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Abstract: In the present Study, the triple differential cross sections (TDCS) are estimated for the ionization of 

metastable 3d-state hydrogen atoms by incident electron  at 250 eV  with exchange effects for various kinematic 

condition pursuing a multiple scattering theory. The present calculation are compared with the  theoretical 

results of hydrogenic different metastable states as well as the hydrogenic ground state experimental data. 

Obtained new finding results are in good qualitative agreement with those of compared theories. The exchange 

effect results give an immense opportunity for experimental trial in the field of ionization problems. 
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I. Introduction 
The theoretical non-relativistic studies for the atomic ionization by fast particle was first treated by 

Bethe [1]. Electron impact ionization by electrons processes are used in a diverse range of fields such as 

radiation physics, plasma physics as well as astrophysics. In the last three decades significant progress has been 

made in understanding the atomic physics of electron-atom  ionization  theoretically hydrogenic ground states 

[2-14 ] and hydrogenic metastable states [15-23 ] and experimentally in ground states [28-30 ] for non-

relativistic energies [2-26] as well as  for relativistic energies [27-31]. 

In the field of electron impact ionization is to develop a general theoretical framework, which will 

provide an accurate ionization cross sections for many atom over a practically relevant impact energy range. 

Due to its perplexity, the fully quantum mechanical treatment of atomic ionization by electron is possible for the 

artless cases of hydrogen atom. In this work, atomic hydrogen  is used as target in order to perceive the 

ionization mechanism of atomic system by electron impact energy. 

Hydrogenic metastable 3d state is an excited state which has a relatively long lifetime than the other 

excited states. A metastable sate has a higher energy than the ground state. The lifetime of excited state is given 

by [32] 

  1

 iji AT  

where ijA is Einstein A Co-efficient. 

The lifetime of metastable 3d state of hydrogen atom is 3.2 1
70

s.  

The exchange interaction with an exchange energy is a quantum mechanical effect that only occurs 

between identical particles. The effect is due to the wave function of indistinguishable particles being subject to 

exchange symmetry ,that is either remaining unchanged or changing sign when two particles are exchanged.  

A multiple scattering theory [12] has been applied in the present TDCS calculation in the metastable 

3d-state hydrogen atom ionization by 250eV electron energy. Lewis integral [33] has been used in the present 

study for analytical calculation. 

The existent new study results will add a new dimensions on ionization of hydrogenic  metastable  

states. Current results are compared with previous related theories [15],[21] and [23]. In the study of hydrogenic 

ionization for ground state [2-4,12] and metastable states [15-16,20-23] are played a exigent preamble using the 

multiple scattering theory of Das and Seal [12]. So, the present results seem to be interesting. 
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II. Theory 
The direct T-matrix element for ionization of hydrogen atoms by electrons, following Das and Seal [12] may be 

written as 
      212121 ,,, rrrrVrrT iiffi  

                                                                                                                  

(1) 

Here, 1r  and 2r represent the coordinates of the atomic active electron and the incident electron, ( ,1p 2p ) and 

( 1E , 2E ) represent the momenta and energies of the two electrons in the final state  and ( ip , iE ) are the 

momentum and the energy of the incident electron.  

Where the perturbation potential  21 , rrVi  is given by 
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(2)
 
 

The nuclear charge of the hydrogen atom is Z=1, 1r   and 2r  are the distance of the two  

electrons from the nucleus and 12r  is the distance between two electrons. 

                                           

 The initial channel unperturbed wave function is given in the following form 
 

 
 

)(
2

, 13
2

3

.

21

2

r
e

rr d

rpi

i

i




 . 

where 

   322

113

1

1cos3
681

1
)(

r

d err


 


     .                                                                                                         

(3)                                                                                                           

Here  
3

1
1  ,  )( 13 rd  is the  hydrogenic 3d-state wave function and 

  21,rrf

  is  approximate wave 

function is given by [12] 
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where 
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 12 ppp  ,  12 ppP  , 

The normalization constant  21 , ppN is calculated using Das and Seal [12] and Dhar and Nahar [20].                  

 the Coulomb wave function )()( rq

  is used from Das and Seal [12] and Dhar and Nahar [20] 

Now equation (1) becomes 

PBiBBfi TTTTT 2                                                                                                                                        

(5) 

where 
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The direct scattering amplitude   21 , ppf  is then determined from  

    fiTppf
2

21 2,  . 

And the exchange scattering amplitude for hydrogen atom is 

 
   1221 ,, ppfppg 

         
Finally using Lewis integral [33], the TDCS with exchange effects is taken the following form  
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(10) 

where 1E  is the energy of the incident electron. Right hand side of equation (10) is computed numerically using 

computer programming language Mat Lab.  

 

III. Results and Discussions 
 In this section, the ionization of  hydrogenic metastable 3d state by electron with exchange effects is 

discussed here. The existent results are compared with the hydrogenic ground state theoretical results [8,13] and 

the absolute data [24].  In this study, the ejected angle 1   varies from 
0  to 

360
 
considered as horizontal 

axis where scattering angles 2 is fixed and referred as vertical axis. The ionization results of hydrogenic 

metastable 2S state  [15], 3S state [21] and 3P state [23] are exhibited here for comparison with our current and 

first Born results.  

 The present results of hydrogenic metastable 3d state by electron with exchange effect are designed 

corresponding to the different  scattering angles 
 32   Fig. 1(a) , 

15  Fig. 1(b), 
25  Fig. 1(c)  for ejected 

electron energies 501 E  eV and the scattering angle 
 52   Fig. 2(a),

 
7  Fig.2(b),

 
9 Fig.2(c), 

11  Fig. 

3(a) ,
 

15  Fig. 3(b)
 
and 

20 Fig. 3(c)   for ejected electron energies 51 E  eV.
 
 

The incident electron energy of 250iE
  

is taken here. In all figures,    15001   and
 

 0  is 

considered as recoil region while   3601501   and  
 180  is referred as binary region. 

 In Fig. 1(a) It is inspiring to notice that, the peak values of present results and first Born results  good 

qualitative agreement with those of the compared results [8,13,24] in the recoil region but show somewhat vary 

in the binary region. This may be occurred due to the change of the hydrogenic metastable states by electrons. 

Here the binary peak values of the present and first Born results slightly shifted right  about 
 2881  . from 

other compared results.  

 In Fig. 1(b) The peak magnitude of present and first Born results are inferior than the hydrogenic 

ground state experimental results [24], hydrogenic ground state Second Born results [13] and  hydrogenic 

metastable 3S-state results[21]. The peak pattern of the present and first born result show nicely identical with 

hydrogenic 3P-state [23] ionization results but shortly differ with the hydrogenic ground state  BBK results [8]. 

In Fig. 1(c) the peak shape of our present result and hydrogenic 3S state result[21],3P-state result[23] provide 

similar but shifted configuration with hydrogenic ground state Second Born results [13]. The peak magnitude is 

the highest from other compared results [8,24]. 
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 Fig. 1. Triple-differential cross sections (TDCS) with exchange effects versus ejected electron angle 1  

for atomic hydrogen by electron energy 250 eV with (a) eVE 51   and
0

2 3 , (b) eVE 501   and 

0

2 15 , (c) eVE 501   and 
0

2 25 .Theory: Continuous curve (red) illustrate Present result, Dash 
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curve(Black) exhibit Present First Born results, Dash curve(Green) display 3P-state  result [23], Dotted  

curve(Magenta) expose 3S-state result [21] and Dash curve(blue) demonstrate Hydrogenic ground state Second 

Born results [13], Dash dotted curve(blue) reveal Hydrogenic ground state BBK model [8] and Star indicated 

Hydrogenic ground state experiment [24] (multiplied by 0.00224). 

 

 
(a) 

 
(b) 

 
(c) 

 

 Fig.2. Triple-differential cross sections (TDCS) with exchange effects versus ejected electron angle 1  

for atomic hydrogen by electron energy eVEi 250  with  ejected electron energy
 
with eVE 51   and  (a) 

0

2 5 , (b)
0

2 7 , (c) 
0

2 9 .Theory: Continuous curve (red) illustrate Present result, Dash curve(Black) 

exhibit Present First Born results, Dash curve(Green) display 3P-state  result [23], Dotted  curve(Magenta) 

expose 3S-state result [21] and Dash dotted curve(blue) demonstrate 2S-state result [15]. 
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(a) 

 
(b) 

 
(c) 

 

 Fig. 3. Triple-differential cross sections (TDCS) with exchange effects versus ejected electron angle 1  

for atomic hydrogen by electron energy eVEi 250  with  ejected electron energy
 
with eVE 51   and  (a) 

0

2 11 , (b) 
0

2 15 , (c) 
0

2 20 .Theory: Continuous curve (red) illustrate Present result, Dash 

curve(Black) exhibit Present First Born results, Dash curve(Green) display 3P-state  result [23], Dotted  

curve(Magenta) expose 3S-state result [21] and Dash dotted curve(blue) demonstrate 2S-state result [15]. 

 

 From Fig. 2(a-c)-Fig. 3(a-c), our present exchange effects results of hydrogenic 3d-state results 

including first Born results are compared with hydrogenic 2S-state [15], 3S-state [21] and recent works on 

hydrogenic 3P-state [23]. 

 In Fig. 2(a) the magnitude of our obtained exchange effect results is smaller than compared results 

[21,23].In the binary region, the present exchange curve  depicts a nice lobed as 2S state [15] and 3P state 

exchange effect [23] at ejected angle about 
288  whereas the first Born curve gives a very sharp peak at 

ejected angle about
180 .    

 In Fig. 2(b) current result provide two lobed  and two peak  in recoil region and two lobed and one 

peak in binary region. In recoil region, our present TDCS exchange effects curve exhibit prominent peak pattern 
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with metastable 3S -state [ 21] and 2S-state [15] results whereas  in the binary region the present results show 

opposite peak shape.  

 In Fig. 2(c) at ejected angle about
72 .  our present TDCS curve  with 3S-state result [21] represent a 

nice peak which are identical while first Born results and 2S-state [15] results and 3S-state result [23] expressed  

reverse peak.  

 In Fig. 2(a-c), it is observed that the magnitude of new exchange effect results is lower than other 

compared results [15,21,23] because of different metastable states of finite lifetime. 

 In Fig. 3(a). In this figure, the present result give a petty lobe where 2S-state [15] result show long lobe 

at ejected angle about
288 .    

 In Fig. 3(b) the present outcomes demonstrate similar peak form with first Born results(black) even 

though different peak structure with 2S-state [15] and 3P-state [23] hydrogenic exchange effect results. The 

present TDCS curve and 3S-state [21] hydrogenic results reveal reverse peak shape in the recoil region at 

ejected angle about
108 .The present results and first Born results(black) provide exactly similar behavior as 

the 3S state[21] and 3P-state [23]  results but show a gross difference with the results of 2S-state [15] both in 

binary region. 

 At last, In Fig. 3(c), we note that the magnitude of the present and first Born results(black) and 3S-state 

[21]  exchange effect results are higher than 2S-state [15] and 3P-state [23]  results. 

Finally, It is remarked that, the peak pattern of the energy spectrum as obtained from our  present study is closer 

to the compared results [21,23]  but somewhere differ from those . It may be occurred due to the change of 

lifetime of  hydrogenic excited states. The lifetime of excited  3d states is usually short  due to the high energy.  

 A table (please see Table  1.) of  comparison  exchange effect results for ionization of  hydrogenic 2S-

state, 3S-state and 3P-state atoms by electron is provided. 

 

 Table 1: Electron Impact Ionization of  H(3d) by Incident Electron With Exchange Effects are 

distinguished with  3P-state, 3S-state & 2S-state results where the incident energy is 250eV, the scattering angle 

is 
0

2 7 and the ejected electron energy is eVE 51  .  

 

Ejected angle( 1 ) 
2S 3S 3P 3d 

0 2.7504 5.1015 2.5452 0.3851 

36 0.8927 0.0858 0.7910 3.0118 

72 0.6123 1.8789 2.6915 0.0961 

108 0.6352 15.5059 0.8542 1.7045 

144 1.1868 1.0016 2.0015 0.1337 

180 2.6014 5.2025 1.1202 0.3521 

216 4.1507 5.0001 1.7023 0.0989 

252 0.7891 11.5223 2.0024 0.1461 

288 90.5301 7.9098 0.8921 0.8592 

324 6.5760 25.0001 2.5442 0.0460 

360 5.2812 1.8582 0.7025 2.1343 

 

IV. Conclusion 

The present estimation reveals imaginable additional formation of the cross-section curves for 

intermediate momentum transfer in the ionization of the hydrogen atoms in the  hydrogenic metastable 3d-state  

at 250 eV electron impact energy. It is remarked that, the implementation of the flnal state wave function of Das 

and Seal [12] yields  good qualitative agreement with hydrogenic ground state as well as BBK model. New 

empirical outcomes for ionization of metastable 3d-state hydrogen atoms by electrons will be valuable and 

originate a novel dimension in order to perceive the study of ionization problems.  
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