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Abstract

Some advertising models tend not to consider production cost by either using price margins or categorically
being silent by excluding it from the model, probably to avoid landing at complex results. This research work
considered the incorporation of the cost of production into a version of advertising model which does not dwell
on production cost. It considered an advertising channel model setting involving a manufacturer and a retailer
with the manufacturer as the Stackelberg game leader and the retailer, as the follower. The work considered two
model settings: a setting that does not consider the manufacturer production cost and a setting involving the
production cost. The work used the Stackelberg game theory to establish the players’ optimal prices and
advertising efforts for both settings. It compares the nature of the players’ efforts and payoffs for both settings
and show that; the retail price is inversely proportional to both advertising efforts;the retail advertising efforts
for both cost and no-cost scenarios reduce with the manufacturer s wholesale price; as the manufacturer's effort
increases, the retailer’s payoff for both the no-production cost scenario and the production cost scenario
increase continuously; and increase in retailer’s advertising expenditure leads to continuous increase in the
manufacturer s payoffs for both scenarios.
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I.  Introduction

For businesses, advertising is essential brand makers have been connecting with a large number of
consumers on a national scale for the past few decades (Sridhar et al. 2016). This can assist brand manufacturers
in driving price premiums (Sridhar et al. 2016), building brand knowledge and preference (Li et al. 2002), and
raising perceived quality (Woodside and Taylor 1978). For instance, Apple Inc., a multinational technology firm
based in the United States, spends about half of its budget on brand promotion to promote its benefits and
features and strengthen the company's reputation. The era of the sharing economy has arrived for business
operations. More than ever, businesses and individuals are thinking about sharing, including pooling their
advertising funds to more efficiently and affordably boost the sales of their own goods (Karray and Sigué 2017).
In dual-channel supply chains, a new cooperative advertising strategy involves brand manufacturers running
nationwide advertisements for their online merchants, with the online retailers splitting the cost of the
advertising. This can assist online retailers in using the manufacturer's well-known brand and reputation to
spread information, foster confidence, and generate demand. This lessens consumer skepticism or mistrust
regarding the workings of e-commerce, its opaque effects and procedures, and the caliber of many things sold
on the internet (Grabner-Kraeuter 2002).

Local and national (global) advertising are two distinct categories of advertising, according to Huang &
Li (2001). While local advertising aims to stimulate consumers' quick purchase behavior, national or global
advertising primarily focuses on persuading future consumers to choose a specific brand and creating a brand
preference. Numerous studies have been carried out in the joint area of pricing and advertising decisions. He et
al. (2009) developed a new contract scheme in a two-tier supply chain when demand was influenced by both
retail price and advertising costs. They suggested that achieving a win-win situation would be probable in the
proposed situation, which included a combination of return policy and revenue sharing contract that embodied
sales rebate and penalty. Szmerekovsky and Zhang (2009) studied pricing decisions in a manufacturer-retailer
supply chain when demand was stochastic and influenced by both retail price and advertisement. The model was
then analyzed via three games, including Stackelberg, Nash, and cooperative games. The results showed that
local advertising costs in a two-tier distribution channel were insufficient to support decision-making.
Alternatively, the manufacturer's national marketing combined with a wholesale price break for the store might
produce the intended effects. Using the same methodology, Xie and Wei (2009) and Xie and Neyret (2009)
examined the effects of altering price and advertising functions in terms of Stackelberg, Nash, and cooperative
games. In order to ascertain the values of inventory and advertising choice factors in both cooperative and non-
cooperative scenarios, Chen (2015) looked at the effects of advertisement with return policy for a sales problem
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in a manufacturer-retailer supply chain. Seyed et al(2011) used four game scenarios; cooperative game, Nash
equilibrium, Stackelberg manufacturer game, and Stackelberg retailer game, to examine the function of
coordination in a two-echelon supply chain with advertising and price-dependent demand. The authors came to
the conclusion that, in a cooperative setting, commercials would strategically influence important choices. The
model underwent application of a non-linear demand function. Dridi and Ben (2015) took into account a supply
chain with rival stores and a demand that was influenced by price as well as national advertising spending.

In explanation of the behavior of an advertising model based on problem related to a system of
ordinary differential equations, Ungureanu (2011) used two real parameters to develop an advertising model of
two first order ordinary differential equations. The work showed that a degenerate bifurcation phenomenon
occurs for two values of the parameters. Considering online advertising Asedemir et al (2012) examined pricing
model. They studied input-based cost per thousand impressions and performance-based cost per click-through
which are two very popular pricing models. They showed that four factors provide insight on preferable online-
advertising pricing model.Another advertising situation based on internet setting was considered by Wu and Tan
(2023). They developed decision models on profit maximization on an internet platform, and analysed the
optimal level advertising volume, product price and promotion strategies. They showed that the platform is
capable of influencing advertising volume, product price and product marked demand.

Cosgun et al (2013) constructed a model on advertising time reservation and considered an extension
on the model for some real life situations. They discussed how these real life situations taken by a television
network, and proposed the adoption of mixed integer linear programming method for solving these problems.In
a study of the advertising strategies employed by firms when they are faced with consumers who have limited
attention Liu (2022) considered a situation under competition in which a firms advertisement can affect may
engage less in advertising in comparison to monopolist.Cheng et al (2023) incorporated advertising frequency
and company’s cost of managing a relationship with its customers into product demand function. They
developed a maximization model to aid analyzing joint marketing policy. The work constructed an algorithm for
optimal decision taking.

The importance of production cost in profit or payoff functions cannot be overemphasized. Some
works do not categorically consider production cost (Xie and Wei, 2009; Ezimadu, 2019a;) . This probably due
to the possibility of obtaining problems which may be poss difficulty. Further, there are others which bypass the
use of production cost by considering price margin instead of actual prices (He et al 2011; He et al 2014;
Ezimadu and Nwozo, 2018; Ezimadu 2022). Thus we note that there appears to be three schools of thought on
inclusion of production cost: those who do not consider it necessary to use production cost in profit functions;
those who do not consider appropriate to lump it in price margin; and those who think it is to categorically
include it in models (He et al, 2009; Ezimadu 2019b;)It is a fact that problems with fewer number of variables
are less complex, while those with more variables are more complex, so that the incorporation of production
cost possess more complex problem. This work aligns with the school of thought that consider it necessary to
incorporate the production cost. Thus we consider an extension of Xie and Wei (2009) with the incorporation of
production cost.

In this work, we develop two models in which channel members' cooperative advertising efforts and
retail prices drive customer demand. Our focus is limited to the conventional scenario of a bilateral monopoly
model, wherein a single manufacturer sells goods through a single retailer. By concentrating on static models,
we can create analytical answers and insights for important variables such as the wholesale and retail prices set
by the manufacturer, the amount each channel member spends on advertising, and the retailer is the follower.
The work is organized as follows: the basic structure of the game-theoretic model and its assumptions are
presented in the following section. Next, two models - one based on a cooperative game, in which the retailer is
the follower and the manufacturer is the leader - are described. The primary findings of these two models are
examined and contrasted, with production cost equal to zero, as well as greater than zero. Ultimately, the
conclusion provides a summary of the results and suggests further lines of inquiry.

Il.  The Market Structure

Considering a single-manufacturer-single-retailer channel, where the retailer sells only the brand of the
manufacturer. The advertising expenditure such as (manufacturer’s wholesale price and the retailer's retail price)
together with the manufacturer's participation rate are the decision variables for the channel members. «,, and
a, shall denote the variables for the manufacturer’s national advertising expenditure and the retailer’s local
advertising expenditure respectively. The consumer demand C (p,., @, @,,) depends on the retail price and the
advertising levels a,. and «,, as:
C(pr'ar'am) = D(pr)f(ar:am)' (1)

where D (p,) reflects the impact of the retail price on the demand and f(«,, @, ) reflects the impact of
the advertising expenditures on the demand. (Jeuland and Shugan, 1988; Weng, 1995) opined that D(p,.) is
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linearly decreasing with respect to p,. while (Kuehn, 1962, Thompson and Teng, 1984, Jorgensen and Zaccour,

1999, 2003; Yue et al., 2006) reviewed that using a multiplication effect by price and advertising, we assume:

D(pr) =1-06p,, (2)
where 6 is a positive constant. To be noted is the fact that the maximum value for D(p,) is normalized

to be 1, for simplicity. Also, to ensure D (p,.)> 0, we restrict p, < %
We shall model the advertising effects on consumer demand as follows:

f(@r @) = Bty + B/t 3)
where B, and ,, are positive constants reflecting the efficiency of each type of advertising in
generating sales. Equation (3) captures both types of advertising which often are not substitutes. The demand in
(3) is an increasing and concave function with respect to a, and a,,with a property that is in line with the
commonly observed advertising saturation effect viz, more spending in advertising, gives rise to constant
diminishing returns. Simon and Arndt (1980) argued that diminishing returns characterize the shape of the
advertising-sales response function.
From (1) — (3), we have
C(pr' Ay, am) = (1 - Hpr)(.gr\/a_r + ﬁm\/ﬁ) (4)
We let p,, denote the manufacturer’s wholesale price to the retailer.
In this research work, we wish to extend the work of Xie and Wei (2009), which modelled a
manufacturer and retailer payoff respectively by:

Tm = Pm (1 - Hpr)(ﬂr\/a_r + .Bm\/ am) - tar —an (5)
and
T, = (pr - pm)(l - epr)(ﬁr\/a_r + ﬁm\/ am) - (1 - t)ar (6)

respectively.

In this formulation, they did not consider the cost of production. By incorporating the cost of
production into the above model in equations (5) and (6), together with the fact that this work considers a
situation where subsidy is not provided by the manufacturer. We have that the manufacturer and retailer payoffs
are as given.

Ty, = (pm - pc)(l - Hpr)(ﬁr\/a_r + Bmﬂ) — A (7)
and
. = (pr _pm)(l _Hpr)(ﬁr\/a_r‘l'ﬁmM) — Q, (8)

Respectively, where p.is the cost of production, a,, and p,, are the manufacturer’s decision variables where
1

0<pc<pm <pr<j

a,and a,, may take any non-negative real values.

I1l.  The Players’ Control Strategies
The decision process shall be modelled as a sequential non-cooperative game with the manufacturer as
the leader and the retailer as the follower. The Stackelberg equilibrium is the solution of the leader-follower
game. The Stackelberg equilibrium is determined by backward substitution. The retailer’s optimal problem is
first solved, after the manufacturer’s decision variables «,,, p,, and t have been declared.

The Retailer’s Strategies
To determine the nature (form) of the retailer’s strategies, we maximize (8)
subject to

0 <p, <%and(xr >0
Expanding (8), gives:
T, = D BN @ + DBt — 002 BN — 00,2 B/ — P BN Ty — P B/ @ + 0D D BNt +
OPm Dy Brn @ — - 9)

We note that (9) is concave ona, and p,.. Thus, carrying out the stated maximization, we have that.

om; — —
== ﬁr\/a_r + Bm\/ Ay — Zeprﬁr\/a_r - ngrﬁm Ay + epmﬁr\/a_r + gprﬁm Uy = 0

opr -
=1-20p, + 0p,, =0,

1+0pm,
=P = (10)

From (10) we see the retailer’s best response for setting a retail price (p,) is a linearly increasing
function of the manufacturer’s wholesale price(p,,), but does not depend on either the manufacturer’s
advertising expenditure a,, or the participation rate t for subsidy for the retailer. A look at (10), clearly shows
the retailer’s best strategy for level of advertising (a,.) decreases as the manufacturer’s wholesale price (p,,)
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increases and increases, no doubt as the manufacturer’s participation rate increases. Local advertising does not
depend on the manufacturer's advertising expenditure ..

Also,
on, _poB _6p°B _PmBy  Pmbr | OPmPBr o
da, 2a, 2va, 2Va, 2V, 2ya,
prﬁr - eprzﬁr - pmﬁr + gpmprﬁr _
= =1
2Va,
= a Br(pr Pm)z(l —0py )2 (11)
Substituting (10) mto (11), we have
(1-0pm)*B2
= a2

Equation (12) demonstrates that as the manufacturer's wholesale price p,, rises, the retailer's best
response for local advertising level «, lowers. The ideal level of local advertising is independent of the cost of
advertising incurred by the manufacturer a,,. Next, maximizing is used to determine the ideal values of
a, andp,, the ideal issue for the manufacturer.

Manufacturer’s Strategies with Production Cost
To find the optimal values for B, and p,, we would maximize the manufacturer’s profit function.
Thus, substituting (10) and (11) into (7), we have

2 2 2 2 2 2 2 2
_ szﬁr PrZGZ Pcprpmzﬁr 62 PcPmBr prZGZ prBr ezpm3 pcOpr Prz Pm 0 Br prz pcepmzﬁr 6 Br pm3
T = + - - + - - + -
, 4 4 4 5 24— 5 4 4 4 4
pmzﬁr amPmPcPmb am Pm gme PmPrBr PcPm Br PcPrBr m BmPm am BmPc
+¥ -~ + + - +Y — - ay.
4 2 2 4 4 4 2 2
(13)

Maximizing (13) with respect to p,,

2 2 2 2 2 2 2
0 — PcPmPrBr 92 + PmPBr pr292 _ pcBr pr292 _ 3prpmzﬁr 62 _ PcPmOBr _ 6Br prz + 39Pm2ﬁr + Vam Bmpcb
0Pm 2 2 4 4 2 4 4 2
2 2 2
a
mﬁmpme + prfr + pcfr _ pmzﬁr + \ rrzlﬁm =0. (14)

Solving (14) for p,,, gives;
Pm

2.2 2 2. 252 2
2<\[(3prﬂr262_36ﬁr2)( Gﬁr4pr }prfr E\/Ezﬁm)‘i‘(ﬁr pzr 0 mﬁmg_%) ;8r pr? _I_ U me_l_ﬁr >

—3p,B,20% + 308,°

(15)
or
2 2 2 22
2<_j(3prﬁr292_39ﬁr2)( 95r41’7r2=pr§r Iﬁfm>+<ﬁr p2r292 W m9_%> ﬁr pr + am m9+_>
Pm = —3p:fr 024304,
(16)
Maximizing (7) with respect to a,,
07‘[_"1 _ lpmﬂm _ l(apm+1)pmﬁm _ lpcﬁm l(apm"'l)PcBm 1 —
day 2 Jam 4 Jam 2 am+4 Jam 1=0. (17)
0 \2(1— 252
> a, = Pm—p)*(1—6pm) Bm (18)

16
Equation (18) reveals that the manufacturer’s optimal response for national advertising level «,,

icreases as the manufacturer’s wholesale price p,,, increases and the cost of production increases.

Manufacturer’s Strategies without Production Cost
Considering a situation without production cost and subsidy, (7) becomes

m = Pm (1 - epr)(ﬂr\/a_r + .Bm\/ am) — U (19)
Substituting (10) and (11) into (19), gives

B S N o S I R Y X e
m 4 4 4 4 4 2 4
vamﬁmpm
+ — > ap,
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(20)
Maximizing (20) with respect to p,, gives;
0T _ pmﬁrzprzgz 3prpmzﬂrzez Hﬁrzprz 39Pm2ﬁr2 prﬁrz pmﬁrz m m
Sy = TR — T - T o T — B p € + P — P

(21)
Solving (21)
Pm

eﬁrz rZi rﬁrzi\/_m m ﬁrz 262 ﬁrz 2 ﬁrz r292 ﬁrz
o or—s0n) 2 ) (2] 5 048

—3p,B.26% + 30p,°

(22)
Or

Pm
2n2 2 Gﬁrzprz¢prﬁr2L AmPm ﬁrzprzez 6r2 ? ﬁrZPrZQZL ﬁrZ
2(—| (3B 202—30p,7) (~ Loy ebe  Sombn ) 4 (Bpel g g-Pr) F oy B 6+

2

—3p,B.26% + 30p,°

(23)
Maximizing (20) with respect to a,, gives
Aty _ 1pmBm _ 1pmBmbpr . _
dam T2 am 2 JJapy 1=0 (24)
_ 2,2 p2
>0, = 7(1 Opm) pmﬁm. (25)

16

IV.  Results And Discussion
The advertising effectiveness g, and B,, for the retailer and the manufacturer respectively, cannot be
equal to zero. Thus B, # 0 and 8,, # 0. Also, because the retailer is much closer to the consumers than the
manufacturer, he is conventionally expected to be more efficient in advertising, thus, B, > B,,. In this research,
we used 8, = 0.4 and B,, = 0.2.
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Figure 1 llustration of the Effect of Retail Price on the Retail Advertising Effort

Figure 1 shows the trend of the retail advertising effort with the retail price. We observe that as the
retail price increases, both advertising efforts reduce, eventually becoming zero, and exhibit increase thereafter,
with the no-cost scenario effort being larger than the cost scenario effort. We observe a similar trend in Figure 2
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where the manufacturer’s advertising effort for the no-cost scenario is larger than his effort for the cost scenario

at optimal price level.
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Ilustration of the Effect of Retail Price on the Manufacturer’s Advertising Effort

Figure 2 shows that as the retail price increases, the efforts for both no-cost scenario and the production
cost scenario decrease rapidly for lower retail price levels, with the no-cost scenario effort being smaller than
the cost scenario effort and then exhibits increase for high retail price vales, with the no-cost scenario effort
being larger than the cost scenario effort at optimal price levels.
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Illustration of the Effect of Wholesale Price on the Retail Advertising Effort

From Figure 3 we note that the retail advertising efforts for both cost and no-cost scenarios reduce with
the manufacturer’s wholesale price. Clearly, the effort for production cost scenario reduces more rapidly than
the no-cost scenario effort. This is possible because with non-zero production cost, the wholesale price must be
comparatively larger than that of zero cost. As such, the retail price becomes comparatively larger. By extension
the retailer is forced to reduce his advertising effort due to financial constraint. Thus, force the retail effort
constrained by production cost to reduce more rapidly than the no-cost effort.
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Figure 4 lllustration of the Effect of Wholesale Price on the Manufacturer’s Advertising Effort

Unlike the case in Figure 3, the plots in Figure 4 show that while the manufacturer’s effort for
production cost scenario reduces, his effort for the no-cost scenario increases with increasing wholesale price.
The implication is that as the wholesale price increases, a manufacturer who is not cumbered by production cost
tends to increase effort because of availability of extra fund which could have been used for production. On the
other hand a manufacturer who spends on production tends to comparatively reduce effort with increasing
wholesale price because of non-availability of extra fund.
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Figure 5 Illustration of the Effect of the Advertising Efforts on the Retailer’s Payoff

Figure 5 shows that as the manufacturer’s effort increases, the retailer’s payoff for both the no-
production cost scenario and the production cost scenario increase continuously. We note that the advertising
effort is the manufacturer’s expenditure meant to increase product patronage, and eventually boost payoff. Such
expenditure while increasing the cost burden on the manufacturer, reduces on the retailer’s cost burden, leading
to larger payoff. On the contrary, the retailer’s payoffs for both the no-production cost scenario and the
production cost scenario exhibit increase for low values of the retail effort, but reduce with large values,
eventually becoming zero. Clearly, the marginal returns on the advertising effort diminishes continuously,
getting to a saturation point where it is zero, eventually becoming negative afterwards.
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Figure 6 Ilustration of the Effect of the Advertising Efforts on the Manufacturer’s Payoff

Considering Figure 6 we observe increase that in retailer’s advertising expenditure leads to continuous
increase in the manufacturer’s payoffs for both scenarios. This is because increasing the retailer’s effort with the
aim of increasing patronage is a cost burden on the retailer whereas it is not on the manufacturer. Thus, such an
increase will eventually increase will be more beneficial to the manufacturer than to the retailer. On the contrary,
increasing the manufacturer’s advertising effort leads to continuous reduction in the manufacturer’s payoff for
both scenarios. This is because spending on manufacturer’s advertising without manufacturer wholesale price
increase in the retail price is an additional reduction in the manufacturer’s revenue.

V.  Managerial Implications

From the figure 1, we observe that for a situation where there is no production cost, both players are
very much willing to increase advertising spending with increasing retail price. Such willingness is
understandably possible since a no-cost situation expectedly reduces pressure on the manufacturer to increase
wholesale price which also imply reduced retail price. Figure 2 shows that it would be misleading to implement
price the manufacturer’s effort without recourse to the optimal retail price level. From figure 3, we note that at
optimal level the no-cost scenario advertising effort is larger than the cost scenario for both players. This implies
that budgeting with no-cost scenarios advertising efforts will certainly result in inaccuracies, and is detrimental.
Thus modelling with production cost scenario is more realistic in advertising. Figure 5, shows that the retailer
should not continuously increase effort in the hope of a very large payoff.

VI.  Conclusion

This work considered advertising in a manufacturer-retailer supply channel in which the manufacturer
is the Stackelberg leader and the retailer is the follower. It considered a situation where the production cost is
incorporated into the model and a situation where it is not and obtained a closed-form solution of the prices,
advertising efforts and payoffs for both player for both situations. The work observed that the optimal values are
all larger for almost all the cases without production cost. This is clearly misleading. Thus, implementation of
the model without production cost will lead to results which could be detrimental. The work observed; as retail
prices increase, both advertising efforts decrease to zero, then rise thereafter, with this work is based on
manufacturer-retailer supply channel. This appears to be too restrictive because manufacturer usually engage the
services of a middle-man, which distributes his services to the retailers. Thus an extension can consider a
manufacturer-distributor-retailer channel.
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