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I. Introduction

Inverse spectral analysis has been an important research topic in mathemetical physics. Inverse
problems of spectral analysis involve reconstruction of a linear operator from its spectral characteristics
[1,3-9 ]. For inverse Sturm-Liouville problems, such characteristics are two spectra for different boundary
condiyions, one spectrum and normalizing constants, spectral functions, scattering data, Weyl function
[1,3-18 ]. An early important result in this direction, which gave vital imputes for the further development of
inverse problem theory, was obtained in []. Inverse problem for interior spectral data of the differential operator
lies in reconstructing this operator by some eigenvalues and information on eigenfunctions at some an internal
point in the interval considered. The similar problems for the Sturm-Liouville and diffusion operator was
studied in [19-25].
Consider the following singular Sturm-Liouville operator L satisfying (1)-(3)

" 1
Ly=—y+ [q(X)— ) }F?»y (1)
4sin”x
with boundary conditions
(0)=0, ()
¥ (r-e 0y Hy(n-e.1)=0, 3)

where g(x) is summable, € any positive number, H finite real number and A spectral parameter. The operator L is
self adjoint on the L2 (0,m ) and with (2), (3) boundary conditions has a discrete spectrum { kn} .

Let us introduce the second singular Sturm-Liouville operator L satisfying

" 1
Ly=—y + [q(X)— > }Fky 4)

4sin”x
subject to the same boundary conditions (2), (3) where ¢(x) is summable. The operator L is self adjoint on the
L2 (0,m ) and with (2), (3) boundary conditions has a discrete spectrum {Kn}

II. Main Results
The Legendre equation is

(1 —tz)y”—Zty'-%n (nt+1)y=0.
First, we let

t=cosx, z=y (f)andy=z \/sinx

" 1 1
-y - |: (7\.4- Z)+ 5 }y—Ky,

4sin”x
where A=n (n+1). For 0<e<x<n—e<r and n sufficiently large, we conclude that Legendre functions are [],

then y satisfies
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P (x)] \/:lncos [ (n-i- %)x— ﬂ

Solution of the equation (1)-(3) satisfying ¢ (0,1 F0, (p' (0,A ¥1  boundary conditions is

0 () —}% o VI ) a5 o (e ©

Eigenvalues of the problem (1)-(3) are the roots of the (3). These spectral characteristics and eigenfunctions
satisfy the following asymptotic expression, respectively

P, \/7»7}1=n+ %Jr @JrO (niz} (6)
¢ (x Kn )v Llsin (n+ %)HO (LZ) (7)

1
where c= n H+ f q(t)dt
0
When b= g, we get the following uniqueness Theorem Error! Reference source not found..

Theorem 2.1 If for every neN we have
4 "'
Yu(3) v, (3)

A=, = (8

n "n Vs Vg
(3 (D)

then
q(x)=q(x)a.eontheinterval (0,7z )

In the case b= g, the uniqueness of ¢(x) can be proved if we require the knowledge of a part of the second

spectrum.
Let m(n) be a sequence of natural numbers with a property

n
m(n)= g(1+8n),0<(5£1,an—>0. )
Lemma 2.1 Let m(n) be a sequence of natural numbers satisfying (9) and be(0, g) are so chosen that

2b
o> o If for any neN

m(n)(b) ym(n)(b)

=1 10
Fmo)™ 00 ) ) (10
then q(x)=q(x) a.e on Error!
Let /(n) and r(n) be a sequence of natural numbers such that

I(n)= GL(HSI )00 <Le; =0 (11)

l b b
r(n)= f(Haz )0<6,<1ey 0 (12)

2 > >

and let (I be the eigenvalues of the problem (1), (2) and (13) and M be the eigenvalues of the problem (4), (2)
and (13)
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vy (n—e,A)+Hy(m—e,\)=0. (13)
Using Mochizuki and Trooshin’s method from Lemma and Theorem Error! Reference source not found., we
will prove that the following Theorem holds.

Theorem 2.2 Let I(n) and r(n) be a sequence of natural numbers satisfying (11) and (12), and §<b<n' are so

2b 2b
chosen that o> ;—1, 0'2>2— o If for any n eN we have

B B yr(n)(b) yr(n)(b)
S e R AT TR ) (9

then
q(x)=q(x)a.eon (0, T )

III. Proof of the Main Results
Proof of Theorem Error! Reference source not found. Before proving the Theorem Error! Reference
source not found., we will mention some results, which will be needed later. We get the initial value problems

n 1
>+ [q(x)— ) :IY:M, (15)
4sin”x
1(0)=0, (16)
and
" 1
>+ [q(x)— ) }F?»y, (17
4sin”x
1(0)=0. (18)

It can be shown that there exists a kernel K (x, ) (K (x,¢ )) continuous on (0,m ¥ (0,t ) such that by
using the transformation operator every solution of equations (15),(16) and (17),(18) can be expressed in the
form

sin \Ax x sin \/ Az (ﬁ}
y (x,?» a: \/7\’ +0K (x,t ) '\/7\‘ dt+0O '\/X . (19)

sin yAx x sin \/ At (e_txj
v (eh F \/i oK (x,2) \ﬁ di+0 \/K , (20)

respectively, where 1= |Im \/ﬂand the kernel K (x,t ) (K (x,t )) is the solution of the equation

2 2
0 K (x,t 1 O°K (xt 1
: l( .2—q(x)j1((x,t% : ) K (et )
ox 4sin“x ot 4sin”t
subject to the boundary conditions

2#01]( — 261 (),

dx
K (x,0 ¥0.
Multiplying (15) by y (x,A ) and (17) by y (x,A ) subtracting and integrating from 0 to g, we obtain
z : ' s
2 (g (0)-q () (2 Yoedv= (e ey eed) |2, ) @)
0 0

The functions y (x,A ) and y (x,A ) satisfy the same initial conditions (16) and (18), i.e.,
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20,05 (0.0-3(0,1)y (0,1)=0.
Let

0 (¥)=q (x)—q (x), (22)

T
H (1)=20 @)y (v Y. (23)
0

If the properties of y (x,A ) and y (x,A ) are considered, the function H (1) is an entire function.
Therefore the condition of the Theorem Error! Reference source not found. imply,

bl 'n T '
Y38 (30,0 52,09 ( 50,)=0,
and hence

H (kn)=0,n eN.
In addition, using (19) and (23) for O<x<rm,

[ ()|<b 5 [Bl, b=tm |2, (24)

where M is constant.
Introduce the function

® (V)= (n-e ) +Hy(n—e,0). 25)
The zeros of @ () are the eigenvalues of L and hence it has only simple zeros }”n’ because of the seperated
boundary conditions. By using the asymptotic forms of y(x,A) and yv(x,k), we obtain
o (X)=cos (nJr l)Tt+0 (l) (26)
2 n)

1
From 26, ® (1) is an entire function of ordery of A. Since the set of zeros of the entire function o (») is

contained in the set of zeros H (1), we see that the function

¥ (W)= iﬂ(% 27)

is an entire function. From (24) (26) and (27), we get

¥ ()]0 (ﬁ)

So, for all A, from the Liouville theorem,

¥ (1)=0,
or
H (3.)=0.
It was proved in [] that there exists absolutely continuous function K (x,¢ ) such that we have
1 X e
y () (wr ¥ 55 [1—cos(2 Ak (vt Qos(2 \hnydr }0 N (28)
where
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K (xt 32 [K (xx—2t 3K (xx-21 )P [ix K (x,s K (x,5-2¢ b’s—*—i;th (s K (x,512¢ Js . :|

We are now going to show that O(x)=0 a.e. on Error! From (23) and (28), we have

e

I »e
20(x) [1—cos(2 iy gk (.t Qos@ e %x—&-O (W}O
0

This can be written as

T T it X
20(x)dx— 2cos(2 \/7@) [Q(t)—s— 20(0)K (x,t Jx %H-O (e—j—o
0 0 t \/7‘
Let A—o along the real axis, By the Riemann-Lebesgue lemma, we should have
T
20(x)dx=0 (29)
0
and
T T
2c08(2 M) | Q)+ 20K (xt Y =0 (30)
0 t

Thus from the completeness of the functions cos(2 \/it), it follows that

T
O(t)*+ 20(x)K (x,t Jx=0,0<1<
t

T

; G1)

Thus we have obtained

Q (¥)=¢ (¥)=¢ (x)=0

or

q (x)=q (x)

almost everywhere on Error!

To prove that g(x)=0 on [ g,n almost everywhere, we should repeat arguments for the supplementary

problem

n 1
Ly=—y + |:q(7c—x)— > :Iy, 0<x<m
4sin“x

subject to the boundary conditions

W(n—g,1)=0,

(0,1)+H(0,1)=0.
Consequently

q(x)=q(x)a.eontheinterval (O,TE )
Therefore Theorem Error! Reference source not found. is proved.
Proof of Lemma . As in the proof of Theorem Error! Reference source not found., we can show that

b ' )
G(p)= Q0 (e Yoy~ (b (eh) ey () |y ) (32)
where p= \/7» and O (x)=¢ (x)—¢ (x). From the assumption
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I)® Fn(®

Iy ® I ®
together with the initial condition at 0 it follows that,
G(pm(n))=0,n eN.

Next, we will show that G(p)=0 on the whole p plane.
From (32), we see that the entire function G(p) is a function of exponential type <2b. One has

where M is positive constant, p= \/7»=re
Define the indicator of function G(p) by;
Loy i In in |Gere'®)| | N
©)=, o0 r (34)
Since |Im \/7»|=r
h(0)<2b |sin0)|. (35)

According to the [] set of zeros of every entire function of the exponential type, not identically zero, satisfies the
inequality:

lim r 127
o0 in fﬁ_ 270 h(0)do (36)

where n(r) is the number of zeros of G(p) in the disk |p|<r. By (35),

1 4b
2”h(e)de< =" |sin6jdo= —=

From the assumption and the known asymptotic expression (6) of the eigenvalues - /kn we obtain;

n(r)> > =2cr(1+0(1)),

1 O( ) <<y
y—>00,

2b
For the case o> ?,

lim n(r) 4p
PN >20> ?Zb |sm6|d6_ 2 O h(@)de (37)

The inequalities (36) and (37) imply that G(p)=0 on the whole p plane.
Similar to the proof of the Theorem Error! Reference source not found., we have

Error!
This completes the proof of Lemma .
Proof of Theorem . From

r(n)(b) yr(n)(b)
”(”) ”(”) yr(n)(b) yr(n)(b)

2b
where r(n) satisfies (12) and (52>2— o according to Lemma we get

q(x)=q(x)a.eon [b,r . (38)
Thus, it needs to be proved that g(x)=q(x) a.e on Error! The eigenfunctions Error! and Error! satisfy the
same boundary condition at 7. It means that
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Pk )=E (6 ) (39)

on (b,n ) for any neN where £ are constants.

and

From (32) and (39), we get that;
G(p)=0,forp®=1. neN,

2
G(p)=0.forp™=p l(n)’n €N,

where kn and “l(n) satisfy (6).

Counting the number of kn and p I(n) located inside the disc of radius r, we have

1+2r [1+O( %)}

of A ’sand
n

1+2r61 |:1+O( %)i|

of ul(n)’s.

This means that

n(r)=2+2 [r(01+1)+0( %)J
and

lim n(r) )

r—>© r (GIH)'

2b
Repeating the last part of the proof of Lemma, and considering the condition o> ;—1, we can demonstrate

that G(p)=0 identically on the whole p-plane which implies that

Error!

and consequently

q(x)=q(x)a.eon (0,n )
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