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Abstract: The energy eigenvalues and eigenfunctions of Schrodinger equation for Modified Poschl-Teller 

potential plus trigonometric Rosen-Morse non-central potential are investigated approximately in terms of finite 

Romanovski polynomial. The approximation has been made to solve the radial Schrodinger equation.  The 

approximate bound state energy eigenvalues are given in a closed form and corresponding radial and 

eigenfunctions are obtained in terms of Romanovski polynomials. The polar eigenfunctions are obtained in 

terms of Romanovski polynomials. The trigonometric Rosen-Morse potential is considered to be perturbation 

factor to the modified Poschl-Teller potential since it causes the decrease of the length of angular momentum 

vectors. 
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I. Introduction 
 The exact analytical solutions of Schrodinger equations for some physical potentials are very essential 

since the knowledge of wavefunctions and energy contains all possible important information of the physical 

properties of quantum system. Recently, conciderably efforts have been paid to obtain the exact solution of the 

central and non-central potentials. There are only a few potentials for which the Schrodinger equation can be 

solved exactly. In general, one has to resort to numerical techniques or approximation schemes. For many 

quantum mechanical systems, most approximation methods used are shifted 1/N expansion, WKB method, 

perturbation method, supersymmetric quantum mechanics and idea of shape invariance, etc. Although some 

methods produce eigenvalues easily but give complicated eigenfunctions. 

 In recent years, numerous studies have been made in analyzing the bound state of charged particle 

moving in a vector potential and a non-central scalar potential, such as an electron moving in a Coulomb field 

with simultaneously precence of Aharonov-Bohm field [1,2], or/and magnetic monopole [3], Makarov potential 

[4] or ring-shaped-oscillator potential [5-8], etc. In most of these studies, the eigenvalues and eigenfunctions are 

obtained using separation variables in spherical coordinate system. Very recently, supersymmetric quantum 

mechanics with the idea of shape invariance [9], factorization method [10-11], and Nikiforov-Uvarov method 

[12] are widely used to derive the energy spectrum and the wave function of a charge particle moving in non-

central potential. 

  Very recently, an alternative method called as finite Romanovski polynomials, which is a traditional 

method, consist of reducing Schrodinger equation by an appropriate change of the variable to that of very form 

of generalized  hypergeometric equation[12-13]. The polynomial was discovered by Sir E.J.Routhand 

rediscovered 45 years later by  V. I. Romanovski [14,15]. The notion “finite” refers to the observation that, for 

any given set of parameters (i.e. in any potential) only a finite of polynomials appear orthogonal 

  It is known that for very limited potential, the three dimansional radial Schrodinger equation is exactly 

solvable only for s-wave (l = 0). However, the three dimensional radial Schrodinger equation for the spherically 

symmetric potentials can not be solved analytically for 𝑙 ≠ 0 states because of the centrifugal term ~𝑟−2[16-

17]. the Schrodinger equation can only be solved approximately for different suitable approximation scheme. 

One of the suitable approximation scheme is conventionally proposed by Greene and Aldrich.[18, 19] 

In this paper we will attempt to solve the Schrodinger equation for a charged particle moving in a field governed 

by modified Poschl-Teller potential [20]with simultaneously presence of trigonometric Rosen-Morse 

potential[21]in term of finite Romanovski polynomial. The modified Poschl-Teller potential is hyperbolic 

potential. A class of hyperbolic potentials play the essential roles in interatomic and intermolecular forces [22-

23]and can be used to describe molecular vibrations. Some of these hyperbolic potential are exactly solvable or 

quasi – exactly solvable and their bound state solutions have been reported[24-25]. The trigonometric Rosen-
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Morse potential proposed by N. Rosen and P.M. Morse [21] in 1932. Trigonometric Rosen-Morse potential was 

used to describe the essential of the QCD quark-gluon dynamics in the regime suited of the asymptotical 

freedom of the quarks [26-28]. The approximate bound state solution for modified Poschl-Teller and 

trigonometric Rosen-Morse potentials have also been studied for l-state solution [19, 27,29].      

 This paper is organized as follows. In section 2, we review the finite Romanovski polynomials briefly. In 

section 3, we find the bound state energy solution and radial wave function from the solution of the radial 

Schrodinger equation, and the angular wave functions are derived in section 4. A brief conclusion is presented in 

section 5. 

 

II. Review of formulas for finite Romanovski Polynomials 
The one-dimensional Schrodinger equation of any shape invariant potential can be reduced into 

hypergeometric of confluent hypergeometric type differential equation by suitable variable transformation [15-

16]. The hypergeometric  type differential equation, which can be solved using finite Romanovski polynomials 

that was developed by Romanovski [12, 14,15]is presented as  

𝜎
𝜕2𝑦𝑛

𝜕𝑠2 + 𝜏
𝜕𝑦𝑛

𝜕𝑠
+ 𝜆𝑦𝑛 = 0         (1) 

where 𝜎 𝑠 = 𝑎𝑠2 + 𝑏𝑠 + 𝑐;    𝜏 = 𝑑𝑠 + 𝑒 and    − 𝑛 𝑛 − 1 + 2𝑛 1 − 𝑝  = 𝜆 = 𝜆𝑛   (2)           

Equation (1) is described in the textbook by Nikiforov-Uvarov where it is cast into self adjoint form and its 

weight function ,w(s) , satisfies the so called Pearson differential equation  
𝑑(𝜎 𝑠 𝑤 𝑠 )

𝑑𝑠
= 𝜏 𝑠 𝑤(𝑠)  (3) 

The weight function is obtained by solving the Pearson differential equation, that is 

𝑤 𝑠 = exp( 
 𝑑−2𝑎 𝑠+(𝑒−𝑏)

𝑎𝑠2+𝑏𝑠+𝑐
𝑑𝑠    (4)                   

The corresponding polynomials are classified according to the weight function, and are built up from the 

Rodrigues representation as 

𝑦𝑛 =
1

𝑤 𝑠 

𝑑𝑛

𝑑𝑠𝑛
 (𝑎𝑠2 + 𝑏𝑠 + 𝑐)𝑛𝑤(𝑠)   (5) 

For Romanovski polynomial, the values of parameters in equation (4) are:  

a = 1, b = 0, c = 1, d =  2(1-p)  and  e = q with p > 0 (6) 

By inserting equation (6) into equation (4) we obtain the weight function  

𝑤 𝑠 = exp( 
 𝑑 − 2𝑎 𝑠 +  𝑐 − 𝑏 

𝑎𝑠2 + 𝑏𝑠 + 𝑐
= exp( 

 2 − 2𝑝 − 2 𝑠 + 𝑞

𝑠2 + 1
𝑑𝑠 

𝑤 𝑠 = (1 + 𝑠2)−𝑝𝑒𝑞𝑡𝑎𝑛
−1(𝑠)   (7) 

This weight function first reported by Routh [15] and then by Romanovski. The polynomial associated with 

equation (7) are named after Romanovski and will be denoted by  𝑅𝑛
 𝑝 ,𝑞 

(𝑠) . Due to the decrease of the weight 

function by 𝑠−2𝑝  , integral of the type 

 𝑤(𝑝 ,𝑞)∞

−∞
𝑅𝑚
 𝑝 ,𝑞  𝑠 𝑅𝑚 ′

 𝑝 ,𝑞  𝑠 𝑑𝑠   (8) 

will be convergent only if       𝑚′ + 𝑚 < 2𝑝 − 1   (9) 

This means that only a finite number of Romanovski polynomials are orthogonal.           

       The differential equation satisfied by Romanovski Polynomial obtained by inserting equations (2) and (6) 

into equation (1) is 

 1 + 𝑠2 
𝜕2𝑅𝑛

 𝑝 ,𝑞 
(𝑠)

𝜕𝑠2 +  2𝑠 −𝑝 + 1 + 𝑞 
𝜕𝑅𝑛

 𝑝 ,𝑞 
(𝑠)

𝜕𝑠
−  𝑛 𝑛 − 1 + 2𝑛 1 − 𝑝  𝑅𝑛

 𝑝 ,𝑞  𝑠  =0 (10) 

where 𝑦𝑛 = 𝑅𝑛
 𝑝 ,𝑞  𝑠 . The Schrodinger equation of the potential of interest will be reduced into the form which 

is similar to equation (10) by an appropriate transformation of variable, r = f(s),  and by introducing a new wave 

function which is given as  

𝜓(𝑟) = 𝑔𝑛 𝑠 = (1 + 𝑠2)
𝛽

2𝑒
−𝛼

2
𝑡𝑎𝑛 −1𝑠𝐷𝑛

 𝛽 ,𝛼 
(𝑠)   (11) 

The eigen function in equation (11) is the solution of Schrodinger equation for potential interest where 

𝐷𝑛
 𝛽 ,𝛼  𝑠 = 𝑅𝑛

 𝑝 ,𝑞  𝑠   (12) 

The Romanovski polynomials obtained from Rodrigues formula with the weight function in equation (5) is 

expressed as 

𝑅𝑛
 𝑝 ,𝑞  𝑠 = 𝐷𝑛

 𝛽 ,𝛼  𝑠 =
1

(1+𝑠2)−𝑝 𝑒𝑞𝑡𝑎 𝑛−1(𝑠)

𝑑𝑛

𝑑𝑠𝑛
{(1 + 𝑠2)𝑛(1 + 𝑠2)−𝑝𝑒𝑞𝑡𝑎 𝑛−1 𝑠 }   (13) 

If the wave function of the nth level in equation (11) is rewritten as  

𝜓𝑛(𝑟) =
1

 𝑑𝑓  𝑠 

𝑑𝑠

(1 + 𝑠2)
−𝑝

2 𝑒
𝑞

2
𝑡𝑎𝑛−1(𝑠)𝑅𝑛

 𝑝 ,𝑞  𝑠                                (14) 

then the orthogonality integral of the wave functions expressed in equation (14) gives rise to orthogonality 

integral of the finite Romanovski polynomials, that is   
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 𝜓𝑛 𝑟 𝜓𝑛 ′ 𝑟 𝑑𝑟 =
∞

0
 𝑤(𝑝 ,𝑞)∞

−∞
𝑅𝑛
 𝑝 ,𝑞  𝑠 𝑅𝑛 ′

 𝑝 ,𝑞  𝑠 𝑑𝑠    (15) 

In this case the values of 𝑝 and 𝑞 are not n-dependence where n is the degree of polynomials. However, if 

equation (9) is not fulfilled then the Romanovskipolynomials is infinity [15]. 
 

III. Solution of the Schrodinger Equation for Hyperbolic Poschl-Teller-Trigonometric 

Poschl-Teller Non-Central Potential using Romanovski Polynomials 
Modified Poschl-Teller potential plus trigonometric Rosen Morse non-central potential is the potential where 

both potentials present simultaneously in the quantum system. This non-central potential is expressed as 

𝑉 𝑟,𝜃 =
ℏ2

2𝑀𝛾2  
𝜘 𝜘−1 

𝑠𝑖𝑛2 𝑟

𝛾

−
𝜆(𝜆+1)

𝑐𝑜𝑠 2𝑟

𝛾

 +
ℏ2

2𝜇𝑟2  
𝜈 𝜈+1 

𝑠𝑖𝑛 2𝜃
− 2𝜇𝑐𝑜𝑡𝜃       (16) 

where𝜆 > 𝜘 − 1;   0 ≤ 𝑟 ≤ ∞,        𝜈 > 1, 𝜇 > 1,   0 ≤ 𝜃 ≤
𝜋

2
 

The three dimensional Schrodinger equation for hyperbolic Poschl-Teller – trigonometric Rosen-Morse non-

central potential is written as 

−
ℏ2

2𝑀
 

1

𝑟2

𝜕

𝜕𝑟
 𝑟2 𝜕

𝜕𝑟
 +

1

𝑟2𝑠𝑖𝑛𝜃

𝜕

𝜕𝜃
 𝑠𝑖𝑛𝜃

𝜕

𝜕𝜃
 +

1

𝑟2𝑠𝑖𝑛2𝜃

𝜕2

𝜕𝜑2 𝜓 𝑟,𝜃,𝜑 +  
ℏ2

2𝑀𝛾2  
𝜘 𝜘−1 

𝑠𝑖𝑛2 𝑟

𝛾

−
𝜆(𝜆+1)

𝑐𝑜𝑠2 𝑟

𝛾

 +
ℏ2

2𝑀𝑟2  
𝜈 𝜈+1 

𝑠𝑖𝑛 2𝜃
−

2𝜇𝑐𝑜𝑡𝜃𝜓𝑟,𝜃,𝜑=𝐸𝜓𝑟,𝜃,𝜑          
          (17) 

Equation (17) is solved using separation variable method since the non-central potential is separable. By setting  

𝜓 𝑟,𝜃,𝜑 = 𝑅 𝑟 𝑃 𝜃 Φ(𝜑) in equation (17) we obtain 

1

𝑅

𝜕

𝜕𝑟
 𝑟2 𝜕𝑅

𝜕𝑟
 −

𝑟2

𝛾2  
𝜘 𝜘−1 

𝑠𝑖𝑛2 𝑟

𝛾

−
𝜆 𝜆+1 

𝑐𝑜𝑠2 𝑟

𝛾

 +
2𝑀

ℏ2 𝐸𝑟2 = −
1

𝑃𝑠𝑖𝑛𝜃

𝜕

𝜕𝜃
 𝑠𝑖𝑛𝜃

𝜕𝑃

𝜕𝜃
 −

1

𝑠𝑖𝑛2𝜃

1

Φ

𝜕2Φ

𝜕𝜑2 +  
𝜈 𝜈+1 

𝑠𝑖𝑛 2𝜃
− 2𝜇𝑐𝑜𝑡𝜃 =

𝑙 𝑙 + 1             (18)  

From equation (18) we obtain radial and angular Schrodinger equations as 

1

𝑟2

𝜕

𝜕𝑟
 𝑟2 𝜕𝑅

𝜕𝑟
 −

1

𝛾2  
𝜘 𝜘−1 

𝑠𝑖𝑛2 𝑟

𝛾

−
𝜆 𝜆+1 

𝑐𝑜𝑠2 𝑟

𝛾

 𝑅 +
2𝑀

ℏ2 𝐸𝑅 −
𝑙 𝑙+1 

𝑟2 𝑅 = 0     (19) 

and 
1

𝑠𝑖𝑛𝜃

𝜕

𝜕𝜃
 𝑠𝑖𝑛𝜃

𝜕𝑃

𝜕𝜃
 −

𝑚2𝑃

𝑠𝑖𝑛2𝜃
−  

𝜈 𝜈+1 

𝑠𝑖𝑛 2𝜃
− 2𝜇𝑐𝑜𝑡𝜃 𝑃 + 𝑙 𝑙 + 1 𝑃 = 0     (20) 

where we have set  
1

Φ

𝜕2Φ

𝜕𝜑2 = −𝑚2 that gives azimuthal wave function as 

Φ =
1

 2𝜋
𝑒𝑖𝑚𝜑 , 𝑚 = 0, ±1, ±2, ±3,….        (21) 

 

3.1  The Solution of Angular Schrodinger Equation 
The polar part of the Schrodinger equation expressed in equation (20) is rewritten as 
𝜕2𝑃(𝜃)

𝜕𝜃 2 + 𝑐𝑜𝑡𝜃
𝜕𝑃(𝜃)

𝜕𝜃
−  

𝜈 𝜈+1 +𝑚2

𝑠𝑖𝑛 2𝜃
− 2𝜇𝑐𝑜𝑡𝜃 𝑃(𝜃) + 𝑙 𝑙 + 1 𝑃 𝜃 = 0    (22) 

To solve equation (22) we introduce a new variable 𝑐𝑜𝑡𝜃 = 𝑠 and equation (22) change into 

 ( 1 + 𝑠2 
𝜕2𝑃

𝜕𝑠2 + 𝑠
𝜕𝑃

𝜕𝑠
−   𝜈 𝜈 + 1 + 𝑚2 −

𝟐𝝁𝒙

 𝟏+𝒔𝟐 
−

𝑙(𝑙+1)

 𝟏+𝒔𝟐 
 𝑃 = 0   (23) 

Equation (23) is solved in terms of Romanovski polynomialby setting 

𝑃 𝜃 = 𝑔𝑛 𝑠 = (1 + 𝑠2)
𝛽

2𝑒
−𝛼

2
𝑡𝑎𝑛 −1𝑠𝐷𝑛

 𝛽 ,𝛼 
(𝑠),                                      (24) 

0 < 𝑠 < ∞ 
By inserting equation (24) into equation (23) we obtain 

 1 + 𝑠2 
𝜕2𝐷

𝜕𝑠2 +  𝑠 2𝛽 + 1 − 𝛼 
𝜕𝐷

𝜕𝑠
−  

𝜷𝒔𝜶−
𝛼2

4
+𝛽2−

𝜶𝒔

𝟐
−𝛽−2𝜇𝑠−𝑙(𝑙+1)

𝟏+𝒔𝟐
+ 𝜈 𝜈 + 1 +𝑚2 − 𝛽2 − 𝛽 + 𝛽 𝐷 = 0 (25) 

Equation (25) reduces to differential equation satisfied by Romanovski polynomials  

 1 + 𝑠2 
𝜕2𝐷

𝜕𝑠2 +  𝑠 2𝛽 + 1 − 𝛼 
𝜕𝐷

𝜕𝑠
−  𝜈 𝜈 + 1 +𝑚2 − 𝛽2 𝐷 = 0     (26) 

for𝛽𝑠𝛼 −
𝛼2

4
+ 𝛽2 −

𝜶𝒔

𝟐
− 𝛽 − 2𝜇𝑠 − 𝑙(𝑙 + 1) = 0      (27)  

By comparing equations (10) and (26) we obtain 

 2𝛽 + 1 = 2 −𝑝 + 1   ; 𝛼 = −𝑞and𝜈 𝜈 + 1 +𝑚𝟐 − 𝛽2 = 𝑛 𝑛 − 1 + 2𝑛 1 − 𝑝    (28) 

From equation (27) we have  

−
𝛼2

4
+ 𝛽2 − 𝛽 − 𝑙(𝑙 + 1) = 0;    𝛽𝛼 −

𝜶

𝟐
− 2𝜇 = 0       (29) 
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that give 𝛼2 = −2  𝑙 +
1

2
 
𝟐

± 2  𝑙 +
1

2
 

4

+ 4𝜇2       (30) 

and(𝛽 −
𝟏

𝟐
)𝟐 =

𝟐𝜇𝟐

− 𝑙+
1

2
 
𝟐

±  𝑙+
1

2
 
𝟒

+𝟒𝜇2

        (31) 

Using equation (28) we obtain 

𝑝 = −𝛽 +
1

2
  ;  𝑞 = −𝛼          (32) 

and𝜈 𝜈 + 1 +𝑚𝟐 = ( 𝛽 + 𝑛)2         (33)  

Then from equation (33) we get 

𝛽 −
𝟏

𝟐
=  𝜈 𝜈 + 1 +𝑚2 − 𝑛 −

𝟏

𝟐
   (i)          (34) 

 𝛽 −
1

2
 = − 𝜈 𝜈 + 1 +𝑚2 − 𝑛 −

1

2
        (35) 

By using equations (29) with (34) or with (35) we obtain 

𝛼𝑛 =
2𝜇

 𝜈 𝜈+1 +𝑚2−𝑛−
1

2

          (36) 

or𝛼𝑛 = −
2𝜇

 𝜈 𝜈+1 +𝑚2+𝑛+
1

2

          (37) 

From equations (34), (35), and (31) we obtain 

  𝜈 𝜈 + 1 +𝑚2 − 𝑛 −
1

2
 

2

=
2𝜇2

− 𝑙+
1

2
 

2
±  𝑙+

1

2
 

4
+4𝜇2

       (38) 

or − 𝜈 𝜈 + 1 +𝑚2 − 𝑛 −
1

2
 

2

=
2𝜇2

− 𝑙+
1

2
 

2
±  𝑙+

1

2
 

4
+4𝜇2

      (39) 

To have more physical meaning, the value of 𝛽 and 𝛼 that satisfies the system are expressed in equation (35) 

and (37) therefore the value of l that satisfies the system is obtained from equation (39) given as 

𝑙 +
1

2
=    𝜈 𝜈 + 1 +𝑚2 + 𝑛 +

1

2
 

2

−
𝜇2

  𝜈 𝜈+1 +𝑚2+𝑛+
1

2
 

2     (40) 

The weight function obtained from equations (7), (32), (35) and (37) is given as  

𝑤 −𝛽+ 
1

2
,−𝛼 = (1 + 𝑠2)𝛽𝑛−

1

2𝑒−𝛼𝑛 𝑡𝑎𝑛
−1𝑠        (41) 

Using equations (13) and (41) we obtain the Romanovski polynomials given as                        

𝑅𝑛
 𝑝 ,𝑞  𝑠 = 𝐷𝑛

 𝛽 ,𝛼  𝑠 =
1

𝑤 −𝛽+ 
1

2
,−𝛼 

𝑑𝑛

𝑑𝑠𝑛
{(1 + 𝑠2)𝑛𝑤 −𝛽+ 

1

2
,−𝛼  𝑠 } 

or𝑅𝑛

 −𝛽+ 
1

2
,−𝛼 

 𝑠 =
1

(1+𝑠2)
𝛽𝑛−

1
2𝑒−𝛼𝑛 𝑡𝑎 𝑛−1𝑠

𝑑𝑛

𝑑𝑠𝑛
{(1 + 𝑠2)𝛽𝑛−

1

2
+𝑛𝑒−𝛼𝑛 𝑡𝑎𝑛

−1𝑠}    (42)       

The angular wave function obtained from equations (11) and (42) is given as 

𝑃𝑛 𝜃 = 𝑐𝑜𝑡−1𝑠 = 𝑔𝑛 𝑠 = (1 + 𝑠2)
𝛽𝑛
2 𝑒

−𝛼𝑛
2

𝑡𝑎𝑛 −1𝑠𝑅𝑛

 −𝛽+ 
1

2
,−𝛼 

 𝑠      (43) 

     The orthogonality integral of Schrodinger wave function can not give rise to the orthogonality integral of the 

Romanovski polynomial since the weight function is a function of the degree of the polynomial, n. 

 𝑃𝑛  𝜃 𝑃𝑛 ′ 𝜃 𝑠𝑖𝑛𝜃𝑑𝜃 =  (1 + 𝑠2)
𝛽𝑛 ′+𝛽𝑛

2
−

1

2𝑒−
(𝛼

𝑛 ′
+𝛼𝑛 )

2
𝑡𝑎𝑛−1(𝑠)𝑅𝑛

 −𝛽+ 
1

2
,−𝛼 

 𝑠 𝑅
𝑛 ′

 −𝛽+ 
1

2
,−𝛼 

 𝑠 
𝑑𝑠

1+𝑠2 ≠  (1 +

𝑠2)𝛽𝑛−12𝑒−𝛼𝑛𝑡𝑎𝑛−1(𝑠)𝑅𝑛−𝛽+ 12,−𝛼𝑠𝑅𝑛′−𝛽+ 12,−𝛼𝑠𝑑𝑠    (44) 

Equation (41) shows that the orthogonality of Romanovski polynomials can not be produced from the 

orthogonality of wave function and so the Romnovski polynomials are infinite.  

Construction of Romanovski polynomial 

The first four Romanovski polynomial are constructed using equation (39) 

𝑅0

 −𝛽+ 
1

2
,−𝛼 

 𝑠 = 1          (45) 

𝑅1

 −𝛽+ 
1

2
,−𝛼 

 𝑠 = 2  𝛽1 +  
1

2
 𝑠 − 𝛼1        (46) 

𝑅2

 −𝛽+ 
1

2
,−𝛼 

 𝑠 = {4  𝛽2 + 1 
1

2
  𝛽2 +  1 𝑠2 − 4𝛼2 𝛽2 +  1 𝑠 + 𝛼2

2 + 2  𝛽2 + 1 
1

2
 }   (47) 

𝑅3

 −𝛽3+ 
1

2
,−𝛼3 

 𝑠 = 8  𝛽3 + 2 
1

2
  𝛽3 + 2  𝛽3 +  1

1

2
 𝑠3 − 12𝛼3  𝛽3 + 1 

1

2
  𝛽3 + 2 𝑠2 +  6  𝛼3

2 +

2𝛽3+2 12𝛽3+1 12𝑠−𝛼3𝛼32+6𝛽3+13        (48)
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The Romanovski polynomials expressed in equations (45-48) can be constructed manually or using computer 

programming with mathematica software. If  Rosen-Morse noncentral potential is absent then 

𝛽𝑛 = −𝑚 − 𝑛 ; 𝛼𝑛 = 0𝑙 =   𝑚 + 𝑛𝑙 +
1

2
 

2

−
1

2
= 𝑛𝑙 + 𝑚 

and the angular wave functions reduce to associated Legendre polynomials, as shown in 1
st
, 5

th
, 6

th
 rows  in 

Table 1. The graphs of the angular wave function listed in the first four rows are shown in Figure 1. 

Table1. The Romanovski polynomials and its corresponding angular wave functions for modified Poschl-

Teller plus Rosen-Morse non-central potential 

 

N0 nl m 𝜈 𝜇 l 
𝑅𝑛

 −𝛽+ 
1

2
,−𝛼 

 𝑠  
Non-central Associated Legendre 

Polynomials 

1 1 1 0 0 2 −3 𝑐𝑜𝑡𝜃 −3𝑠𝑖𝑛𝜃𝒄𝒐𝒔𝜃 

2 1 1 2 0 3.65 −6.3 𝑐𝑜𝑡𝜃 −3 𝑠𝑖𝑛𝜃 2.65𝑐𝑜𝑠𝜃 

3 1 1 0 2 1.4 −3 𝑐𝑜𝑡𝜃 + 1.6  −3 𝑐𝑜𝑡𝜃 + 1.6  𝑠𝑖𝑛𝜃 2𝑒𝑜 .8𝑡𝑎𝑛 −1(𝑐𝑜𝑡𝜃 ) 

4 1 1 2 2 3.62 −6.3 𝑐𝑜𝑡𝜃 + 0.96  −6.3 𝑐𝑜𝑠𝜃

+  0.96𝑠𝑖𝑛𝜃  𝑠𝑖𝑛𝜃 2.65𝑒𝑜 .48𝑡𝑎𝑛 −1(𝑐𝑜𝑡𝜃 ) 

5 1 2 0 0 3 −5 𝑐𝑜𝑡𝜃 −5 𝑠𝑖𝑛𝜃 2𝑐𝑜𝑠𝜃 

6 2 1 0 0 3 12𝑐𝑜𝑡2𝜃 − 3 3𝑠𝑖𝑛𝜃 4𝑐𝑜𝑠2𝜃 − 𝑠𝑖𝑛2𝜃  
 

The angular wave functions with/without the presence of trigonometric Rosen-Morse non-central potential are 

listed in Table 1. The first four of the angular momentum at the first four rows are graphed  usingMathematica 

software as shown in Figure 1. The effect of the 𝑐𝑠𝑐2𝜃 term alone which assigned by the value of 𝛽 to the 

associated Legendre function causes the change in direction and increase of the angular momentum vector in the 

interval 0 < 𝜃 < 𝜋. On the other hand the effect of  𝑐𝑜𝑡𝜃 term alone causes the decrease of the angular 

momentum vector in the interval 0 < 𝜃 <
𝜋

2
 but increases the angular momentum vector in the interval 

𝜋

2
< 𝜃 <

𝜋.  This term is considered to be the perturbed factor to the original wave (spherical harmonics wave function). 

Figure 1shows that the shape of the angular wave function graphs do not change by the presence of the Rosen-

Morse potential but change the length of the angular momentum vector. [27] 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(1c) 

 𝒀𝟏.𝟒
𝟏  =  −3 𝑐𝑜𝑠𝜃 + 1.6𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜃𝑒𝑜 .8𝑡𝑎𝑛 −1(𝑐𝑜𝑡𝜃 ) 

 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-1.4

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

Yml*sin(theta)*sin(phi)

Y
m

l*
(c

o
s
(t

h
e
ta

))

Figure (1d) 

 𝒀𝟑,𝟔𝟐
𝟏  =  −𝟔.𝟑𝒄𝒐𝒔𝜽 + 𝟎.𝟗𝟔𝒔𝒊𝒏𝜽  𝒔𝒊𝒏𝜽 𝟐.𝟔𝟓𝒆𝒐.𝟒𝟖𝒕𝒂𝒏−𝟏(𝒄𝒐𝒕𝜽) 
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Figure 1 Thepolar diagram of the 

orbital angular momentum eigen 

function Ylm and three dimensional polar 

representations of the absolute value of 

the angular function. (1a) The absent of 

Rosen-Morse non-central potential, the 

effect of 𝑐𝑠𝑐2𝜃 term causes the length 

of the angular momentum vector 

increases in (1b), the 𝑐𝑜𝑡𝜃 term 

decreases the length of angular 

momentum vector of 0 < 𝜃 <
𝜋

2
 but 

increases the length at 
𝜋

2
< 𝜃 < 𝜋, and 

(1d) shows the total effect of both terms 

that decreases the length of angular 

momentum vector of 0 < 𝜃 <
𝜋

2
 . 

increases the length at 
𝜋

2
< 𝜃 < 𝜋. 
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3.2. Solution of radial Schrodinger equation 

To solve theradial Schrodinger equation in equation (19) we use the approximation value for  centrifugal term
[14-

15]
 , 

1

𝑟2 ≅
1

𝛾2  𝑑0 +
1

𝑠𝑖𝑛2 𝑟

𝛾

  for  
𝑟

𝛼
<<1, with 𝑑0 =

1

12
. By setting R(𝑟) =

𝜒(𝑟)

𝑟
 , 𝜖2 = −

2𝑚

ℏ2 𝐸  and by using the 

approximation value for centrifugal term, equation (19) becomes 

𝑑2𝜒(𝑟)

𝑑𝑟2 −  
𝜘 𝜘−1 +𝑙 𝑙+1 

𝛾2𝑠𝑖𝑛2 𝑟

𝛾

−
𝜆(𝜆+1)

𝛼2𝑐𝑜𝑠2 𝑟

𝛾

+ 𝜖2 +
𝑙 𝑙+1 𝑑0

𝛾2  𝜒(𝑟) = 0      (49) 

     By making a change of variable in equation (49), 𝑐𝑜𝑠
2𝑟

𝛾
= 𝑖𝑥, we have 

 1 + 𝑥2 
𝜕2𝜒

𝜕𝑥2 + 𝑥
𝜕𝜒

𝜕𝑥
+  

𝜘 𝜘−1 +𝑙 𝑙+1 +𝜆 𝜆+1 

2 1+𝑥2 
+

𝜘 𝜘−1 +𝑙 𝑙+1 −𝜆 𝜆+1 

2 1+𝑥2 
𝑖𝑥 −

𝛾2𝜖2+𝑙 𝑙+1 𝑑0

4
 𝜒 = 0 (50) 

To solve equation (50) in terms of Romanovski Polynomials, according to equation (11) we set the 

eigenfunction of the radial part as 

𝜒 𝑟 = 𝑔𝑛 𝑥 = (1 + 𝑥2)
𝛽

2𝑒
−𝛼

2
𝑡𝑎𝑛 −1𝑥𝐷𝑛

 𝛽 ,𝛼 
(𝑥),                                       (51) 

with1 < 𝑖𝑥 < ∞ 

By insertying equation (51) into equation (50) we have 

 1 + 𝑥2 
𝜕2𝐷

𝜕𝑥 2 +  𝑥 2𝛽 + 1 − 𝛼 
𝜕𝐷

𝜕𝑥
−  

𝟐𝜷𝒙𝜶−𝒙𝜶−
𝛼2

2
+2𝛽2−𝟐𝜷−{(𝜘 𝜘−1 +𝑙 𝑙+1)−𝜆 𝜆+1 } 𝑖𝑥− 𝜘 𝜘−1 +𝑙 𝑙+1)+𝜆 𝜆+1   

𝟐(1+𝑥2)
+

𝛾2𝜖2+𝑙𝑙+1𝑑04−𝛽2𝐷=0          (52) 

By comparing equation (52) and equation (10) we obtain 

−  𝜘 −
1

2
 

2

+ 𝑙 𝑙 + 1 +  𝜆 +
1

2
 

2

 −
𝛼2

2
+ 2(𝛽 −

𝟏

𝟐
)2 = 0      (53) 

−( 𝜘 −
1

2
 

2

+ 𝑙  𝑙 + 1) −  𝜆 +
1

2
 

2

 𝑖 + 2𝛽𝛼 − 𝛼 = 0      (54) 

 2𝛽 + 1 = 2 −𝑝 + 1 𝛼 = −𝑞         (55) 
𝛾2𝜖2+𝑙 𝑙+1 𝑑0

4
− 𝛽2 = 𝑛 𝑛 − 1 + 2𝑛  𝛽 +

1

2
        (56)  

and equation (52) becomes  

To simplify the solution of equations (53)-(56) we set 

 𝜘 −
1

2
 

2

+ 𝑙 𝑙 + 1 = 𝐴,  𝜆 +
1

2
 

2

= 𝐵        (57) 

and from equations (53) and (54) we obtain 

𝛼 = ±𝑖  𝐴 ∓  𝐵 and 𝛽 −
1

2
 =

(𝐴−𝐵)

2𝛼
𝑖 =

(𝐴−𝐵)

±2𝑖  𝐴∓ 𝐵 
      (58) 

To have more physical meaning the proper choice of the values of 𝛼 and  𝛽 from equation (58) are 

𝛽 =
 𝐴− 𝐵+1

2
=

  𝜘−
1

2
 

2
+𝑙 𝑙+1 −𝜆+

1

2

2
        (59) 

and𝛼 = 𝑖  𝐴 +  𝐵 = 𝑖    𝜘 −
1

2
 

2

+ 𝑙 𝑙 + 1 + 𝜆 +
1

2
       (60) 

From equation (55) we obtain 

𝛽 =
1

2
− 𝑝or𝑝 = −𝛽 +

1

2
   and 𝛼 = −𝑞        (61)  

and from equation (56) and (61) we have 
−2𝑀𝐸

ℏ2

𝛾2

4
= ( 𝛽 + 𝑛)2 −

𝑙 𝑙+1 𝑑0

4
         (62)     

 Thus the energy spectrum of the system obtained from equations (59) and (62) is    

𝐸𝑛 = −
ℏ2

2𝑀𝛾2   𝜆 −   𝜘 −
1

2
 

2

+ 𝑙 𝑙 + 1 −
1

2
− 2𝑛 

2

− 𝑙 𝑙 + 1 𝑑0      (63) 

The energy spectrum in equation (63) reduces to the energy of modified Poschl-Teller potential for 𝑙 = 0 which 

is given as 

𝐸𝑛 = −
ℏ2

2𝑀𝛾2
  𝜆 − 𝜘 − 2𝑛 2          (64)   

To determine the radial wave function of the system, firstly we find the weight function from equations (7), 

(59), (60) and (61) as 

𝑤 𝑝 ,𝑞 = 𝑤 −𝛽+
1

2
,−𝛼 = (1 + 𝑥2)

  𝐴− 𝐵 

2 𝑒−𝑖  𝐴+ 𝐵 𝑡𝑎𝑛−1𝑥       (65) 

and its wave function expressed in Romanovski polynomials obtained from equations (13) and (65) is 
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𝑅𝑛

 −𝛽+
1

2
,−𝛼 

 𝑥 =
1

(1+𝑥2)
  𝐴− 𝐵 

2 𝑒−𝑖  𝐴+ 𝐵 𝑡𝑎 𝑛−1𝑥

𝑑𝑛

𝑑𝑥𝑛
{ (1 + 𝑥2)

  𝐴− 𝐵 

2
+𝑛𝑒−𝑖  𝐴+ 𝐵 𝑡𝑎𝑛−1𝑥    (66) 

By inserting equations (59), (60) and (61) into equation (51) we obtain the eigenfunction as 

𝜒 𝑟 = 𝑔𝑛 𝑥 = (1 + 𝑥2)
  𝐴− 𝐵 +1

4 𝑒−
𝑖

2
  𝐴+ 𝐵 𝑡𝑎𝑛−1𝑥𝑅𝑛

 −𝛽+
1

2
,−𝛼 

 𝑥      (67) 

To observe the orthogonality integral of Romanovski polynomials, equation (67) is rewritten  

𝜒 𝑟 =
1

 𝑑𝑐𝑜 𝑠−1(𝑖𝑥 )

𝑑𝑥

 (1 + 𝑥2)
  𝐴− 𝐵 

2 𝑒−𝑖  𝐴+ 𝐵 𝑡𝑎𝑛−1𝑥𝑅𝑛

 −𝛽+
1

2
,−𝛼 

 𝑥     (68) 

where
𝑑𝑟

𝑑𝑥
= 𝛾

𝑑𝑐𝑜𝑠 −1(𝑖𝑥 )

𝑑𝑥
=

𝛾

 1+𝑥2
 

The orthogonality integral of radial wave functions that will produce the orthogonality integral of 

Romanovski polynomials given as 

 𝜒𝑛  𝑟 𝜒𝑛 ′ 𝑟 𝑑𝑟 =  𝑅𝑛 𝑟 𝑅𝑛 ′

∞

0

 𝑟 𝑟2𝑑𝑟 

= 𝛾  (1 + 𝑥2)
  𝐴− 𝐵 

2 𝑒−𝑖  𝐴+ 𝐵 𝑡𝑎𝑛−1𝑥∞

1
𝑅𝑛

 −𝛽+
1

2
,−𝛼 

 𝑥 𝑅
𝑛 ′

 −𝛽+
1

2
,−𝛼 

𝑑𝑥      (69) 

The integral in equation (69) will be convergent only if 𝑛 + 𝑛′ < −  𝐴 −  𝐵 + 1  

or2𝑛 < 𝜆 −   𝜘 −
1

2
 

2

+ 𝑙 𝑙 + 1 −
1

2
        (70) 

where n is the degree of the polynomials which is non-negative integer. Equation (70) shows the condition that 

the number of Romanovski polynomials that are orthogonal is finite.  

Construction of  Romanovski Polynomial  

The first four Romanovski Polynomials for radial wave functions obtained using equation (66) are 

𝑅0

 −𝛽+
1

2
,−𝛼 

 𝑥 = 1          (71) 

𝑅1

 −𝛽+
1

2
,−𝛼 

 𝑥 =   𝐴 −  𝐵 + 2 𝑥 − 𝑖  𝐴 +  𝐵        (72) 

𝑅2

 −𝛽+
1

2
,−𝛼 

 𝑥 =    𝐴 −  𝐵 + 4   𝐴 −  𝐵 + 3 𝑥2 − 2𝑖𝑥  𝐴 +  𝐵   𝐴 −  𝐵 + 3 −   𝐴 +  𝐵 
2

+

𝐴−𝐵+4           (73) 

 

Table 2.Romanovski Polynomial and the corresponding radial wave function for  nl= 1,2  𝒂𝒏𝒅 𝒎 = 𝟏,𝟐 

𝝂,𝝁 = 𝟎,𝟐,𝟐,𝝀 = 𝟖;𝝒 = 𝟐 

N0 nl m 𝜈 𝜇 l 𝜆 𝜘 nr Romanovski 

Polynomials 

𝑅𝑛

 −𝛽+
1

2
,−𝛼 

 𝑥  

Radial wave function, 𝜒 𝑟  

1 1 1 0 0 2 8 2 0 1 𝑖3.362−2.32𝑠𝑖𝑛3.36
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 

1 -3.63x-11.37i 
𝑖4.362−2.32𝑠𝑖𝑛3.36

𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 3.63𝑐𝑜𝑠

2𝑟

𝛾

− 11.37  

2 4.29𝑥2

+ 59.8𝑖𝑥
− 130.9 

𝑖3.362−2.32𝑠𝑖𝑛3.36
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 −4.29𝑐𝑜𝑠2

2𝑟

𝛾

+ 59.8𝑐𝑜𝑠
2𝑟

𝛾
− 130.9  

2 1 1 2 0 3.65 8 2 0  𝑖4.882−1.56𝑠𝑖𝑛4.88
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 

1 −2.12𝑥
− 12.88𝑖 

𝑖5.882−1.56𝑠𝑖𝑛4.88
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 2.12𝑐𝑜𝑠

2𝑟

𝛾

− 12.88  

3 1 1 0 2 1.4 8 2 0 1  

𝑖2.882−1.56𝑠𝑖𝑛2.88
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
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1 −4.13𝑥
− 10.87𝑖 

𝑖3.882−1.56𝑠𝑖𝑛2.88
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 4.13𝑐𝑜𝑠

2𝑟

𝛾

− 10.87  

2 6.67𝑥2

+ 68.05𝑖𝑥
− 120.3 

𝑖2.882−1.56𝑠𝑖𝑛2.88
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 −6.67𝑐𝑜𝑠2

2𝑟

𝛾

+ 68.05𝑐𝑜𝑠 
2𝑟

𝛾
− 120.3  

4 1 1 2 2 3.62 8 2 0 1 𝑖4.862−1.57𝑠𝑖𝑛4.86
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 

1 −2.14𝑥
− 12.86𝑖 

𝑖5.862−1.57𝑠𝑖𝑛4.86
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 2.14𝑐𝑜𝑠 

2𝑟

𝛾

− 12.86  

5 1 2 0 0 3 8 2 0 1 𝑖4.282−1.86𝑠𝑖𝑛4.28
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 

1 −2.72𝑥
− 12.28𝑖 

𝑖5.282−1.86𝑠𝑖𝑛4.28
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 2.72𝑐𝑜𝑠 

2𝑟

𝛾

− 12.28  

6 2 1 0 0 3 8 2 0 1 𝑖4.282−1.86𝑠𝑖𝑛4.28
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 

1 −2.72𝑥
− 12.28𝑖 

𝑖5.282−1.86𝑠𝑖𝑛4.28
𝑟

𝛾
𝑐𝑜𝑠−8

𝑟

𝛾
 2.72𝑐𝑜𝑠 

2𝑟

𝛾

− 12.28  

𝑅3

 −𝛽+
1

2
,−𝛼 

 𝑥 =    𝐴 −  𝐵 + 6   𝐴 −  𝐵 + 5   𝐴 −  𝐵 + 4 𝑥3 − 3𝑖𝑥2  𝐴 +  𝐵   𝐴 −  𝐵 +

5𝐴−𝐵+4−3𝑥𝐴−𝐵+4𝐴+𝐵2−𝐴−𝐵+6+𝑖𝐴+𝐵2−3𝐴−3𝐵+16𝐴+𝐵     

      (74) 

By setting l = 0 in equation (67) we obtain the wave function of modified Poschl-Teller potential, equation (70) 

becomes 2𝑛𝑟 < −𝜘 + 𝜆 , and for nr = 0  we obtain the ground state wave function for modified Poschl-Teller 

potential given as 

𝜒00 𝑟 = (1 − 𝑐𝑜𝑠2 2𝑟

𝛾
)
𝜘−

1
2−𝜆+

1
2

4 𝑒−𝑖
 𝜘+𝜆 

2
𝑡𝑎𝑛−1𝑥 = 𝐶  𝑠𝑖𝑛

𝑟

𝛾
 
𝜘

 𝑐𝑜𝑠
𝑟

𝛾
 
−𝜆

    (75) 

where𝑡𝑎𝑛−1𝑥 = −𝑖𝑡𝑎𝑛−1  𝑐𝑜𝑠
2𝑟

𝛾
 =

−𝑖

2
𝑙𝑛  

1+𝑐𝑜𝑠
2𝑟

𝛾

1−𝑐𝑜𝑠
2𝑟

𝛾

      (76) 

The lowest wave function or the ground state wave function expressed in equation (75) is in agreement with the 

result determined using SUSY QM and NU method.  

    For l-wave, the values of l depend on the value of the trigonometric Rosen-Morse potential’s parameters as 

shown in equations (36) and (58). The l-waves are obtained by using equations (36), (58), (66), (67), and 

applying the condition in equation (70) for finite Romanovski polynomial. The number of  Romanovski 

polynomials for radial wave function that are orthogonal depend on the values of the parameters of both 

potentials and the degree of Romanovski polynomial for angular wave function and the original quantum 

magnetic number, m. Table 2 shows the Romanovski  polynomials for radial wave function with and without the 

presence of Rosen-Morse non-central potential that are orthogonal.  

The values of nr = 0, 1, and 2obtained by inserting the values of the parameters , 𝜆, and 𝜘 , that are listed in the 

first row of Table 2 into equation (70),  for  𝜆= 8 and 𝜘= 2, therefore we get three orthogonal radial wave 

function corresponding to three values of nr. as shown at the first three sub-rows at the last right column, and the 

values of parameters 𝑙 =3,65, 𝜆 = 8  and 𝜘= 2 as listed at the second row give the values of nr= 0,1. These two 

examples show that any set of parameters determine the number of Romanovski polynomials that are 

orthogonal, therefore there is limit number of the orthogonal wave function or the number of orthogonal wave 

function is finite.  

 

IV. Conclusion 
The Schrodinger equation for modified Poschl-Teller potential with simultaneously the presence of 

Rosen-Morse non-central potential is solved approximately using Romanovski polynomial. The energy 
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spectrum of non-central system is expressed in the closed form and is reduced to the energy spectrum for 

modified Poschl-Teller potential for l = 0. The angular wave functions are expressed in terms of Romanovski 

polynomials, and reduced to associated Legendre polynomials by the absent of trigonometric Poschl-Teller non-

central potential. The radial wave functions are expressed in term of finite Romanovski polynomials and 

reduced to the wave function of modified Poschl-Teller potential for l = 0.The presence of  𝑐𝑜𝑡𝜃 decreases the 

length of angular momentum vector but the 𝑐𝑜𝑠𝑒𝑐2𝜃 term causes the increase of the angular momentum vector 

length. 
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