splitting operation for the down-polarizing system, which splits the

synthesized FSF channel W, back into a set of equivalent single-link FSF channels W{"), v i € Z 4. The down-
splitting OFDM s can be used for the transmission of signals in the polar system with high reliability in terms of
transition probabilities, as well as down-splitting channel capacity I(Wﬁi)) [25]. At each relay node Ry, we de-

fine the OFDM down-splitting operations as one-one maps that illustrate the relation of the transition probabili-
ties of each subcarrier of two level OFDM downcombining FSF channels W and W, as follows

WEO(yi [Tz ) = X %W( Yak—2 | Tox—2 W( Vo1 | Tox—z + Tox1 )i

T2k-2

Wél)( Yo Fok—2 | Tk ) = %W( Yok | Tak—z +Taka )- (39)
Considering all nodes S, R and D for the whole polar system, for any subcarrier we derive the high-level OFDM
downsplitting operations with the transition probabilities given by

WOy %)= IW(y; [ % Wy, [ %0 +% ),
X1

WYX 1) =5 Wy 1% Wy [ X0+ ),
Wﬁz)(y,xl | %,)= Z%WZ(”( Y1 %o 1 X2)
X3

'Wél)( Y2, Xo + X% | X5 +X3),
WY, % %) = E WS (y1.% 1 %, )
'Wz(l)( Y2 X + X | % +X%g). (40)
Namely, for the € subcarrier of each OFDM symbol we achieve the transition probabilities as follows
WOy 0.0) = SWP (1 1% W (Vo X %1 )

Xl,f
Wy Xoe 1% ) = WOy 100, W (Yo X0 + X0 ),
W§2)( ye 7Xl,e | XZ,e ) = Z%WZ(l)( yl,e 'XO,E | XZ,E )

XSE
'Wz(l)( YoerXoe tXe | Xo e + X3 )
Wf)( y,e le,e lXZ,e | X3,e ) = %WZ(l)( yl,e lxl XZ,e )
' WZ(l)( y2,e 1X0,€ + Xl,e | XZ,E + X3,e ) (41)

Similarly, the OFDM up-splitting operation that illustrates the relation of OFDM up-combining for two FSF
channels W and W, is

©, o . . . .
W2 (Vi ltu2)= = 3 W (Voo [ Fak—z + Tt W (Yora [ Takn),

k-2
w( Yier P2 | k1) = 3 W (Vaka | Fakz + T W (Vs | Py )-
and the high-level OFDM up-splitting operations that illustrates the relation of two OFDM up-combining for the
FSF channels W, and W, is given by

©, ©, ©,
Wa (Y [%)=XgW2 (1| % +X)W2 (Yo%),
Xy
W, ©, ©,
W4 (y7X0|X1):%W2 (Yl %o +X)W27 (Y2 %),

@, . M, :
Wa'(y X | %) =2 gW2 (V1. % + X% | Xp +%3)
X3

(1)
W2 (Yo, % | %)
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@, W, :
W (an:LyXZlXS):%WZ (V1. X0+ X | %o +Xg)
a, -
W2 (y2,% [ X%3)- (42)

So far we have established the polar system based on the polarization of OFDMs. It is known that the channel
capacity of OFDM splitting for the FSF channel W,") can be bounded by
(WD) <1-z(Wib),

where z(W,"))are the Bhattacharyya parameters [1] given by
Z(W[fi)): Z Z . I1 W(ye’XO,e”'Xi—l,elxe)'

YeeAXg Xy A\ X €A
Next, we analyze the reliability of the OFDM down-splitting for the FSF channels with transmission probabili-
ties WS in
(41) based on the Bhattacharyya parameter vector

Z4= (240, 243, 242, 243),
which can be calculated from the recursion formula [1], [2],

' W $ iy
16

16
(a)The recursive down-polarization (b)The recursive up-polarization

Fig. 2. The tree process of the Bhattacharyya parameters for the recursive polarizing OFDMs.
i.e.,
2 -
zZ . forO<j<k-1;
Zok,j =100 2 J (43)
’ 27y jk —Zk,jx, or k= j=2k-1,

for v ke {1, 2} starting with z1,0 =1/2, shown in Fig.3(a).
From scratch, we form a permutation m4 = (i, iy, iy, i3) Of
(0, 1, 2, 3) corresponding to entries of X = (Xo, X1, X, X3) ' S0 that the inequality 24ji< 4, ¥V 0<j<k<3is
true. Thus we have the reliability of OFDM splitting for the FSF channels given by

z(4) = (1/16, 7/16, 9/16, 15/16) (44)
which creates a permutation n4 = (0, 1, 2, 3). It implies that for each subcarrier of the source OFDM symbols X,
the first two signals {x0, ¢ X1, &} can be transmitted with higher reliability than that of the last two signals {X; ¢,
X3.e}, as shown in (44). Therefore, for the reliable transmission of signals while polarizing the FSF channels, we
let {Xo,e, X1 e} to be the information bits that are required to be transmitted from relay nodes, and {x; ¢ X3 e} to
be frozen bits that provide assistance for transmissions. In practice, the frozen bits {x; ¢ X3} are always be set
zeros for the depolarizing for convenience, i.e., {X2.e = 0, X3¢ = 0}. This property can be utilized for the flexible
transmission of signals on the FSF channels with high reliability [1].

In the similar way, we can derive the reliability of upsplitting system for the FSF channel W4“)With
transmission probabilities in (42) based on the Bhattacharyya parameter vector
24=(240,241:242,243);
which can be calculated from [1], [2], i.e.,
. 2 .
) L : for0<j<k-1;
Zokj = 2'22k,J—k ZK,j—k, J (45)
Zkj, for k< j<2k-1,
for v k € {1, 2} starting with z; o = 1/2, shown in Fig.3(b). Consequently, we form a permutation 7, = (io, iy, iz,

. . . . .4 4 .
i3) of (0, 1, 2, 3) corresponding to entries of X = (Xp,e X1.6 X2, X3,6) T SO that the inequality zij < zixkV 0<j<
k <3, is true. The reliability of OFDM splitting for the FSF channels can be derived as
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z(4) = (15/16, 9/16, 7/16, 1/16) (46)
which creates a permutation n, = (3, 2, 1, 0). It implies that for X< embedded in four OFDM symbols, the last
two signals {Xx, ¢ X3} can be transmitted with higher reliability than that of the first two signals { Xo e X1}
Therefore, for the reliable transmission of signals over each subcarrier for uppolarizing system, we let {x; ¢ X3}
to be the information bits that are required to transmit from relay nodes, whereas {Xg ¢, X1} are frozen bits that
provide assistance for the reliable transmissions.
C. The Switching Polar Relay Communications with Space-
Time-Frequency Codes

In what follows, we propose a high-reliable MIMO-OFDM relay system by rearranging a class of
space-time-frequency code (STF) codes for four OFDM symbols over the FSF channels with the structure ex-
pressed in the stacked Alamouti code and the Jafarkhani code. Generally speaking, it is not difficult in practice
to provide parallel transitions for an MIMO-OFDM communication system, especially for system with a large
number of OFDM symbols. Therefore, a suitable STF may adapt itself to the transmission of multiple OFDM
symbols with parallel transitions in the polar relay system.

According to the reliability of the switching polar relay system while calculating the Bhattacharyya

parameters expressed in (44) and (46), for each subcarrier we obtain information bits X, < and X'IE and frozen
matrices Xg.cand X in the downpolarizing system and the up-polarizing system, respectively.

1) Switching Polar System with the Alamouti code: According to the above-mentioned OFDM polarizing
for the FSF channels in two polar systems, i.e., the down-polarizing system and the up-polarizing system, we
assume the transformed OFDM symbols u; can be encoded with the orthogonal block code that combines spatial,
temporal and multipath processing for grouping signals. Actually, we can construct the Alamouti code structure
on each subcarrier if the length of the CP |, satisfies the constraints

lep >7 {Tl,sk Tk +Tsd2}- :
To make the transmission processing clear, we consider an MIMO-OFDM relay system with one transmit an-

tenna at source node S, each relay node Rk, and one receive antenna at each relay node Rk with an OFDM sym-
bol matrix of size 4N x2 in two time slots given by the stacked Alamouti code,

Xo — X;

_ (A, X1 — X
AG) = (oc)= (RG22 )= o 5 | (47)

- 3

X3 X;

where A(Xak-2, Xak-1), V K € {1, 2}, denotes the stacked Alamouti code [7] with N pairs of variables
{(Xok 2,6 Xok-1)e: € Z N}

For each subcarrier, V. € Z y, it is given by

Xk-2e  ~Xok-2,¢

]. (48)

A(Xok-2,6 Xok-1,6) ={ N

sz—l,E XZk—l,E
Next, we describe the polar MIMO-OFDM relay system by switching to polarizing OFDM symbols with the
stacked Alamouti code. Based on the down-polarizing system in (29) to transmit A(x) expressed in (47), we
have the received matrix of size 4 x 2 in two time slots given by

Y = H|X| + HFXF + E, (49)

where and E = (g, e) is an equivalent AWGN vector of size 4 x 2. While deploying the up-polarizing system in
(30) to transmit the same A(X) in (47), we have the received matrix of size 4 x 2 in the next two time slots given

by
Y =HeXe+ HX, +E, (50)

where E'= (€, €) is an equivalent AWGN matrix of size 4 x 2 for the up-polarizing system in (30).

The two column vectors ¢, and ¢, in (47) are modulated for four OFDM symbols and transmitted, re-
spectively, in the first two time slots for the down-polarizing system. Therefore, information matrix X,e = A(Xoe,
X1€) and frozen matrix Xee = A(X26 X3e), and hence extensive information matrix X; = A(Xo,| X;) and frozen ma-
trix Xg = A(xy, X3) are embedded in two OFDM symbols for two time slots, respectively. In the next two time
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slots, we switch to the uppolarizing system and achieve frozen matrix X'= = A(Xo, X1) and information matrix X,
= A(Xz, X3) in the same two respective OFDM blocks as that of the down-polarizing system. The selections of
information matrices {X,, X} and frozen matrices {Xg, X} for switching polar system are based on the calcu-
lation of the Bhattacharyya parameters, as shown in Fig.2.

Theorem 3.1: According to the down-polarizing system in (49) for the first two time slots, we consider
4N signals for four OFDM symbols (Xo, X1, X2, X3) embedded in the stacked Alamouti code in (47) for the trans-
mission and switch to the up-polarizing system in (50) for the next two time slots. After being processed with
the afore-mentioned transformations, the CP removal and the N-point FFT operations while switching the down-
polarizing to up-polarizing system for four OFDM blocks in four time slots, the information matrix can be de-
polarized and hence be decoded with high reliability at destination node D as follows

o [0 S (o )
Ogx2 XI. 0252 A(Xy,X3) )

which is an orthogonal code that can achieve the full diversity.

The proof of Theorem 3.1 can be found in Appendix A.

According to the reliability of OFDM splitting for the FSF channels in (44) and (46), we implement the PF relay
scheme while transmitting the information bits with four OFDM symbols via two polar systems, i.e., down-
polarizing system and up-polarizing system. The polar system that are composed of down-polarizing system in
(49) and up-polarizing system in (50) with the Alamouti code structure in terms of spatial, temporal and multi-
path for the FSF channels in four time slots has the similar performance behaviors as that of the Alamouti code
for the space-time or space-frequency transmissions.

2) Switching Polar System with the Jafarkhani code: We consider a 4 x 4 matrix given by the Jafarkhani
structure [8]

Xo — XI - X; X3

XX —Xzg =X
JX)=C,y,C;,Cy,C3) = * | (52)

Xp  —X3 Xg —X%

X3 X; X X;

For the PF scheme, two column vectors ¢ and ¢, are transmitted in the first time slot and the third time slot for
the down-polarizing system, whereas other two column vectors ¢; and ¢z are in the second time slot and the
fourth time slot for the up-polarizing system.

In the down-polarizing system at source node S for four successive OFDM symbols we take the nota-

tions
XI
X(X) =(cq,C;) = x| (53)
F
where X, and X are information matrix and frozen matrix given by
Xg —X, X, —Xg
X.=(° f,xp{z ) | (54)
Xl — X3 X3 - Xl
In the up-polarizing system we use the notation
. X,
X)) =(c,c3)= . |, (55)
XE

where Xz and X, are frozen matrix and information matrix given, respectively, by

Xp = X% Jx (% % (56)
F— * ' F— * * :
Xo TX Xo  Xg

Based on the above-mentioned matrices X and X, we switch to polarizing MIMO-OFDM relay system in four
time slots, i.e., the down-polarizing system for transmitting X and the up-polarizing system for transmitting X.
After being depolarized and decoded at destination node D, we achieve

X 0 -x; 0
o= 0 %0 (57)

— X3 Xo -X

0 x 0 Xg
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Theorem 3.2: We consider 4N signals for four OFDM symbols (X, X1, X2, X3) embedded in (52) for the transmis-
sion in both down-polarizing system and up-polarizing system. In the first and third time slots we transmit X in
(53) for the down-polarizing system in (29), and switch to transmitting X in (55) in the second and fourth time
slots for the up-polarizing system in (30). After being processed with abovementioned processes, the CP remov-
al and the N-point FFT operations while switching the down-polarizing system to up-polarizing system for four
OFDM blocks in four time slots, the received noisy information matrix can be depolarized and decoded with
high reliability at destination node D, namely we can achieve the transmitted matrix of size 4 x 4 given by deci-
sion matrix j( x)expressed in (57), which is a quasi-orthogonal code equivalent to the Jafarkhani code.

The proof of Theorem 3.2 can be found in Appendix B.

We can decode the initial signal vectors X; and X, from X, and X, respectively, using the conventional Ala-
mouti decoding or the Jafarkhani decoding with the ML receiver or the ZF/MMSE receiver after depolarizing
the transmitted signals at destination node D. However, in this paper we introduce a polar receiver via the polar
decoding under a low complexity SIC decoding strategy that can bring out similar performance behaviors as that
of ML decoding. According to the reliability of OFDM splitting for the FSF channels in (44) and (46), we im-
plement the PF relay scheme while transmitting the information bits with four OFDM symbols via switching to
down-polarizing communication and up-polarizing communication, which has the similar performance beha-
viors as that of the Alamouti code and the Jafarkhani code.

It is shown in both (51) and (57) that the present PF MIMO-OFDM relay scheme with the STF code can achieve
the similar diversity gain as that of the Alamouti code and the Jafarkhani code with OFDM polarizing for the
FSF channels. According to Arikan’s statement, we should obtain the good BER performance as long as the
employed system is provided with a large number of OFDM symbols while implementing the polarizing opera-
tions on source node S and relay nodes R over the FSF channels.

D. OFDM Depolarizing
In this subsection, we consider the SIC decoding for the proposed polar MIMO-OFDM relay system
with standard complex constellations, such as binary phase shift keying (BPSK) modulation constellation. Re-

call that each signal X;e,V ¢ € Zy, in the €™ subcarrier of OFDM block x;, V i € Z,, is independently trans-
mitted across Ry and a channel output y; ¢ is obtained with transition probability W(y; e[X;e). For each subcarrier
in four OFDM symbols we misuse the simplified notations x2xe=(X| . X¢ . )" YI2ye=(y1..y5. ) for the down-

polarizing system, where y; 2 yie = (Yoe, Yie) and Yo2yoe = (Yae, Yse)'. Similarly, we define

/ ] T T ' ' L. ..
XEX =(X1e,XFe Yandy 2 Y. :(yIE,y;E )" for each subcarrier in the up-polarizing system.

The SIC decoder of the down-polarizing system observes y and generates an estimate of X of x. We
may visualize the decoder as consisting of four decision elements for four respective OFDM symbols, each ele-

ment X; for source elementX;,V i€ Z,.
The OFDM depolarizing algorithm of the polar system begins with the i decision element X; for the down-
polarizing system. It waits till receiving all previous decisions X;_;,and upon receiving them; it calculates the
likelihood ratio (LR) Li4 as follows

WDy %% 0)

La(y %o dyy) & 22T (58)
Wﬂfl)(y!xln.xi—l |1)
and generates its decision as
0 if LDy % - % .
Xi = if Ly (_y,xl, Xiq)21; (59)
1 otherwise,

which is then sent to succeeding decision element X;,; . The complexity of the decoding algorithm is determined
essentially by the complexity of calculating LRs, which is N(1+log, N) = 12 for computing one round. For the
initial
LRs, we calculate

W(y; 0)

L(yi)= :
oWy 1)
For the down-polarizing system, the low level of LRs are obtained with a simple calculation using the reclusive
formulas in (39), which gives

(60)
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L (yi ) = L(Yaz)

LD (Vi Kar2 ) = (L(Yger )25,
v k € {1, 2}. After that the high level of LRs can be calculated using the reclusive formulas in (41). A
straightforward calculation yields

LO(y) =L (v ),

Ly R ) = (L5 (y, )2,

LY (y. %) = (LY (y1.%),

Ly % %2 ) = (L (v R + %))
The LRs L(4i) in (62) can be derived from (41), which can be found in Appendix C.

However, for the up-polarizing system the low level of LRs are given in [1] by

L(Yok 2 )L(Yor ) +1
L(y2k —2)+L(y2k -1)

(1) . 2%
L2 (Vi Ry 2 ) = (L Va2 )22 LYo 1), (63)
and the high level of LRs can be calculated as
1O (yy= E LT (95) 41
L'(O)(Y1)+ L'(O)(Y2)
S 00%) =L ()P (y,),
L.(Z)(y)ﬂ( )= 5 (V1.% ) 2 (YZ'X0+)21))+1 (64)
L3 (ko )+ L1 (o Ko )

Lfﬁ)(y,)”(,:,xz) )(y1 )(0))1_2*2 Llé”()’zr)zoﬂzl)-
So far we have calculated LRs of the polar system. The advantage of this OFDM depolarizing algorithm is due
to the relations of two level LRs in coordination with the formulas in (61,62,63,64). For example, two LRs

L9y, ) and LY(y, %, ) are assembled from the same pair of LRs L") (y,) and L*)(yy, ), while the other

(61)

(62)

L (k)=

two LRs L2(y,,% )and L3 (y,,%,%, ) are from L (y,,%, )and LSV(y,,%, + %, ) due to the symmetry prop-

erties of the FSF channels. In addition, two LRs L{®(y, )and L{(y,,%,_,)are assembled from the LRs

LO(yar2) and LO(yac 1), V k € {1, 2}. This process proposes an elegant approach for an accurate count of the
total number of LRs that are required for a full description of the OFDM depolarizing algorithm, shown in Fig.4.

(¥) ( Jaa s ) L (Yo)
(yi-ls«r>\ /<(1,;3_> )
(Yosffins) \\wwx T ()

Fig. 3. Implementation of the successive cancellation decoder.
Next we design an implementation of the SIC decoder for switching polar system. There are 12 nodes corres-
ponding to LRs for decision elements X . The depolarizing process carries out two crucial actions in the polar
system, i.e., activating and responding [1]
e Step 1: It begins with the activating phase in the downpolarizing system, in which the first decision element

X, from the leftmost column activates nodel for the calculation of L'flo) (y)to decode x,; of column vector X,

which in turn activates node2 and node5 to achieve a pair of LRs, L) (y; ) and L) (yy, ) . After that node2

activates node3 and node4, and node5 activates node6 and node7, respectively, for calculating two initial-
level pairs of LRs, LO(y ) and LO(y, ), V k € {1, 2}.

www.iosrjournals.org 100 | Page



A Distributed Polarizing Transmission System for Frequency Selective Fading Channels

e Step 2: In the responding phase, node3 and node4 compute L(y,) and L(y;) using (60), respectively, and
pass them to their left-side two neighbors, node2 and node9. Similarly, node6 and node7, compute and pass
the pair of LRs L@(y,) and L(ys) to their left-side two neighbors, node5 and node10, respectively.

e Step 3: In what follows, node2 and node5 compute L{)(y; ) and L®)(y, ) using (61) and pass the resulting
pairs of LRs to its left-side two neighbors nodel, respectively. After that, nodel compiles its response
L'flo)(y)to calculate X, according to (62). Consequently, nodel sends X, to its neighbor node8, which is
needed for calculating X,. The yielded decision elements X,and X, are both passed to node8 and nodel2
that may generate X, and X5. Fortunately, since X, and x; are the frozen bits that have low-reliability in the
down-polarizing system, it is not necessary to generate X, and X5 while directly setting X, = X;=0.

e Step 4: The depolarizing process switches to the up-polarizing system while calculating X, and X5 with high
reliability. In this phase X, and X, are the frozen bits that are directly set X, = X, = 0. Consequently, X, on-

ly activates node11 for computing L'$? (y,%, )based on (64), where I_'(zl)(yz,f(O + %) LS (y, %) can be
obtained from the response of node9 and node10 using (63). The decision element X, is then sent to node12

for X5. The last decision element Xactivates nodel2 for x3 based on L'ff)(y,)il,)”(z )in (64) without acti-

vating node9 and nodel0. The algorithm continues in this manner until the receiver receives and decides the

transmitted vector X .
We note that in the down-polarizing system it is not necessary to generate X, and X5since they are frozen bits
that have low-reliability while transmitting in the down-polarizing channels. Similarly, in the up-polarizing sys-
tem it is not necessary to generate X, and X, since they are frozen bits with the low-reliability while transmit-
ting in the up-polarizing channels. In this way, the proposed depolarizing algorithm can be made while directly
setting X, = "x3 = 0 in the down-polarizing system and setting X, = X, = 0 in the up-polarizing system. This
decoding process continues until all information bits x are jointly decoded in the end. Next, we will show the

BER performance behaviors of the polar system with simulation results. Thus, we can obtain x from X in the
polar system with the high-reliability.

Fig. 4. BER performance behaviors with polar decoding.

www.iosrjournals.org 101 | Page



A Distributed Polarizing Transmission System for Frequency Selective Fading Channels

Fig. 5. BER performance comparison with ML decoding and polar decoding.

E. Simulation Results

According to the OFDM depolarizing algorithm with the SIC decoder for the polar system, we present
some simulation results and compare their BER performance behaviors. We present the BER performance as
functions of the transmit power p;. We deploy the Alamouti code and the Jafarkhani code on each relay node R;
while implementing the OFDM depolarizing techniques for the polarizing FSF channels. Therefore we can use
the ML symbol-wise decoding, as well as the OFDM depolarizing algorithm in four time slots, where the data
symbols in A are drawn from BPSK constellation.

In Fig. 4, we present the BER curves of the stacked Alamouti code for four OFDM symbols transmitted
at source node S. We consider the polar MIMO relay systems provided with transmission power p; for reference
in terms of the power allocation strategy in (3). For the present polar system, it shows that the slope of the BER
performance curve of the proposed PF scheme with the Alamouti code for the polar system via the OFDM depo-
larizing algorithm approaches the direct relay system without OFDM polarizing via the ML decoding when
power p, increases. It implies that the PF scheme can achieve full diversity with the depolarizing algorithm. Fur-
thermore, the BER performance behavior of the present polar system is a little better than that of the direct
transmission approach which verifies our analysis of the transmission reliability of the polarized FSF channels.
Simulations demonstrate that the proposed PF scheme with the OFDM depolarizing algorithm has a similar per-
formance as that of the Alamouti scheme with the ML decoding for large transmission power p; when the depo-
larizing is applied at the receiver. In Fig. 6 it implies that the PF scheme can achieve full diversity in terms of
the ML decoding and the OFDM depolarizing decoding. In this case, the BER performance behavior is much
similar as those of the ML decoding, as stated in [11]. Fortunately, for the polar system, the BER performance
of the decoder provided with the depolarizing algorithm outperforms that of the direct approach using the ML
decoding.

v. CONCLUSION

In this paper, we have presented a simple design of the PF scheme based on two polarizing systems
over the FSF channels, i.e., the down-polarizing system and the up-polarizing system. There are two polar cod-
ing processes for each polarizing system, including source polarizing and relay polarizing OFDM sequences.
The present polar system has a salient recursiveness feature and can be decoded with the SIC decoder, which
renders the scheme analytically tractable and provides a low-complexity coding algorithm while multiple
OFDM symbols are equipped. We analyze the BER performance and diversity of such systems based on the
STF codes with the fixed size using the polarizing FSF channels, which tend to polarize with respect to the in-
creasing reliability under certain OFDM combining and splitting operations. Simulations demonstrate that the
proposed polar system has the similar BER performance behaviors as that of the STF codes, the stacked Ala-
mouti code and the Jafarkhani code, but outperforms these STF codes in terms of the BER performance for large
transmission power when the OFDM depolarizing algorithm is applied at the receiver.

APPENDIX
A.  Proof of Theorem 3.1
We consider 4N signals for four OFDM symbols (Xo, X1, X2, X3) embedded in (47) for the transmission
in the down-polarizing system for the first two time slots. For each subcarrier ¢ € Zy, we have

Coo =(Xoe Xo 1 Xoe Xg )T @Nd € =( =X, ,Xo. —Xae,Xp. )T . According to the tree process of the Bhattacharyya para-
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meters for the recursive polarizing OFDMs in Fig.2(a), we achieve the respective information bits (X, X%, )and
(—X5., X ) in two time slots after the CP removal and the N-point FFT operations at destination node D. The

frozen bits are given by (X,, X5 )and (—xa.,X,. )respectively. We do not need to decode frozen matrix Xg

since it has been transmitted on channels with low reliability in the down-polarizing system. Therefore, after
depolarizing the system we obtain the 4 x 2 originally transmitted matrix given by

X =[X2€ _X3e} (66)

X3€ XZE

Combining (65) and (66) in four time slots, we have X = diag( )ZA,)Z'A ) from which the embedded signal ma-

trix can be rewritten as

["\(X)z(A(XOEI)(le 02.2 j
02><2 A( Xoe 'X3e )

where can be further decoded with the orthogonal STBC decoding algorithms. This completes the proof of
Theorem 3.1.

(67)

B. Proof of Theorem 3.2
For each subcarrier of four OFDM symbols (Xo, X1, X2, X3) embedded in (52) for the transmission in both
down-polarizing system. We transmit X in (53) in the first and third time slots for the polarizing MIMO relay

system in (29). Namely, for each subcarrier ¢ € 7y, We have ¢, =(Xo. X, X, X5, )" @nd ¢s_ =(~Xg., X5 ~Xoe X, )T AC-
cording to the tree process of the Bhattacharyya parameters for the recursive polarizing OFDMs in Fig.2(a), we
achieve the respective information bits (Xo.,X,. )and (—X3.,X5. ) in the first and third time slots after the CP
removal and the N-point FFT operations at destination node D. The frozen bits are given by
(Xoe s Xac )and ( Xqc, X< ), respectively. After depolarizing the system we obtain the 2x2 originally transmitted
matrix with high reliability given by

. _ X+ _ X+

XI =£ +3€ +1€Jl (69)
X2€ XOe

Combining (68) and (69) in four time slots, we have the embedded information matrix can be rewritten as After

being depolarized and decoded at destination node D, we have

Xoe 0 - X;e 0
2 XlE 0 — X; O
J(x)= < . 70
( ) 0 - X;e 0 - Xfe ( )

"
0 X2e 0 Xare

We note that the depolarized information matrix Jin (70) is a quasi-orthogonal matrices, which is equivalent to
the Jafarkhani code if and only if c,_c,. # c,.C5. . In fact, it is easy to prove that

303" ) =
2 2
|C0E | +|CZE | COECIE + CZECBJ:E 0
; ; o

e [ G T 2 0 2 'From the above analysis, it implies that the
+ +

0 0 |Cle | +|C3e | ~C2eC3¢ T Coelye

0 0 _C3602+€ _Clecge |COe |2 +|CZE |2

depolarized codes can be further decoded with the ML decoder or MMSE/ZF decoder for the quasi-orthogonal
STBC [8]. However, whenever there is the constraint c,c;” = c,c3 for J(x), the yielded codes have an ortho-

gonal structure and hence have the similar performance behaviors as that of the Alamouti code [7]. This com-
pletes the proof of Theorem 3.2.

C. Proof of (62) from (41)
In order to derive the LRs for the down-polarizing system, we deploy the calculation approach for the
up-polarizing system suggested by Arikan [1].
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For the simplicity of this proof, we consider the proof of the validity of the LRs L{)(y, ),V i € Z4, for decision
element X; in the depolarizing algorithm to illustrate the relationship of two level of LRs L(4i)(yt) in (62) and
L3y, )in (61). According to the defined LR in (58), we use the recursive of the splitting transition probabili-
ties W) v i € Z4, and thus achieve
L(0) :W4(0)(Y|0)

4 W(O)(

4 (Yh)

Wy, 1o (y, 10) + WSV (yy [0Sy, 1)

Wy [y, 1)+ WSO (yy 1107y, 10)
o)+ L ()

1+ L(zo)(YZ)

= L(zo)(y1)

W (y, % 10)
W (y.% 1)
_ WOy [ R WO (Y2 1% +0)
WSO (y1 | % WEO(y, | %o +1)
= (L (y, )%
Wy, % 10)
WS (y,% 1)
_ Zx3W2(l)(Y1|Xo |0)W2(1)(Y21X0 +%|0+X3)
- szwz(l)(YHXo |1)W2(1)(Y2aX0+X1|1+X3)

= L(zl)( Y1.%Xo )

LY (y,%0) =

(71)

L(42)(Y-)A(1)

W4(l)( Y. X1X; |0)

WDy %%, |1)

:Wz(l)( Y1 %o | %o WEP (Y2 .%o + %4 [ X, +0)
Wz(l)( Y1.%0 | %2 )Wz(l)( Y2, %o + % | X; +1)

= (LD (v, %o + % )20

L3 (y,%,%, )=

(72)

In a similar way, we derive the formulas in (61) while calculating the low level LRs L(2i )V i€ Z, from (39).

Namely, we obtain the relationship of two level LRs L) and LRs L") given by

W% (y, 10)
Wiy h)
:W(Y2k-2 |0 (Yot [0) +W( Yoz [OW(Yos 1)
W( Va2 [DW(Yarr 11)+W(Yaip [DW( Y1 10)
_ L(Yar-2 )LV ) + LYo )
14+ L(Yaa)
=L(Ya-2)

Ly, )=
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L(zl)( Vi Xok—2 ) =

WDy, Xy 2 10)
WDy Zor 1)

_ W(Yak-o | Xok-o W (Yora [ Xok +0) (73)
W( Yok 2 | Xok 2 W(Yak g | Xpx 2 +1)

= (L(Ygug 22
This completes the proof of our statement of derivation of LRs in (62) and (61).
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