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Abstract: We have reported theoretically the coexistence of antiferromagnetism and superconductivity in rare 

earth nickel borocarbide compounds. By using a suitable model Hamiltonian we have derived critical 

temperature, zero order parameter, gap to cT  ratio. We have shown that the critical temperature is decreased as 

hybridization coefficient increases. We have also calculated the effect of external magnetic field on the coexisting 

state of superconductivity and antiferromagnetism. Our numerical calculations show an interplay between the 

two order parameters and are able to explain some of the experimental results reported for )( 22 CBRNi  

superconductors.  
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I. Introduction 
The coexistence of antiferromagnetism (AFM) and superconducting(SC) properties of rare earth nickel 

borocarbide compounds ( CBRNi 22 ) where R =Y,Lu Dy,Ho,Er, and Tm motivate the researchers to go deep into 

their electronic structure as well as detail investigation of the interplay between SC and AFM states.The 

coexistence properties of these compounds have become a great interest for the theoretical and experimental 

researchers [1-13]. It has been seen that these compounds have layered structure made up of rare-earth carbon 

(R-C) sheets with the stacking of BNi2  slabs along c-axis. The band structure of borocarbide CBRNi 22  

exhibit four bands crossing the Fermi level. One of the four bands is flat which indicates the strong correlation of 

the system. The flat band hybridizes with other conducting bands. Due to this hybridization, the AFM of the 

sublattice acquires the localized state of the d-band.There exists a peak density of states at the Fermi-level where d 

band of Ni and other bands, carbon, boron and rare earth compound contribute[4,5]. The localized 4f electrons of 

the rare earth are mostly responsible for the anisotropic magnetic properties. On the other hand, the itinerant 

electrons responsible for superconductivity which arises from spin wave due to Fermi surface instability also 

contribute to antiferromagnetism. These borocarbide compounds exhibit well-established coexistence of 

superconductivity and magnetism [1, 2] with a number of interesting properties. However, a detailed 

understanding of how magnetism affects superconductivity still needs to be accomplished. 

The rare earth borocarbide series is unique as its members have all the conceivable combinations of 

Nc TT   for CBErNi 22  ( kTN 6=  and kTc 11= ) and CBTmNi 22  ( kTN 1.5=  and cT  = 10.5K), cT

NT  for CBHoNi 22  ( NT , cT  = 8.5k) and Nc TT   for CBDyNi 22  ( NT  = 10.5k and kTc 6.5= ) 

[7,20]. Point contact measurement of the superconducting energy gap in Y[21] and Ho[22] provides cBTk/2 0  

= 3.63   0.05. The point contact techniques based on Andreev reflection from a normal superconducting 

boundary, reported the values of cBTk/2 0 for CBDyNi 22  as 3.6[22]. Similarly, cBTk/2 0  value for 

CBErNi 22  obtained from point contact spectra of the Andreev reflection curves is 3.6 [23]. In this paper, our 

aim is to calculate the gap parameter of nickel borocarbide compound in presence of magnetic field by applying 

the two-band model. Both Amici et.al.[19] and Sahu et. al[24] investigated some of the properties of these 

compounds by taking CDW on BCS superconductors within a mean field approximation. In this paper, we have 

modified the Hamiltonian of Sahu et. al. by taking hybridization in presence of external magnetic field. Some 

physical properties like CT , NT , order parameter, gap to CT  ratio were investigated which agrees quite well 

with the experimental results. 
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II. Theoretical Model 
To study the interplay of superconductivity and antiferromagnetism we consider a model Hamiltonian 

[16] in which besides pairing interaction among conduction electrons, there exists effective antiferromagnetic 

coupling between nearest neighbour localized electron and the interaction between conduction and localized 

electrons. The antiferromagnetic exchange leads to Neel ground state which is characterized by antiferromagnetic 

order. The different interactions taken in our model Hamiltonian is given by 

 

 Bfhvs HHHHHHH 0=  (1) 

 

The Hamiltonian oH  involving hopping of conduction electrons between two neighbouring sites is taken as 

 

 .).)((= † chbaH oo  



 kk

k,

k  (2) 

where 
†† ,  kk ba  are the creation operators of electrons at sites 1 and 2 for conduction electrons and ka , kb  

are the corresponding annihilation operators.The dispersion energy )(ko  is given by 

)coscos(2=)( yxo kkt k  

The mean field BCS Hamiltonian describing phonon mediated superconductivity is given by 

 

  .).(.).(= †††† chbbchaaHs 
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Here only intra sublattice Cooper pairing is assumed and the superconducting gap parameter )(  is defined as 
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 is the strength of attractive interaction between two electrons via phonon. Effective hybridization between the 

f-electrons and the conduction electrons contributes to the Hamiltonian vH  i.e, given by 

 

  ..= 2,

†

1,
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
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where V  is the hybridization interaction constant 
†

, kif  and k,if  (i = 1,2) are the creation and annihilation 

operators, respectively at sites i of f electrons. Strongly antiferromagnetic correlation and conduction of Ni 

d-electrons is stimulated by a staggered magnetic field of strength h and this contributes to the Hamiltonian hH  

is written as 
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The intra f-electron Hamiltonian (for the electron in the localized levels corresponding to the flat band) in the 

presence of external magnetic field B is 
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where f  is the renormalized f-level energy. g and BB  are Lande g factor and Bohr magneton respectively. 
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The external magnetic field contributes to the Hamiltonian BH  is written as 

 

 )(= ††





 kkkk

k

bbaaBgH BB   (8) 

 

Here B is the external magnetic field. 

Each band is a function of staggered magnetic field(h), the superconducting gap parameter(  ) and strength of 

hybridization(v). Here we have solved the Green’s function to calculate the appropriate single particle correlation 

function which in turn determines the order parameter corresponding to superconducting and antiferromagnetic 

long-range order. These are given by  

  ><><
~

=)( ††††
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kkkk
bbaaVT kkk  (9) 

 and  
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 After calculation we have  
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where N(0) is the density of states of the conduction electrons at the Fermi level F . All the parameters used in 

the above equations are divided by 2t to make them dimensionless, where W=8t, is the width of the conduction 

band. We have  
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 The superconducting and staggered magnetic field gap equation in dimensionless form are 

 ),(),()(= 02010
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and 

ℎ = 𝜆2  [(𝐹1

𝑊 

2
−𝑊 

2

(𝑥0,𝜃) − 𝐹2 (𝑥0,𝜃)) + ( 𝐹3 (𝑥0,𝜃) -𝐹4 (𝑥0,𝜃) )]                                   (18) 

  We have considered the half-filled band situation (the Fermi level lie in the middle of the antiferromagnetic 

band gap) where the Fermi level is taken as zero 0)=( F . Our eqn. (33) and (34) are coupled equations and have 

to be solved self-consistently in order to study the temperature variation of any of these two quantities which are 

necessary to understand the nature of the co-existence phase. 

 

III. Discussions 
Here we have solved antiferromagnetic order parameter along with the gap parameter self-consistently 

and numerically for the compounds CBHoNi 22 , CBDyNi 22 , CBErNi 22 , CBTmNi 22 . A standard set of 

dimensionless parameters[16,24] are used in the calculations with bandwidth, eVW 1=  and tD 8= , where t 

is the hopping integral. 

 

Fig-1 shows mean field behaviour of superconducting and antiferromagnetic order parameter for CBHoNi 22  (

9.5=cT ), CBDyNi 22 ( 8.98=cT ), CBErNi 22 ( 7.8=cT ), CBTmNi 22 ( 7.8=cT ) in the absence of an 

external magnetic field. 

 

Fig-2 shows superconducting order parameter along with antiferromagnetic order parameter for CBHoNi 22  

the compound in presence of external magnetic field. The critical temperature parameter kNc 8.5=   

agrees well with the experimental results. The value of superconducting gap 3.54
2 0 


cBTK
 and 4.5

2 0 


NBTk
 

is comparable to that of BCS value. 
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Fig-3 shows the plot of superconducting and antiferromagnetic order parameter for CBDyNi 22 . The graph 

shows NT  greater than cT  which matches with experimental results.The value of critical temperature parameter 

c  and N  lies in the range 0.0022 to 0.0038 (corresponding to cT ~ 6.35 to 10) and 0.0044 ( corresponding to 

NT ~ 12.78) respectively.Similarly, the value of superconducting gap parameter obtained is in the range of 5.48 

which is higher than BCS value. On the other hand, antiferromagnetic order parameter obtained is very small. In 

the coexisting region, the large fluctuation is observed. 

Fig-4 represents the plot of superconducting and antiferromagnetic order parameter for cBErNi 22  

with temperature by varying external magnetic field than by varying hybridization potential.The critical 

temperature parameter c  and Neel temperature parameter N  remain in the range 

0.0022-0.0026(corresponding to cT ~ 6.5 to 7.5) and NT  in the range of 0.0020-0.22 ( corresponding to NT ~ 

5.7 to 7).The value of 4.2
2 0 


cBTK
 and .0.35

2 0 


NBTk
. The cT  value decreases with increasing magnetic 

field and also with v. The antiferromagnetic gap reducesby a large amount by increasing hybridization and also 

with external magnetic field. 

Fig-5 shows the plot of order parameters for CBTmNi 22  .The graphs show similar trends and for this 

compound NC TT > .The critical temperature and Neel temperature remains in the range of 7.5 and 7.0 

respectively.The value of 3.427
2 0 


cBTK
 and 0.65

2 0 


NBTk
.The cT  value decreases with increasing 

magnetic field and also with v. The antiferromagnetic gap reduces by a large amount by increasing hybridization 

and also with external magnetic field. 

The results shown above suggests the coexistence of superconducting and antiferromagnetic states.It is 

observed that when hybridization increases both superconducting and antiferromagnetic gap reduces for all the 

compounds. Hence we conclude that hybridization plays an important role in changing the superconducting 

transition temperature and gap parameter. The charge carriers appear to a couple very strongly to the spin 

system.Similarly,by increasing magnetic field, both transition and Neel temperature reduces throughout the range.  
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Figure 1. 

In Fig-1 the temperature dependence of SC gap (z) and AFM gap (h) in the co-existing phase in absence of 

magnetic field for a small value of hybridization (v) is considered. 

 

 
(a) Graph for different values of hybridization, V   (b)Graph for different values of external magnetic field, ap 

Figure 2. 
In Fig-2 the temperature dependence of SC gap (z) and AFM gap (h) in the co-existing phase in presence of 

magnetic field for HoNi2B2C is considered. 

 

(a) Graph for different values of hybridization, V     (b) Graph for different values of external magnetic 

field, ap 

Figure 3. 

In Fig-3 the temperature dependence of SC gap (z) and AFM gap (h) in the co-existing phase in presence of 

magnetic field for DyNi2B2C is considered. 

 
(a) Graph for different values of hybridization, V   (b) Graph for different values of external magnetic  

field, ap 

Figure 4. 

In Fig-4 the temperature dependence of SC gap (z) and AFM gap (h) in the co-existing phase in presence of 

magnetic field for ErNi2B2C is considered. 
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(a) Graph for different values of hybridization, V   (b) Graph for different values of external magnetic field, 

ap 

Figure 5. 

In Fig-5 the temperature dependence of SC gap (z) and AFM gap (h) in the co-existing phase in presence of 

magnetic field for T mNi2B2C is considered. 

 

IV. Conclusion 
In our model, we study the coexistence of superconducting and antiferromagnetic state for various rare 

earth compounds within the mean field approximation. We have taken a set of suitable, realistic model 

parameters. In our calculation, we have included the hybridization by taking different values of the external 

magnetic field. Our result shows the combination of 𝜃𝑐 and 𝜃𝑁 for different rare earth nickel borocarbide 

compounds.The values of cT  and NT  obtained for different compounds is in decreasing order with increasing 

magnetic field and hybridization. Due to large fluctuation, we could not get good results for CBDyNi 22  and 

CBTmNi 22  compound. Our calculated data agrees well with the experimental results. 
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Appendix 
 

The Greens function of Zubare [14] type is used in the calculation. Here we have used 

),(),,(),,(  kkk iii CBA  and 1,2)=)(,( iDi k , which are given as 

𝐴1(k,𝜔) = ≪ 𝑎𝑘↑;𝑎𝑘↑
† ≫𝜔  

𝐴2(k,𝜔) = ≪ 𝑎−𝑘↓
†

;𝑎𝑘↑
† ≫𝜔  

𝐴3(k,𝜔) = ≪ 𝑏𝑘↑;𝑎𝑘↑
† ≫𝜔  

𝐴4(k,𝜔) = ≪ 𝑏−𝑘↓
†

;𝑎𝑘↑
† ≫𝜔  

𝐴5(k,𝜔) = ≪ 𝑓1,𝑘↑;𝑎𝑘↑
† ≫𝜔  

𝐴6(k,𝜔) = ≪ 𝑓1,−𝑘↓
†

;𝑎𝑘↑
† ≫𝜔  

𝐴7(k,𝜔) = ≪ 𝑓2,𝑘↑;𝑎𝑘↑
† ≫𝜔  

𝐴8(k,𝜔) = ≪ 𝑓2,−𝑘↓
†

;𝑎𝑘↑
† ≫𝜔 (19) 

 

 

𝐵1(k,𝜔) = ≪ 𝑏𝑘↑;𝑏𝑘↑
† ≫𝜔  

𝐵2(k,𝜔) = ≪ 𝑏−𝑘↓
†

;𝑏𝑘↑
† ≫𝜔  

 

 

𝐶1(k,𝜔) = ≪ 𝑎𝑘↓;𝑎𝑘↓
† ≫𝜔  

 

 

𝐷1(k,𝜔) = ≪ 𝑏𝑘↓;𝑎𝑘↓
† ≫𝜔  

 

The equation of motion and commutation relations of the fermion operators ,ka , ,kb , 𝑓𝑘,𝜎  are used to 

evaluate the above Green’s function ),( kAi  (i=1-6) which are  
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 Similarly, we can write for B, C, D The Fermi level is taken in the middle of the antiferromagnetic band gap and 

the Fermi level is taken as zero. Here the localized f energy level coincides with the Fermi level. We have 

considered the half-filled band.The symbols taken in the equation are After solving the coupled equations 

obtained from above equations we find out the green’s functions ),(1.2 kA , ),(1,2 kB , ),(1 kC  and 

𝐷1 𝑘, 𝜔  as  
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 where  
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  The quasi particle energy bands can be obtained from the poles of the Green’s function i,e i (1 to 4)   

 0=0= 1,21,2 DandD   (28) 

 

 


