IOSR Journal of Applied Physics (IOSR-JAP)
e-ISSN: 2278-4861.Volume 6, Issue 6 Ver. 111 (Nov.-Dec. 2014), PP 17-28
www.iosrjournals.org

A Simple yet Elegant Expansion Method to Solve Radiative
Transport Problems in Finite Media

H.F. Machali*, M.H. Haggag" ?

!(Physics Department, Faculty of Science, Mansoura University, Mansoura, Egypt)
?(Physics Department, Faculty of Science, Taif University, Taif 888, K.S. A.)

Abstract: Radiative heat transfer in one dimension is studied in a plane — parallel geometry for an absorbing
and isotropically scattering medium subjected to azimuthally symmetric incident radiation at boundaries. The
integral form of the transport equation, which is weakly singular Fredholm integral equation of the second kind,
is used .The unknown function in the integral form is expanded in terms of truncated Chebyshev polynomials in
the optical variable. The collocation method is applied to obtain a system of linear algebraic equations for the
expansion coefficients. Numerical calculations are done for the transmissivctivity, and exit angular distributions
of slabs with various values of single scattering albedo. Comparisons between the present and available results
in references indicate that our results are accurate, as shown in the tables.
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I. Introduction

The transfer of heat which is due to thermal radiation is referred to as radiative transfer and is an
important heat transfer process for high temperature applications such as energy conversion systems , nuclear
reactors , many industrial processes and solar energy conversion devices . Radiation has complicated transfer
mechanisms that are difficult to model even in a simple system. Early investigations predicted one dimensional
radiative transfer and neutron transport in planar media using various solution techniques [1- 19]. Among these
various techniques, the so called expansion technique in which suitable expansion of the radiation intensity in
the angular variable is used to solve the integro — differential form of the transport equation [20 —29]. Other
methods [30- 33] have been developed in the context of an integral formulation of the transport equation where
Fredholm integral equations of the second kind are produced in terms of the Legendre moments of the total
intensity. Power series expansions in the optical variable have been used often in this context [30, 31]. Legendre
and Chebyshev polynomials both of the first kind were used as basis functions in developing a Galerkin solution
of radiative transport in slab geometry [32, 34-36]. Also, Fourier transforms [36,37] and eigenfunctions
expansions [38, 39] have been implemented. It has been observed that an expansion in the optical variable
produces fast convergence.

In this study the integro-differential equation of transport in a homogeneous, absorbing and scattering
finite slab subjected to prescribed boundary conditions is converted into integral form. The integral version is
then solved by expanding the total flux in terms of Chebyshev polynomials in the space variable. To determine
the expansion coefficients, the collocation method [33-34] is used to reduce the integral equation into a system
of linear algebraic equations to be solved for the expansion coefficients. The knowledge of the expansion
coefficients completely determines the total flux, the angular flux and all the physical quantities relevant to the
problem.

Il.  Formulation of the Problem
We consider the radiative energy transfer in a plane parallel absorbing, isotropically scattering and non-
emitting slab of optical thickness 2a . The governing equation is,

y@+ | (z, 1) =§£I(r,,u')d,u’, 1< u <1, (1)

Here, | (7, ,u) is the radiative angular intensity, T is the optical variable, e is the single scattering albedo
and g is the direction cosine of propagation of the intensity. The boundary conditions associated with Eq. (1),
which describe known externally incident distributions on the slab boundaries, are
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I(-a, 1) = F(n), u>0 (2a)
I(a,—u) = F(u), u>0. (2b)
At optical depth 7 inside the slab the forward and backward angular intensities are, 1 >0 ,
CO g ’ ! !
I(z, 1) = F(u)exp [-(a+r)/u]+z Iexp [-(z-7")/u] 1.(z))dz )
and -
a) ? ! ’ !
|z —1)= F()exp[-(@a-7)/ 1] +Z fexp [-(z"-7)/ p]).(z)d7" . (4)
The exit angular intensities are
@ a
I(a, 1) = F(u)exp (-2a/ﬂ)+z Iexp [-@-7)/u] 1. (z)dz, (5a)
and
w a
I(—a,—u)= F(u)exp (- 2a/u)+5 fexp[-(a+ )]l (r)dz . (Sb)
Other quantities of physical interest are the slab reflectivity and transmissivity defined, respectively, by
1 [ -
Rzg{ [u [Fl(u)+F2(u)]du} q (-a) 6)
0
and
1[0 -
TZ—{ [ [R()+F() ] dﬂ} a” (a) ()
27 o
Where g and g* are the partial heat fluxes at the slab boundaries . In the above equations, the unknown
|o (T) is a solution of the inhomogeneous integral equation,
a) 2 14 14 4
lo(r)=S(r)+5 f E.(lz—7z")1.(z")d7’, (8)
where the inhomogeneous term S(7) is defined by
1 1
S(r) = | Fu(w) epl-+2)uldu+ [ F(u) epl-@-7)uldu, (9)
0 0
and E, (X) denotes the exponential integral function of order n.
I11. Method of Solution
To solve Eq. (8) we approximate |_(7) by the form
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| (7) = %Ab + i\Aj T,(/a), (10)

\
where Tj (X) are Chebyshev polynomials and Z means that the last coefficient in the expansion must be

halved. Now, insert Eq. (10) into the right hand side of Eq. (8) to get the more accurate approximation

L =SE+ T AU+ F A Q) an
where we have defined
Q@ = [E(z-rDde (12)
Q,(9) = H, (D) + (L) H, (o) (13)
and
i T —X

H (@)= [ E.(OT(

a
0
According to the point collocation method, the expansion coefficients in Eg. (10) are solution to the system of
algebraic equations

) dx. (14)

1 o N W
E_ZQO(aXi) Ao +Zl: Tj(Xi)_EQj(aXi) Aj :S(axi)! (15)
j=
where X;, 1=0,1,2,...... , N, are the extreme points of Tj(X) [41].

Once the coefficients A, and Aj are determined the angular intensity inside the medium at optical depth 7

in the positive and negative directions are given respectively by, ¢ >0,

(e p0) = Fi(u) @@l-(a+ 0)/p] + Z[L-exp [~ @+ /] ] Ay
i o2 A, (5. 40) (16)

and

() = F () e [- (a-2) [+ L-exp[-(a-o)/ul ] A

+C§_jexp CIEMINCIACINE @)

i=1
where we have defined
[j/2] i(i -2k
7 ik J(J—k—l)!(zﬂj
. y = — —1J —_ | —
(7. 4) 2ak§( ) G20 L a
x{y(i-2k+Lalu)—y(j—2k+L—7/ )} . (18)

For 1(a,+u) and | (—a,—) one has
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| (@+s0) = F () exp (-2a/ u) + 7 [L—exp (-2a/ )] A
+§—jexp Cal ) Am,(@ ) (19)

and

|(-a—u) = F(w)op (-2a/ 1)+ 2 [1-ep (-2a/ w)] A

+C§—;e><p(—a/u)Z‘(—l)"A,-m(a’ﬂ)- (20)

=

By integrating Egs. (19) and (20) over £ € [0,1], the partial total intensities It (@) and I” (-a) are
1 N
+ (4 w a \ ~
@ = [ RGen (-2l p)du+ Lh-E,@a)]A + 223 A @) (D
0 =1
and
N

1 (-a) = jF (1) exp (-2a/ ) du+ T 1 E, (22)] A + Z‘( DI A 7;(a), (22)
i=
where T]J is given by
_[1/2] < k+r J(J_k_l)l j—2k—li
(@)= 2 rZ_:( Gk 2 e @ @3)
and
r+1
lJr(z)zzr_kl {El(zy+21£;3%52} . (24)

Finally to determine the reflectivity and transmissivity of the slab, g  and g* should be obtained. This can be

done by multiplying equations (19) and (20) by u followed by an integration ,
2,0 @ = | uFGexp(-2al u)du+ | S~ Eg(2a) [ Ag + LA @ (29
27 412 2 j=

and

1 _ 1 w| 1 wa N\ i
0 (A= fo#Fz(ﬂ)eXp('Za/ﬂ)dﬂ+Z[E—E3(Za)}Ao+TJZ:1 0' A ¢j@, (26)
where ¢; is given by

Si(@)=exp (-a)n;(a ux=1

[Q/2]j=2k e j—2k—1
wer  J-k=DI 2
-a ZK:O Zrzo D KIri(j—2k —r)! a™? U.. (2a). 7N

IV.  Numerical Results and Discussion
In this section, we present the numerical results for the proposed method of solution in the study of the
transport properties of a semitransparent planar slab with isotropic scattering. For the sake of numerical

comparison the externally incident radiation at the right boundary F, () = 0. At the inlet, = =—a,, isotropic
and normal incidence , each of unit strength , are assumed. To obtain the final solutions, we need to evaluate the

www.iosrjournals.org 20 | Page



A Simple yet Elegant Expansion Method to Solve Radiative Transport Problems in Finite Media

expansion coefficients. They are determined by solving a linear system of algebraic equations. Thus, the
intensity of radiation and the net flux can be known everywhere in the medium. However, for the purpose of
comparison, numerical calculations are done for the transmissivity and reflectivity of slabs with various values
of @, which is the single scattering albedo. The obtained results are tabulated in Tables 1 to 4 for the cases of
isotropic and normal incidence. The results for the case of isotropic incidence are compared with the values of

the discrete ordinate method [18] and the exact values of Lii, [42] for @ <1, and Busbridge[43] for @ =1. The
results for the case of normal incidence are compared with the approximate values calculated with Pomraning-
Eddington variational method and Case's eigenvalue method reported in [44] and with those of discrete ordinate
method [18] . From Tables 1 to 4, it can be seen that the results calculated by the proposed method agree very
well with the exact and discrete ordinate results.

Numerical results are also performed for the transmitted and reflected angular intensities at the
boundary of a slab with different optical thickness and selected values of . In all the calculations the largest
approximation order is N=10. In Tables 5 and 6, we list numerical values for the transmitted and reflected
angular intensities of a slab with three values of the optical thickness at selected values of @ in the case of
isotropic incidence, and the results are compared with those which are obtained by the method of Ref. [45]
where the Legendre polynomial expansion is used, up to the same approximation order N=10. In Tables 7 and 8,
the listed values are same like those of Tables 5 and 6 with the exception that the case of normal incidence is
considered for two values of the optical thickness. For normal incidence, our results of the transmitted and
reflected intensities are compared with the results obtained by Chandrasekhar X- and Y- functions method [1] .
In general, comparison of our results with the available data shows good agreement.

Table 1. The transmissivity of slabs at various values of o in case of isotropic incidence
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Table 2. The reflectivity of slabs at various values of ® in case of isotropic incidence
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0.4
Table 5. The reflected angular intensity in case of isotropic incidence
(i) Present results (if) Method of Ref. [45]
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Table 6. The transmitted angular intensity in case of isotropic incidence

() Present results (ii) Method of Ref. [45]
0z
oz :
o7 :
oS ‘
10 -
Table 7. The reflected angular intensity in case of normal incidence
0] Present results (ii) Chandrasekhar method [1]
0z -
03 .
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s

1o

Table 8. The transmitted angular intensity in case of normal incidence

0] Present results (ii) Chandrasekhar method [1]
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V. Conclusion
A spatial Chebyshev polynomial expansion, in connection with collocation method, is applied to the

radiative transfer problem in one-dimensional absorbing, scattering and non-emitting planar slab subjected to
prescribed externally incident radiation. The integral form of the considered problem is formulated and the total
intensity is expanded in a series of Chebyshev polynomials of the first kind. The expansion coefficients are
solutions to a linear, inhomogeneous system of algebraic equations. Once the expansion coefficients are
determined all the physical quantities relevant to the problem could be calculated. The accuracy of the proposed
method is validated by performing numerical results for the reflectivity, transmissivity, and angular intensity of
a semitransparent planar slab, with isotropic scattering, subjected to isotropic and normal incidence.
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